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PREFACE. 


The  chief  object  of  the  present  work  is,  as  its  title 
indicates,  to  ixumish  to  the  student  examples  by  which 
to  illustrate  the  processes  of  the  Differential  and  In- 
t^ral  Calculus.  In  this  respect  it  will  be  seen  to 
agree  with  f^rofessor  Peacock's  Collection  of  Examples ; 
and  indeed  if  a  second  edition  of  that  excellent  work 
had  been  published  I  should  not  have  undertaken  the 
^task  of  making  this  compilation.  But  as  Professor 
Peacock  informed  me  that  he  had  not  leisure  to  su- 
perintend the  publication  of  a  second  edition  of  his 
''Examples"  which  had  been  long  out  of  print,  I 
thought  that  I  should  do  a  service  to  students  by 
preparing  a  work  on  a  similar  plan,  but  with  such 
modifications  as  seemed  called  for  by  the  increased 
cultivation  of  Analysis  in  this  University.  Accordingly 
I  have  not  limited  myself  to  the  mere  collection  of 
Examples  and  Problems  illustrative  of  Theorems  given 
in  Elementary  Treatises  on  the  subject,  but  I  have 
also  introduced  demonstrations  of  propositions  which, 
although  important  and  interesting,  do  not  usually 
find  a  place  in  works  devoted  to  the  exposition  of  the 
principles  of  the  Calculus.  I  wished  by  these  means 
to  render  this  Collection,  as  it  were,  complementary  to 
those  works,  and,  with  the  view  of  allowing  it  to  be 
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read  in  connection  with  any  of  them,  I  have  generally 
assumed  as  known  only  those  methods  which  are  to 
be  found  in  all  Elementary  Treatises.  To  this,  how- 
ever, there  *  is  one  exception :  it  will  be  seen  that  I 
have  made  constant  use  of  the  method  known  by  the 
name  of  the  Separation  of  the  Symbols  of  Operation, 
although  the  Theory  of  the  process  is  not  usually 
given  in  works  which  are  likely  to  be  in  the  hands 
of  students.  I  have  done  so  because  I  think  it  a 
matter  of  some  importance  that  the  use  of  this  method 
should  be  extended  as  much  as  possible,  since  it 
shortens  and  simplifies  many  of  the  processes  of  the 
Calculus,  while  at  the  same  time  it  offers  to  the  stu- 
dent one  of  the  most  instructive  examples  of  Analyti- 
cal Generalization.  There  seems  to  have  been  among 
writers  on  the  Calculus  an  unwillingness  to  consider 
this  method  in  any  other  light  than  as  founded  on  an 
accidental  analogy,  and  therefore  to  reject  it  as  not 
based  on  a  strict  logical  deduction.  This  idea  I  think 
is  formed  on  a  limited  view  of  the  nature  of  Analysis, 
and  I  shall  be  glad  if  the  use  which  I  have  made  of 
the  Separation  of  the  Symbols  may  induce  others  to 
examine  the  question  closely,  and  so  satisfy  themselves 
of  the  logical  validity  of  the  process.  The  principles 
of  the  method  are  so  simple  that  I  think  the  short 
sketch  which  I  have  given  of  them  in  Chap.  xv.  will 
be  sufficient  to  make  its  application  readily  understood. 
I  have  adhered  throughout  to  the  notation  of  Leib- 
nitz in  preference  to  that  which  has  been  of  late  re- 
vived and  partially  adopted  in  this  University.  Of 
the  Differential   notation  I  need  say  nothing  here,  as 
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it  appears  to  be  abandoned  as  an  exchunve  system  by 
those  who  introduced  it :   but  as  the  use  of  the  suffix 
notation   for  integrals   has  been   sanctioned   by   those 
whose  names  are  of  high  authority,  I  may  state  briefly 
some  of  my  reasons  for  differing  from  them.      In  the 
first  place,   on   considering   the  subject,   I  could  find 
no  arguments  against  the  use  of  the  notation  for  Dif- 
ferentialsy  which  did  not  apply  with  even  greater  force 
against  that  for  integrals:  indeed,  although  there  may 
be  some  cases  in  which  the  use  of  the  former  is  ad- 
vantageous, I  know  of  none  in  which  the  latter  does 
not  appear  to  me   to  be  inconvenient.     In   the  next 
place,  I  fiiUy  agree  with  Professor  De  Morgan  in  an 
unwillingness  to  lose  sight  of  the  analogy  to  summa- 
tion which  is  implied  in  the  old  notation;   and  if  it 
were    at    any   time   necessary    to    consider   integration 
merely  as  the  inverse  of  differentiation,  I  should  pre- 
fer to  employ  such  a  symbol  as  d:r^  which  expresses 
the  required  idea  better  than  X.      But  what  I   look 
on  as  a  fatal  objection  to  the  suffix  integral   notation 
is  that,  like  the  corresponding  one  for  differentials,  it 
is  not  applicable  to  all  cases.      Of  this  any  one  may 
satisfy  himself  by  attempting  to  use  it  in  transforming 
a  multiple  Integral  from   one  system  of  independent 
variables  to   another,   a  problem  which  is  of  frequent 
occmrrence,  but  which   I  have  not  seen  solved  analyti- 
cally in  any  work  in  which  the  suffix  notation  is  em- 
ployed.    So  long,  therefore,  as  the  old  notation  adapts 
itself  to  all  cases  in  which  it  is  required,  while  that 
which  is  proposed  is  not  so  accommodating,  there  ap- 
pears to  me  no  doubt  which  is  to  be  preferred. 
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The  sources  from  which  the  Examples  have  heen 
taken  are  indicated  hy  the  references  which  will  be 
found  in  the  body  of  the  work.  For  although  I  have 
not  thought  it  necessary  to  cite  an  authority  for  every 
example,  I  have  done  so  in  all  cases  in  which  the 
student  would  be  likely  to  wish  for  more  information 
by  consulting  the  original  authors.  It  has  always  ap- 
peared to  me  that  we  sacrifice  many  of  the  advantages 
and  more  of  the  pleasures  of  studying  any  science  by 
omitting  all  reference  to  the  history  of  its  progress :  I 
have  therefore  occasionally  introduced  historical  notices 
of  those  problems  which  are  interesting  either  from 
the  nature  of  the  questions  involved,  or  from  their 
bearing  on  the  history  of  the  Calculus.  From  a  fear 
of  increasing  the  size  of  the  volume  too  much,  I  have 
not  done  this  to  as  great  an  extent  as  I  wished,  but 
these  digressions  short  as  they  are  may  serve  to  relieve 
the  dryness  of  a  mere  collection  of  Examples. 

Trinity  College, 
Oetofjer^  1841. 


EDITOR'S   NOTICE. 


The  first  edition  of  this  work,  which  appeared  at  the 
close  of  the  year  1841,  having  heen  exhausted,  a  new 
edition  is,  under  the  sanction  of  the  Proprietors,  now 
presented  to  the  puhlic.  The  Editor  has  not  attempted 
to  make  any  alterations  in  the  general  arrangement  of 
the  treatise,  hut  has  confined  himself  to  effecting  such 
occasional  changes  in  the  details,  as  would  prohably 
have  been  thought  desirable  by  the  author  had  he 
lived  to  prepare  another  edition  for  the  press.  The 
last  chapter,  however,  on  the  Comparison  of  Trans- 
cendents, offers  an  exception  to  these  remarks,  having 
been  in  a  great  measure  rewritten:  for  the  alterations 
in  this  department  of  the  work,  the  Editor  is  indebted 
to  the  kindness  of  Mr  Ellis,  Fellow  of  Trinity  College. 

WILLIAM  WALTON. 


Cambeipge, 
June^  1846. 
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DIFFERENTIAL  CALCULUS. 


CHAPTER  I. 

DIFFERENTIATION. 


Functions  of  One  Variable- 

If  u  be  an  explicit  function  of  ofy  which  is  of  a  com- 
plicated form,  it  may  generally  be  reduced  to  the  differen- 
tiation of  simpler  functions  by  means  of  the  theorem 

du      du   dy 
da}      dy    dai 

y  being  some  function  of  Wy  and  u  some  function  of  y. 
This  theorem  may  be  extended  to  any  number  of  functions, 
so  that 

du      du   dv   dx  dy 

dw      dv'  d«'  dy dai' 

Ex.   (1)      Let    w  {a  +  ha^)*. 

Then   y  »  o  +  6^,         u  «  y*, 

^y        ^       t      du  ,  ^  ^^     ^ 

-^  «  nbaf"\     -—  -  m«"-*  » fi»  (a  +  ba^y-^ ; 
ao?  dy  ^  ^ 

du 
therefore   3—  «  mnbnf'^  (a  +  fta;*)"*"*. 
diV 

r^v  f         y  a%iw       ^"       Jo?  +  (1  + /r*)Hi 

(2)  w«  {.r  +  (1  +  ar*)iU,      — «i 5^ srf-^  . 

,     ^  ^         ^  ^  ^  '      djr  2  (1  +  ^)i 

(3)  w=€-;      ^-naf^-'c**. 

(4)  t«  =  e'*"' ;      --  =  cos  we'^'. 

da 

1     // 
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(5)  «  =  log{^^(l+a^)i};     ^.^_L^. 

(6)  u  »  log  (log  a)  =  log"  (a) ; 


c(«      w  log  ^ 

(7)  f^  a  log*  or ;  which  signifies  not  the  n^  power  of 

the  logarithm  of  a,  but  the  n^  logarithm  of  that  quantity, 

du  1 


d<r      /v  log  d7  log" /r  • log*  ^r 

du 
(8)  u  ■  log  (sin  w) ;     -—  ■■  cot  w. 

dw 

1  -  cosm«\^       du  m 


^  1      /I  -  cosm«\«       au 

(9)  ^=log(,  ^  ^^^^^     5      — 


(10)  w  =  log  (tan  tv), 


sin  mo? 


do?      sin2/r 


(n)  M  =  cos  (sm  a?) ;     — -  =  -  cos ^  sm*  zp, 

sin*  w  being  the  same  as  sin  (sin  of), 

du      1        ^ 
(12)  w  =  sin  (log  J?),      -—  =  -  cos  (log  a?). 

.     ,        w  du  H 

(IS)  M  =  sin-^- —-.^     T"*; «• 

^  (1  +  a?*)i        do?       1  +  iV* 

.     .l-cf       du             2 
(14)  tt  =  sin~* r,     -T— = :,  • 


(15)  u-e         ,      d^-(i^^)4^         ' 

,  „  ,  /6  +ocos^\ 

(16)  w  =  co8-» , 

\a  +  0  cos  Off 

du       (a*  -  V^l 
diV      a  +  h  cos  w " 
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(17)  «=sin-^-5;      —  - 


O,)      ..»-(^*. 


a«       d  J?      (a*  -  **)! ' 


eitt 


Of  —  l        du 


(19)         «  -*  sin 


-1 


gi     '      da?      (1  +  2d;  -  a^)*  ' 


(20)  u  «  tan-*  {(1  +  a;»)i  -  ar},      ^  =  -         * 


(21)  Us  tan 


-1 


d/r  2  (1  4-  oF) 

^w  du  2 


1  -  /r*  '     da      1  +  ar* 


(88)  «  -  tan-' ^^^^t^  ,     ^.1    (*«o-y)* 

(4oc-6')i       da?      'a-f-fc^  +  ca;* 

a  +  hw\  i 


du  (b  -  o)* 

2 


do?      *  (1  +  w)  (a  +  &a?)* ' 

{a(l  -¥ar)\^ 
du  (a  -  6)^ 


d,v      (l  +  aj«)(a  +  fca?*)r 

(25)  «-log^-(^j^),       ^ 

dtt  2i 

d]r  "  (1  -  a^)  (1  +  af*)i  * 

(26)  u  =  log  {a?  -f  (a?*  -  a*)4|  +  sec*^  -  , 


du      1  /a;  +  a\4 

dap      (c  \w  --  a) 

1—2 
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(27)  UNCOS'' Of  ^2) f,,      — -) k. 

^  (1  +  ^)*        dar      (1  +  a?)t 

.    ^  sin  «f  (2  +  e  COB  57) 

(28)  U    -    ^: y 

(1  +  0  cos  a^y 
du      36  +  (2  +  ^)  cos  w 
dw  (l  +  ecos^)' 

r    ^  f  •    /  1      ^\w       ^**  jf  COS  (a*  -  **) 

(29)  «={8in(a«-a^)}i,     _  =  -— — A ^ 

^  ^         da         }8in(a'-^*)J* 

(30)  tt  a  log  COS"'  (1  -  d7*)i,        --  «   ; ttt—. r—  . 

When  a  function  cpnsists  of  products  and  quotients  of 
roots  and  powers,  it  is  generally  most  convenient  to  take  the 
differential  of  the  logarithm,  or,  as  it  is  usually  called,  the 
logarithmic  differential  of  the  function. 

(31)     Let  u  a  (a  +  wY  (h  +  ar)", 

log  u  ^  m  log  {a-^  ai)  -^n  log  (6  +  ^), 
I  du         m  n 

u  dw      a  -k-  w      b  -{-  w^ 

du       fw-l\^      1  1 

d^  ■"  Vaf+  1/    ar*-  1  "  (07  -  l)i  (or  +  !)•  * 

a^  du         na^'^ 

^^^^  ^"(l+o?)-'     di^'  "  (1  +  07)*+'  • 

(a;  -  2)^ 
^^*^  *'"{(a7-l)»(a7-S)"}i' 

dtt  (^  -  2)«  .  _ 

—  « y       r.  C^  -  707  +  1). 

da7       (of- l)t(a7  -  S)« 

'^  a>  +  9    '     dw       (w  +  i)*  ' 


(36)  u  » 
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(W  +  2)* 

du 
dof 

(37)  u^  af'y     log  u  ^  X  log  J7, 

du 


{w  +  9,y\  .T  + 1  J  ■ 


ar*  (1  +  log  w). 
aw 

(38)  u  -  »*";      3-  «  d?**"'  (cos*  .  log^  + 

{S9)         u  —  (dn  w)*  (cos  a?)*, 

-—  as  (sin  a?)*"*  (cos ^)""^  (m  cos* i»  -  n  sin* «?). 
dw 

.    V  (sin  j^)" 

(40)  f*  -  ^  ^ 


(cos  d?)*  * 

du      (sin^)"-*  ,  .  ,   . 

-—  ■  } ^-TT  (^  cfnr  »  +  n  sin'  ar). 

dof      (cos^)"+»^  ^ 

(41)  ««6"8inr^,     -— «  e**  (o  sin  ro?  +  r  cos  r*), 

da 

u  ^  e"  cos  ra,      3—  •  e"  («  cos  r«  —  r  sin  ra), 

dw 

(42)  w  «  6~  (sin  ra?)*, 

— —  a  6**  (sin  ra?)""*  la  sin  ro;  +  wir  cos  rw). 
dw 


Implicit  Functions  of  Two  Variables. 

If  u  >-  0  be  an  implicit  function  of  two  variables  a  and 
y,  then 

du 
dy         dw 

dw         du ' 

dy 
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(27)  tt  =  C08-'^-2) f,,       —  =^ k. 

^    ^  (l-^ecoswY 

du      d«  +  (2  +  e*)  cos  Of 
dw  (1  +  c  cos  47)' 

,    .  c  .    /  •      ^N^i       d«*  «» cos  (a*  -  J?*) 

(29)  «  =  {8in(a«-««)}i, ^-^— A -f 

(30)  «-logco»-'(l-^«)»,     d^°(t.^«)Uin-'.- 

When  a  function  consists  of  products  and  quotients  of 
roots  and  powers,  it  is  generally  most  convenient  to  take  the 
differential  of  the  logarithm,  or,  as  it  is  usually  called,  the 
logarithmic  differential  of  the  function. 

(31)  Let  tt  «  (a  +  J?)"  (6  +  w)% 

log  u  B  m  log  (a  -f  d?)  +  n  log  (6  +  ^p), 

1  du         m  n 

udw      a  +  no      b  +  of^ 

J?.(a  +  ^)-(6  +  -)'(-^  +  ^). 
div  \a  +  ^      6  -f-  tT/ 

du      f^izlV—L-  _  I 

da  "  U+l/   «*  -  »  "(«-!)*(»+  l)t ' 

^**^  ""(l+/r)«'     5;;;  "  (1  +  «)•+'  • 

(»  -  2)» 
(Si)  U-  '^  ' 


{(^- !)»(»- 3)"!*' 
— - 5^-5 — s  («»  -  7a>  +  1). 

»«       (w  -  l)i  (»  -  3)» 

^    •'  "   « + «   '     dx'  (w  +  i)*  ' 
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(36) 


^      \(w+l)(a>  +  sy]i 
(a>  +  «)♦ 


m'       i(w  +  sy\i 


du 
dm 

(S7)  tt  —  «*,     log  «  —  jr  logdf, 

— -ar'Cl  +log«). 

(38)  «-«— ;      ^-«-'(co8«.logar  +  ^V 

(39)  tt  =  (ain  j?)"  (cos  a?)*, 

—  «  (sin  ^)""*  (cos 0?)""*  (m  cos* ^7  -  n  sin* «). 
(sin  a?)" 


(40)  u 


(cos  wy  * 


dw      (sinof)—* 

-T-  ■■  ; ^-rrr  (wi  cor  9  -^  n  sm*  d?), 

aa^      (cos  fl^)*+' 

(41)  t*  =  e**  sin  TWi     —-  =  6^  (a  sin  ra?  +  r  cos  r^), 

w  =s  6    cos  r«r,      ■—«€(«  cos  ra  ^r  sin  ra?). 

(4«)  tt  «  6~  (sin  ro?)*, 

du 

•T-  a  6"  (sin  r/r)""*  (a  sin  rw  +  mr  cos  rd?). 
aw 


Implicit  Functions  of  Two  Variablea. 

If  t«  a  0  be  an  implicit  function  of  two  variables  at  and 
y^  then 

du 
dy  dw 
dw         du* 

dy 
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(43)     Let         w  log  9  s  y  log  x ; 


then     ^  =  *^  /y-jylogy\ 
d/p      07  \^  —  y  log  0^/ 


(44)  If  sin  y  B  07  sin  (a  +  y), 

dy  sin  (a  +  y) 


do7      cosy  -  07  cos  (a  +  y) 

(45)  If  y"logy«aor, 

<2y  a 

dw      y""*(l+nlogy)' 

(46)  If  tan  y  »  1  +  07  sin  y, 

dy      (cos  y)'  sin  y 
dor      1  —  07  (cosy)'* 

11        /I  -  07\i 
(*7)     Let   tan  |  =  (^— )   ; 

taking  the  logarithmic  differential  we  find 

dy  siny  l 


dw         l^a^         (1  -  07*)i  * 
(48)      If  y  «  1  +  a,^, 

dy  ^  ^ 


I  -  07€^      2  -  y 

(49)  Let   07  (1  +  y)i  +  y  (1  +  or)i  =  0 ;        * 

then  ^y^y,y  •^^(^^^)*(^"*'y)^ 

do7      07 '  07  +  «  (l  +  07)i  (l  +  y)i ' 

07  y 

(50)  Let   sin"*  -  +  sin**  7  =  c ; 

h  k 

th.„  '^y     (**  -  »')* 


DIFFBRBNTIATION. 


(51) 

Let 

(«• 

+  »•)*- 

oW- 

-*»»•, 

dy 

da 

{a*-8(««  + 
j6«  +  «(«»  + 

i^)\y' 

(52) 

Let 

(a  +  y)«(** 

-»•)■ 

-  «»y»  -  0, 

then 

dy 
da 

Functions  of  Two  or  more  Variables. 


<">  «"(^*' 


y'' 

du  2j7^  du  2^y 


du 


(54)     t« 


2^y  (ydd7  -  wdy) 


(a»  +  yOt  (a?«  -  y»)r 


a?  +  y 

dw      y  -  iT  -  2  (o^y)*       d«      »  -  y  -  2  ("^^y)* 
rf^         2 J?*  (a?  +  y)*    '     dy         2yi  (a?  -f  yY    ' 

|y-jp-2(ayy)^  y^^y  +  {ay- y-2(jy y)i}jyidy 

2  («y)i  (a?  +  y)* 

^  du  du 

(55)     u  «  «»y,     -— •  =  y^"  S     ^-  «  ^  log  ay, 

d^  dy 

du  ^afl  I  -  d«  +  log  o^dy  I . 

du  2y  dt«  2.V 


dw    y(^-y*)*'    dy       yC^-y*)*' 

2  {^dx  -  .vdy) 


dt« 


»(*•-»*)*  * 
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(57)  Let    u  m  sin  (/p*y"), 

du  =  oT'^y*"^  cos  (a^tf*)  {mydx  +  nxdy), 

(58)  If«==8.n>-,      d„  =  -^^^-_^. 

(59)  If«  =  tan-f.     d«-?^^5ll^. 

(60)  If  u-logftan^),     d«  =  iMfLlf^. 

«*  sm  2  - 

.  y 

(61)  If  tt-      ^"^ 


e'ydx         we'iaidy  —  ydw) 
"  "  K+?)i  ■*"         (^  +  y»)»        ' 

(62)  If«--^, 

du  «  -5-^ — 5  + ^  + ^ . 

a'-;r«      a«-««      (a*  - ««)« 

(63)  w  =  (^  +  y«  +  ««)1  +  tan-^^  +  -, 

wdw  -^  ydz  -{•  xd«      zdw-^wdx 

(64)  «      '^J'-*' 


du  3= 


a 


=  (c^  -  aay)»  ^^^^  "■  *'^^^'*'  "^  ^^*  "  aiv)dy+\ba}'cy)dx\ 


CHAPTER  II. 


SUCCB88IVE    DIFFERENTIATION. 


The   analogy  between   Algebraic  powers  and   successive 
difFerentials,  when  expressed  by  the  notation  of  Leibnitz,  was 
observed  soon  after  the  invention  of  the  Calculus.     Leibnitz 
himself  paid  much  attention  to  this  subject,  as  may  be  seen 
in  his  correspondence  with  John  Bernoulli ;  and,  in  the  course 
of  his  investigations,  he  discovered,  by  induction,  the  Theorem 
which   bears  his  name.     He  also  conceived  the  existence  of 
differentials  with  fractional  or  irrational  indices,  but  he  made 
no   steps  towards   the  calculation  of   such  functions   in    any 
cases.      In   recent    years  that  branch  of  the    Calculus   has 
acquired  considerable  importance,   and  it  appears  to  be  the 
quarter  from  which  we  may  look  for  great  additions  to  our 
knowledge   of  analysis.      I    shall    however    in    this  chapter 
confine  myself   to   examples  of  differentiation    with    integer 
indices,   partly   because   there   are   still   some  points  in    the 
theory  of  general  differentiation  which  are  not  entirely  fixed, 
so  that  the  subject  is  not  adapted  for  the  student ;    partly 
because  the  principles  of  that  branch  of  the  Calculus  are 
not   laid   down    in    any   Elementary  Treatises  which  a  stu- 
dent could    consult,  and  it   would    occupy   too  much  space 
to   enter    at   large   on    the   subject   in    the  following    pages. 
Those  who  wish  to  see  the  results  of  the  labours  of  mathe- 
maticians in   this  field  of  research  are  referrred    to  various 
Memoirs  of  Liouville  in   the  Journal  de  PEcole  Polytech- 
niqtie,  Vol^  xiii.,   and  in  Crelle^a  Journal;    to  two   papers 
by    Professor    Eelland   in    the    Transactions  of  the   Royal 
Society  of  Edinburgh^    Vol.    xiv. ;    to   Professor    Peacock^s 
Report  on  the  Progress  of  Analysis  in  the  Transactions  of 
the  British  Association ;     and  to  two  papers   by  Mr  Great- 
heed  in  the  Cambridge  Mathematical  Journal^  Vol.  i. 
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Sect.  1.     Functions  of  One  Variable. 

(1)  ««af;  :r--«»(«-0 (n-r  +  l)d^"'. 

dcr 

(2)  «  «  (o  +  baiy ; 

--^  =  n(n  -1) {n  -r+  1)6' (a  +  6d?)»-'. 

1         €Pu  1 


• 


(6)  «-.";  ^,- «'«"-• 

(7)  u  =  sin  w^, 

dw 


dof 


ncosno?  a  nsin  fw«  +  —  j  , 

n  -—-sin  {fiJ?  +  -1  =»n*co8  (»fl?  +- 1 
da?         V  2/  V  2/ 

»*8in  (wa?  +  -  +  —  I  as  n^sin  (na;  +  2— J 


By  continuing  the  same  process,  we  find 

dd 


-an  Bin  (na?  +  r— I  . 

f  \  2/ 


In  the  same  way  we  have 

(8)     u  —  cos  na ;  -—  «  n''  cos  ( no?  +  r  —  1  . 
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(9)       t*«6'*^*CO8(«8ill0); 

du 


=  € {cos  (jB  sin  6)  cos  0  -  sin  (a  sin  0)  sin  d| 


-«'«**coe(«sine+e), 
^=^«'«*'cos(flTsind  +  0) 

=  «'«**co8(«8in0  +  0  +  0)  «  e'«**co8(^8in0  +  2d). 
By  continuing  the  same  process,  we  find 


dw' 


=  «'""'cos(af8in0  +  r0). 


Murphy,  Cambridge  TranaactUmsy  Vol.  v.  p.  342. 
(10)     u  as  e^'cosnj?, 


d^ 


e*"  (a  cos  n d^  -  n  sin  n.r). 


Let  — *=  tan  0,  so  that 


a 


««(«•  +  «*)*  cos  0,  »  «  (a*  +  n*)i  sin  0. 

du 
Then  ^  •  («*  +  *»*)*  «"'  (cos  0  cos  no?  *  sin  0  sin  nw) 

-  (a*  +  n*)i  6*"cos  (no;  +  0). 

Hence  as  before, 

^u     ,  1 

-—  cB  (a*  +  n")*€*'  cos  (no?  +  r0). 

Similarly,  if  tt^c^'sinn^, 

-r-;  =  (a*  +  n*)*  e"'  sin  (n^r  +  r 0). 
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du       1 

(11)  "-log*,  ^--, 

by  Ex.  4. 

,    ^  I  -¥  Of     du  2 

(12)  u  =  - ,  T-=7^ r»' 

dru       cT-*         2        _  2.r(r-  l),..3.2 
d^  "  d^*  (1  -  ^)*  "         (I  -  wy^'        ' 

In  functions  consisting  of  the  product  of  two  or  more 
simple  functions,  we  may  make  use  of  the  Theorem  of  Leib- 
nitz, the  enunciation  of  which  is  as  follows. 

If  Uf  V  be  two  functions  of  Wf  then 

dr(uv)        d'u        dv  d^-^u      r  (r  -  1)  d*«  d'"*tt      . 

— ^ — -  B  V 1-  r +  — ^ ' h  ac. 

dJD^  daf'        dx  doT'^  1  .2      dar*  dof^'* 

Commer.  Epia.  Leib.  et  Bern.  Vol.  i.  p.  46,  99. 

(13)  uv  -=  j7»  (1  -  a?)", 

'^-;r^«n(n-l),..(n-r  +  l)(l-a?)»a?"-'{l- 


dw^  *       n-r+ll-d? 

r(r-l)  n(n-l)  ^p* 

+  7 — ; :  -7 rz  —  &C.  \  . 

1.2     (n  -  r  +  1)  (n  -  r  +  2)  (1  -  J?)"  * 

If  r  « fi, 

rf,^     ^^=n(n-l).,.3.2.l{(l-^)»--y   (l.a^)-^ar 


{=^}'<-)-- --'•)• 


Murphy's  Electricity^  p.  7. 
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(14)       Uf)  =  e^'oTj 


^^^^=e«'{a'^+r.na'-^r»-^+^^^^ 


In  the  same  way,  if  i^v  ■>  e'^^% 


Whence,  comparing  these  expressions,  it  appears  that 

(15)      tiv  «  ar"  log  Of, 

^Tiuv)  ,  1 

"^  -;r^=fi(fi-  l)...(n  -r +  l)ar»-^{log.T  +  r. 


d^*"  »  —  r  +  1 

r(r-l)  1 

1.2      (»  -  r  +  1)  (n  -  r  +  2) 

+  ''^^-^><^-^>  , ^, .  &c.| 

1.2.3         (n-r  +  l)...(n-r  +  S)  ' 

If  r  »  n, 

d*(/r"loffj?)  ^  ^  ,,  M      «(«-l) 

—A--— 2-^  «n(n- 1)3.2.1  {log or  +  -  -  -~ --^ 

ddr»  ^  '  ^    "^         !•         (1  . 2)* 

,  n(n-l)(n-2).1.2 


(16)      UV  ^ 


m 


(C  +  d7)«   ' 

cr(f*fj)  (a+d?)"-*" 


-    .      all?  (HI—  ll...(lll— r+  Ij— 7 , )1~-. 

^  r(r-l)  n(7i  +  l)  ^^"*"^^V|  fac  t 

1.2     (w-r  +  l)(m-r  +  2)  (c  +  a?)*  '*' 
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(17)     Uf)  «  e"*  cosnx  .  j?". 

In  this  case  let  u^  €^  cos  na,    v  »  a?^. 

Then  by  Ex.  (10)  if 

n  d^u  ^ 

-  a  tan  d>y     v-^*  (^*  +  n*)'e"cos  (n/v  +  p0). 

d'(ttt>) 
Therefore,  expanding  by  the  Theorem  of  I^eibnitz, 

— L^  =  e"  (a*  +  n*)*  [a?*  co8(n^  +  *■  0) 

dar  ^ 

^jCos  {na?  +  (r-  1)0} 


+  r.maf* 


(a«  +  w**)* 


r  cr  - 

+ 


1.2         ^  ^  (o*  +  n*)*  -" 


(18)     Let  uv  —  e^ Xj  JT being  any  function  of  w. 
Then  making  m  «  JT,  «  «  €% 

cr(Mtj)     „|d'jr         d-^jr    r(r-i)  ^dr-^x    ^  i 

do?*^  Id.r'^  dd?*^-*  1.2  da?'^-*  J 

Whence  it  appears  that 

(55*»)'-^-'-(s;)'<'-'^- 

This  result,   when  generalized,  is  of  great  importance  in 
the  solution  of  DiiFerential  Equations. 
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If  the  function  to  be  differentiated  be  (a  +  6^^  +  c^)*, 
the  general  differential  might  be  found  by  resolving  the 
trinomial  a  +  6jr  -i-  eir  into  two  factors  of  the  first  degree, 
as  into  {m  -^  a){m  ^  /3),  and  then  differentiating  the  product 
{m  +  o)*  [w  +  /3)*  by  the  Theorem  of  Leibnitz  ;  but  instead 
of  doing  so  we  shall  make  use  of  two  formulas  given  by 
Lagrange*. 

Let  u  ^  a-^hiB  ■\'  esf^     u* ^h  ^%e(a\ 

Then  substituting  jr  +  A  for  07  in  ti*  it  becomes 

(«  +  ii'A  +  cA*)"; 

and    -T— ,    will   be    the    coefficient  of   in  the  expan- 

sion  of  this  trinomial. 

Developing  it  as  a  binomial,  of  which  u  -^  vlh  is  the 
first  term,  we  obtain 

(«  +  tt  A)-  +  n  (tt  +  t^A)«-»cA«+^^^i^^^^(«  +  u'A)«-"c«A*  +  &c. 

Again,  developing  each  binomial  and  taking  only  the 
terms  which  multiply  A**,  we  find  that  the  term  in 

/          /.v..   n(«- 1)...  (n-r  +  i)    ,_^   ^ 
(tt  +  w  A)"  is  — ^ ' ^ u^    u   ; 

m  (tt  +  tt  A)*"'A"  is-^ ' \ — ^ti'-'+'fi*^  *; 

1  •  2  ...  (r  —  2) 

m  («  +  I*  A)*  *A*  IS  ^ ' 7 r — "'  tt"  '^^^  u  "^  * ;  &c. 

1  •  2  ...  (f*  —  4) 

Collecting   these   terms,   and   multiplying   by   l.2...r,  we 
obtain  for  the  t^  differential  coefficient  of  u" 

j:g->-n(n-l)...(n-r.H)«"-t.Mlf     /^'"'^    /-g 
da?^  ^  ^      ^  ^        l.(n-r  +  1)  tt* 

r(r~l)(r-8)(r-8)    cH.'  ^ 

1.2(n-r  +  l)(n-r  +  2)  «'*  '     ^' 

*  Mimoiret  it  Berlin,  1772,  p.  3It. 
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By  developing  in  a  different  manner  a  more  convenient 
formula  may  be  obtained : 

{u  +  uh  +  ehy  =  «•  (1  +  -  A  +  -  *»)• 

u         u 

But  4ttc  —  m'*  =  4ac  -  6*  as  c^  suppose. 

Developing  w*{(l  +  — A)*  +  j^ — ^**}''  ''J  ^'^^  binomial 
theorem,  we  have 


w'  ..«  t^'  ...     .     e" 


*       J.  2  2tt    ^  (2«)*  * 

and  the  r*^  differential  of  w"  is  the  coefficient  of  A'  in  this  ex- 
pansion multiplied  by  1  .2..,r.  Now  expanding  each  term  by 
the  binomial  theorem,  we  have  for  the  coefficient  of 


h^  in  the  first  term 


u\  1  2n(2n  -  l)...(2n  -  r  +  1) 


\2/  u^ 


1.2...r  I 


second  Ky-'j.  (««-«)•••(;» -;-^o»^, 

\2/       2»tt^  1.2...(r-2)  I 


/v  r-4 


1  .2...(r-2) 

,.   ,       fu'V*    1    (2n-4)...(2n-r  +  l)n(n-l)    . 

third         —        --— -  ; t;^ e% 

V2/       2'tt'  1.2. ..(r-4)  1.2 

and  so  on.    Collecting  these  terms  and  multiplying  by  l.2...r, 
we  find 

rf'ftt*)  .  .f^'V         (       w    r(r-l)    e' 

.(n-l)r(r-l)(r-.)(r-S)    ^ 

1.2     2n(2n  -  1)  ...  (2n- S)  w*  ^      ^ 
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(19)  Let  «■  =  (a*  +  «»)■. 

Here  u  «  2^,  e  ■>  4a\  and  if  we  make  r  m  n,  we  find  by 
formula  (B), 

*•(«•  +  «»)■  ,  ^     ,         ^^-        n*        n-l       a" 

|n(«-l)}»  («-«)(»-«)  gj^^^, 

1  .2  2n...(2»  -S)    ^  ' 

(20)  Let  »•  -  -T ; . 

Tbe  r^  differential  of  this  function  may  be  found  as  in  the 
last  example,  but  the  following  method  gives  it  under  a  form 
which  is  more  convenient  in  practice ; 

_i i—f— i '—\ 

a*  +  /r"         2a(-)*\j^  + a(-)*      »- a  (-.)*/ 


Differentiating  r  times, 

(-  . 

\dsl      a*  +  «* 


'^Y 


/     y..    *•(»•  -  0-g  •  ^  f > ___L___\ 

^    ^  2o(-)*         I  <o« +  «»)'+'  J' 


Now  let  d«"tan~'  — ,  ao  that 


«  "  (o*  +  «•)!  co«  0,     am  (a*  +  «*)J  sin  d, 
and  therefore 

{»  -  o(-)»}'+'-(o»  +  ««)T^  {co8(r  +  l)d-(-)i8in  (r+  l)0\. 


r+1 


{«  +  o(-.)i}'+'  -(a*  +  «»)~  {co8(r  +  1)^+  (-)»8in  (r  +  l)9]. 
2 


\da)     a"  +  /»• 
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Hence  we  have 

(-Yr(r^  l)„.g.  1   sin  (r +  1)0 

a  ^'' 

(a*  +  a?*)  « 

Liouville,  Jour*  de  VEcols  Polytechniquey  Cah.  21,  p.  157. 
(21)     In  the  same  way  if  we  had  the  function 

U  = 9 

we  should  find 

d  y     w  co8(r+  1)9 


y^-^-)'''^'-^)-*-^ 


r-H 


Liouville,  76.  p.  156. 

These  r^ults  are  useful  in  the  theory  of  definite  in- 
tegrals. 

In  the  following  examples  the  functions  are  reduced  to 
the  required  forms  by  difierentiation  in  the  same  way  as  in 
Ex.  11. 

.    ^     _  T  du  1 

(22)     Let  U  «  :; ,^ , ;     -;—  «  -: r-i . 

^    ^  (1  -a;»)i       dof      (l-a?«)i 

r^^       ^        dr         w  d"^  1 

Therefore 


dof'  (1  -  ar')*      ^^"^  (1  -  *0*  ' 

and  by  formula  (B), 

d'u      S.4...(r +  1),!?'-*    .        3(r-l)(r-2)     1 
d^^        (1  -  a^)'+J  ^*"*'2  sTi  eV^ 

3.5(r-l)(r^2)(r-8)(r^4)  1 

2.4  8.4.5.6  w*         ■' 

/r         dtt  1 

(23)     u  =  sin-»  -  ;       —  =  — — — ^  , 

a         dap      {or  -  /r*)* 


,« 
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d^u       d^ 


-1 


da^      daf  {cP  -  aP)l 

l.g„.(r- l)j?"-'  .        1  (r  -  l)(r -2)  af^ 

2.4         1.2.S.4        ar*  S     J  ^    ^ 


(24)     Let  »«  tan'^-; 


X         du  a 


a '       dw      o*  +  J?*  * 
dor' 


-  (-y-  (r  -  l)(r  -2)...2 . 1     "°        ,  by  Ex.  20, 

where  0  «  tan"*  -  o tan"*  — . 

cT      2  a 

The  method  employed  by  Lagrange  may  be  used  for 
the  determination  of  the  successive  diflerentials  of  other 
functions. 

(25)     Let  ««€*"*. 

If    X    become    a  ^  h,    u    becomes    eM*+*)«  „  e*^*» +  «**  +  *«» 

Now  e*-*-l+2c^A  +  ^^\»+-^^^A»H.&c. 

1.2  1.2.8 

and  6***  =  1  +  cA«  + A*  + A"  +  &c. 

1.2  1.2.8 

Multiplying  these  together,  taking  only  the  coefficient 
of  A*"  and  multiplying  it  by  1  . 2...r,  we  find 

j^  =  e''^\c'{^»y  +  r{r  -  l)c'-»(2«r)'-« 

^(t  -  l)..-{^  -  S)       ,,  ^     ^ 

+  *^ TT^ ^  c'-*(2a^)'-«  +  &c.} 

I   .  X 

2 2 
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(26)     From    this  we  can    determine  J;he   successive  dif- 
ferentials of  cosiV*  and  sina?*. 

Let  u  «  cos  a^  +  (-)*  sin  a-*  =  e^'*  **. 

Then  differentiating  by  the  preceding  formula 

^  _e«*-{(-)«(2*)'  +  (-)^'r(r  -  T)(2a.r» 

Now  generally  (-)8«€^"^^«, 
and  €<->*•'€<->*''?  =  cos  (a^  +  p  JK  (-)i  sin  (a^  +  P  f )  • 


Therefore  making  these  substitutions,  and  as 


-«=(--)   cos^ +(-)M-7-)    sin  J?*, 
f      \dw)  ^    ^    \dwj 


equating  possible  and  impossible  parts,  we  have 
^^\    ^  ^(2wycos(i^+r-)  +r(r-l)(2a?y-*cosL«+(r-.l)^i 

+  r(r-l).,^(r-J)  ^^  ^^,.,  ^^^  b  +  (r  -  2)  ||  +  &c. ; 


and 
cf''(8in  a^) 


|^-(2a?ysin(j^+r-] +r(r-l)(2^)'-«  sin|j^+ (r  -  l)-l 

(2a?y-*  sin  |j^  +  (r  -  2)  -l  +  &c. 


da 

r(r-  l)...(r -3) 
1  .2 


(27)     Letu«-^ 

6+1 

We  might  in  this  case  expand  the  function  and  differen- 
tiate  r    times    each    term    in    the   development,   but  as  this 
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would  give  -j— ^  etpressed  in  an  infinite  series,  the  following 

method,  due  to  Laplace*,  is  to  be  preferred.     It  is  easily 
seen  on  effecting  two  or  three  differentiations  that   the  form 

of  ——   must  be 

Hence  multiplying  by  (c*  +  l)'**"^  we  must  have 

a  J? 
Now  as  tt  B  €"'  -  e"*'  +  c""  -  &c. 

^  «  (-y  {Tc-'  -  g'c-**  +  3'  6-"  -  Ve'"  +  feci      (2). 

Also,  developing  (c*  +  l)'**  we  have 

1  1.2 

+  ^^•^^>^^^-^>  «<'->•  +  &c.  (S). 

1.2.8  ^ 

The  product  of  (2)  and  (3)  must  be  equal  to  the  second 
side  of  (l),  and  as  this  last  consists  of  a  finite  number  of 
terms  having  positive  indices,  the  terms  in  the  product  of 
(2)  and  (3)  which  contain  negative  indices  must  disappear 
of  themselves.  Hence  taking  the  terms  with  positive  indices 
only 

*  1  1.2^  -* 

and  therefore 

*  Mimoir€9  <U  VAcadimie,  1777,  p.  106. 
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Sbct.  2.     Functions  of  Two  or  ti^ore   Variables, 
If  u  be  a  function  of  two  variables  w  and  y, 

Ex.  (1)     w-aTy";     r  «  1,     «  -  1, 

a^  dy 

tPu  ,       ,        d»tt 


cty  d«  dw  dy 

d*ti  a^  +  S/*  cP«* 

-8iry 


dy  da?  (a?*  -  y*)'     do?  dy  * 

(3)     tt-y*;     r«i,    « =  i, 
dt^  .  du  . 

y^-'O  +^logy)- 


dydao  dofdy 

(4)     u  s  sin  {ma  +  ny)  ; 

dTu         ^   .     I  w\ 

-7—  —  m  sin  I  mo?  +  ny  +  r  -    , 
dor'  V  ^2/ 

d'u  .    f  ir\ 

—  -n'sin(^ma.  +  ny  +  .-j, 

dy'dd?'  I  ^     ^         '^2j      d.v'dy' 


(5)  We  sin-;     r « 2,     «-il, 

d'tf         2    .    a7      cT        w         dPu 
3=  —  sm:-  +  -:  cos- 


dyda^      y^       y      it       y      dw^dy 
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(6)  w-flin"^-;     r  «  1,    «  «  1; 


dfu  V  ^u 


dydm         (y*.4r*)t     dwdy' 


(7)         tt«tan"*-;    r-1,    *  =  l; 

y 


dy  dir      (y*  +  ^)*     d  J?  dy 


(8)         tfs^siny 4-y8in/r;    r-1,    *-i; 


«  cosy  4-008^ 


dy  dm  dw  dy 


(9)  u^mimeo%y\    r  »  2,    «  «  2 ; 


d*f*  d* 


u  cTf^ 


sin^coBy 


dy^da^  da^df^     dmdydwdy 

Generally,   Id   a  function   of  any   number  of  variableB, 
the  order  of  diflTerentiation  is  indifferent. 


du       2afy        du         a^         du        ia^yx 


dx      a*  -  «• '    dy      a*  ^  $^*    dz      (a*-  Jif")' ' 
dFu  2w  d?u 


dw  dy      a*  —  x*      dydw  ^ 


dofdx      (o*  — »*)•     dxdm^ 
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dydx      (a*  —  «•)*     dxdy  * 
CPu  ^tVK  <Pu  (Pu 


dwdydz      (a"  — «^)'      dydwdx      dxdydx 

€pu  d?u  d^u 

dxdady      dydzdx      dtvdxdy 


dm  dy  {jo^  +  ^)i         dy  dx  * 

dfu  e^'ay            d^u 

dw  dx  (m^  +  y'^t      dx  dx  * 

cPtt  e*a^            d^u 

dy  dx  {a^  +  y*)l      dv  c/y  ' 

(12)      w  = ?L^^ 

d^u  Zh^w             d^u            cPu 


di^dy      (aw  +  hxy      dydx^     dxdydx* 
<Pu       ^b^y{bx  -  2atv)        fPu        "  d?u 


dwdx*  {aof-^-bxy  dx^dw     dxdadx 

The  general  total  differential  of  two  variables  is  given  in 
terms  of  the  general  partial  differentials  bj  the  formula, 

da^  daT'^dy  ^ 

+  -^ ' daf'^^dy^  +  &c., 

1.2      da/'-^dy'  y  -^«   » 

the  law  of  the  coefficients  being  that  of  Newton's  Binomial 
Theorem. 


• 


8UCCB88IVI    DIFFBRBNTIATION.  25 


(15)      w«d?*y"; 

n(n  -  l)(n  *  2)  ,       .... 

(m  -  l)(fii-2)(m-8)         ^  ^ 

n(n-  l)(n  -2)(n-8)  ,  .  "  . 

m(fii- l)(m -2)(m-3)     ^        ^* 

(14)  tt^c-'+y; 

if  t#  -  (tf»rfjr*  +  Sa'bdw^dy  +  SaVd/vdy^  +  ft»dy^)e*+«y. 

(15)  ti  s  sin  fft«  sin  fty; 

d*i*  «  (i»*di**  +  6fn^n*da^d^  +  n*dy*)  sin  m/v  sin  ny 
—  ^fnn{wfdw^dy  +  nfdwdf^)  cos  nij?  cos  ny. 

(16)  «  aa  log  {aoB  +  fcjf)  ; 
d*u  «  -  {a?da^  +  Stabdwdy  +  6*dy*) 


(oar  +  6y)"  * 

(17)  u-(a;«+y*)J; 

1 
dfw^if^da^  ^%aydwdy  •{-  ^dt^)— —^. 

(18)  u  —  sin"^-; 

y 

rf         t  i^ff-^^^       >  1 

cru  -  {wda^  -  2ydwdy  +  ar     ^     — ^  dy*j  — — ^ . 

There  is  a  very  important  theorem  (due  to  Euler)  regard- 
ing homogeneous  functions  of  any  number  of  variables,  which 
from  the  frequent  applications  made  of  it  ought  to  be  noticed 
in  this  place. 
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If  ti  be  a  homogeneous  algebraic  function  of  n  dimensions 
of  r  variables  ^,  y,  jv, ... ;   then 

du        du        du 
aw        ay         az 

From  this  may  be  derived  a  series  of  equations  of  the  form 

1 . 2.8...m.2  ^  u 

■  n(w  —  l)...(n  -  !»+  l)w,' 
where  a  +  /3  +  7  +  ...  «  m.  Euler,  Cak.  Diff.  p.  188. 

In  applying  this  theorem  to  transcendental  functions  of 
-algebraical  functions,  it  is  to  be  observed  that  it  is  not  suffi- 
cient that  these  last  should  be  homogeneous,  it  is  also  necessary 
that  they  should  be  of  zero  dimensions,  as,  otherwise,  in  the 
development  of  the  transcendental  function  the  degree  of  each 
term  would  be  different,  and  the  function  when  expanded  not 
homogeneous. 


(19)  Let  tt«^^^ .     Then  n«  2  and 

y  -  a? 

du        du      2y* -21^47 +  2f/«'-2a7*      2(«'  +  ^) 

or  -*—  -I-  « as— ^ ^ B  — i- -. 

da        dy  (y  -  ^)*  y  —  w 

(20)  u  -= ^  .     Then  n  -  -  i,  and 

w  -¥  y  ' 

du      du       1  (y ^*  +  ^y*  +  ^  +  y*)        ,  (jb\  +  y\) 

^rfi"'"*dy""*  {x  +  yy  *   («^  +  ») 


(21)     u  «  sin-»  f^.^  I    .     Then  n  «  0,  and 

\^  +  y/ 


dtt        dt«  yor  —  wy 

d.r         rfy      (ci7  +  y)  {2y(^  -  y)}4  " 
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(23)  u  »  ^  (2»y  +  y^)*,     fi  -  2, 

cPtt  d*fi         ^cPti 

d^"*"*^*€Ud^"^^dp 

{S»^  +  2y*)  «•  +  %wy  {Safy  ^  3^y*  +  y")  -  ^y* 

%    (2^y  +  y*)» 
«  2a?  (2  d^y  +  yO*. 

(24)  If  «  be  a  homogeneous  and  symmetrical  function 
of  a  and  y  of  n  dimensions,  so  that 

and   if  it  be   expanded  in    terms  of  «  so  as  to  be  of  the 
fonn 

2.(Q,a?V-'), 
then  will      2  { (2«  -  n)  Q|}  «  0. 

As  t«  is  homogeneous  of  n  dimensions,  we  have 

du       du 
nu^af-—^y  —  , 
dw        dy 

and  as  it  is  symmetrical  in  a  and  y,  we  have 

du       du 
47  --  e  y-T-  when  a;  <-  y,  so  that 
da      ■  dy 

du 
2» 3 ftu  =  0  when  amy. 


Substituting  the  expansion  of  u  in  this  equation,  we  get 

2{(2i-n)Q<a^}  -0,  or 
2f(2i-n)Q,}-0/ 

*  This  extension  of  a  property  of  Laplace's  Functions  was  communicated  to 
me  by  Mr  Archibald  Smith. 


CHAPTER   III. 


CHANGE    OF    THE    INDEPENDENT    VARIABLE. 


Sect.  1.      Functions  of  One  Vatiahle. 

If  y  ^f(jv)  and  therefore  ^  =  /"'(y)»  ^^  successive  dif- 
ferential coefficients  of  y  with  respect  to  w  are  transformed 
into  those  of  x  with  respect  to  y  by  means  of  the  formulae. 


1?«  JL     ^y 

dw      dx '        rf.r* 
dy 

/cPa?\*  dx  (Px 
(Py  _^  [dyj  "Tydf 
da^  fdxy 

Irfy/ 

and  similarly  for  higher  orders.  The  reader  will  find  the 
demonstration  of  a  general  formula  for  the  change  of  the 
n^  differential  coefficient  in  a  Memoir  by  Mr  Murphy,  in 
the  Philosophical  Transactions^  1857,  p.  210.  The  expres- 
sion is  of  necessity  extremely  complicated,  and  the  demon- 
stration would  not  be  intelligible  without  so  much  preliminary 
matter  that  I  cannot  insert  it  here,  and  I  must  therefore 
content  myself  with  referring  the  reader  to  the  original 
Memoir. 

If  u^fiy)  and  y^<p{x)  so  that  u  may  also  be  con- 
sidered as  a  function  of  ^,  the  successive  differential  coeffi- 
cients of  u  with  respect  to  y  may  be  transformed  into  those 
of  u  with  respect  to  w  by  the  formulae 
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du 
du      diV 

d^u  dy      d^y  du 
iPu      daf  dx      daf  dx 

dy      dy^ 
dw 

''    m 

dy  fiPu  dy      d^y  du\      ^  d^y  fd^u  dy      dfy  du' 


^u      dm  \da^  dm      daP  dw 


\         d'y  fdru  dy      dry  du\ 
)  duf  \da^  dw      da^  dx) 


dy*  (dy 


H) 


The  general  formula  for  this  transformation  will  be  found 
ID  the  Memoir  of  Mr  Murphy  before  referred  to,  but  the 
result  is  of  such  extreme  complexity,  that  it  happens  for- 
tunately that  we  have  seldom  to  employ  these  transformations 
for  high  orders  of  differentials ;  and  where  this  is  necessary, 
that  the  nature  of  the  case  usually  gives  us  the  means  of 
simplification. 

(1)  Change  the  formula 

into  one  where  y  is  the  independent  variable. 
The  result  is 

(2)  The  expression  for  the  radius  of  curvature  when 
w  is  the  independent  variable  is 


1  + 


©T 


When  y  is  made  the  independent  variable,  it  becomes 


{■  ^  0 
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•(d)     Transform 

into  an  equation  in  which  y  is  the  independent  variable. 
The  result  is 


dy" 


^.  ^  -  «»  »  0. 


(4)  Change  the  variable  in 

du  u 

from  y  to  w^  when  ^  «  log  {y  +  (1  +  y*)*}* 

du  a 

The  result  is  -r-  +  w  -  -  (e*  +  e"')- 

ad?  2 

(5)  Change  the  variable  in 

from  y  to  a  when  y  "  c*.     The  result  is 

ePtt      ^  ^       ^  du      ^ 

(6)  There  is  a  very  convenient   formula  by  which  we 

d"tt 
can  change  generally  the  independent  variable  in  y*  ~ —  from 

y  to  ai  when  y  ^.     Taking  the  symbol  of  operation  alone, 


e" 


('"■  li\  ['"  7i)  ['"  lil ">  "  '"^ 


This  may  be  put  under  the  form 


L-i)«^ «-(-«)'}  L<»-««^  e-<-«'l U  ^  •-')  ^. 

(  dx  ]    \  dw  I  \     d.r       ./  dx 
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Now  by  the  theorem  given  in  Ex.  18,  of  Chap.  ii.  Sec.  1, 
we  have  generally 


(5^-") 


Hence,  substituting  these  binomial  factors,  we  fi^nd 

(7)     Change  the  independent  variable  in 

,.  d?u        du       , 

from  y  to  a,  having  given  y  «  cos  jp.     The  result  is 

tPu 


dsf 


+  V?U  =  0. 


(8)  Change  the  independent  variable  in 

•x«  d*tt  ,  ^  du        2a 

€*'-   1 

from  y  to  x^  having  given  y  «  — .     The  result  is 

— +  a(€»'+l)tt«0. 

(9)  Change  the  variable  in 

i'^  +  yy-a^  +  H^  +  yy-^  +  i^-^yyj^  +  bu^o 

from  9  to  a?,  having  given  w  s  log  (a  +  Jf). 

Instead  of  availing  ourselves  of  the  formulae  for  expressing 

— -  and  -r-r  in  terms  of  the  differentials  of  u  and  y  with 
d^  d%t 

regard  to  a?,  we  may  effect  the  required  transformation  more 
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simply  by  differentiating  successively  and  simplifying  at  each 
step.     Thus,  observing  that 

(a  +  y)--l, 

we  have 

.  du      du 

differentiating  again  and  multiplying  by  a  -f  y,  we  have 

differentiating  a  third  time  and  again  multiplying  by  a  +  y* 
we  see  that 

(„  +  j,)._+8(a+y)»^  +  (a  +  y)---. 
and  therefore 


(10)     Transform 


+  6u  =  0. 


1  du      dfu 
SB  dof      dw^ 
from  w  to  0,  having  given  cf  =  40. 

Since  a?*  =  40,       a?  =»  2  -—. , 

dv 

we  have 

du      du  dO      Of  du 

d^^  dd  da^  ^  dO^ 
d*tt       .du      Of  d^u  dd 

-  du      a^  dPu 

"*rf0  ■*'T  d¥ 

.du      ^  d^u 
"*d0  "^^d^' 
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whence 


1  du      cPtt  du      ^  dPu 

a  da      daf  dO         d6^ 

Fourier,   TraitS  de  la  Chaleur,  p.  376. 

dw^ 
(11)      Transform 


WP 


{■  *  m) 


into  a  function  where  s  is  the  independent  variable,  having 
given 'that 


fc)    ' 


the  result  is 


\dwj 

JPy  da      €Pw  dy 
d^  de      ds*  da  ' 


dy 

dtff 
(12)     Transform  p «  .     ,^, 


da?     ^ 


{■  *  (lf)T 


into  a  function  of  r  and  6,  Jiaving  given  a  ^  r  cos9^ 
y  s  r  sin  d.  In  this  case  we  consider  r  to  be  a  function 
of  0;  differentiating  therefore  w  and  y  on  this  hypothesis, 

dw      dt  ,    -      dy      dt   .    ^ 

—  sin  d  +  r  cos  d 

and  therefore     -~  =  . 

Oil?      dr        ^  .    ^ 

—  cos  0  -  r  sm  6 
du 

dy 
Substituting  this  expression  for  — ,  we  find 
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(IS)     Tr«>rfonn  f.i )^LL 

into  a  function  where  0  is  the  independent  variable,  having 
given 

a  ^  r  cos  09     y  s  r  sin  0.  ^ 

Proceeding  as  in  the  previous  example  we  find 


(14)     Express  i 


'T^-^ 


d9 

in  r  and  0,  having  given 

w^r  COS09     y  «  r  sin 0 ; 

1    .      .        d0 
the  result  is     /  «  r  -— - . 

dr 

Sect.  3.     Functions  of  Two  or  more  Variables. 

Let  fi  be  a  function  of  two  variables,  a  and  y,  so  that 

u^f{Xj  y); 

,  du       ,  du 

then  to  express  —-  and  ---  in  terms  of  two  new  variables 

dap  dy 
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r  and  tf,   of  which   w  and   y  are   functions   given   by  the 
equations 

*  =  ^(r,  0),       y^y\f{r,  0), 

we  proceed  as  follows.     We  have 

du      du    dm      du    dy 
dr      dw  '  dr      dy  '  dr ' 

du      du    djff     du    dy 
dd'^  dx'dd'^dy^de' 

Eliminating    -—  we  find 


du  dy  du  dy 
du  dr  '  dO'^  dO^dr 
dw      dw    dy      dy    dw ' 

dr  '  dO^dr'de 


Eliminating   •—  we  find 


dw 

du    dw      du    dw 


du  dr    d0      dd    dr 

dy  dw    dy       dy    dw  ' 

dr^dd'  dr'dd 

If  r  and   0  be   given    explicitly  in   terms  of  w  and  y, 
we  have  at  once 

du      du    dr       du    d0 


dw      dr 

'  dw      d0  '  dw^ 

du      du 
dy      dr 

dr      du    d0 
'  dy  '  dO  '  dy' 

For  the  successive  differentials  we  proceed  in  the  same 
manner ;  and  if  there  be  more  than  two  independent  variables, 
the  only  difference  is  that  the  expressions  become  more  com- 
plicated.    Such  cases  however  seldom  occur. 

If  the  independent  variables  enter  into  multiple  integrals, 
we  cannot  substitute  directly  the  values  of  the  original  diffe- 
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rentials  in  terms  of  the  new  variables,  because  one  is  supposed 
to  vary  while  the  others  are  constant.  To  introduce  this 
condition  we  proceed  as  follows.  Let  for  example  there  be 
a  double  integral  ffVdco  dy^  and  let 

a?  =  0  (r,  0),     y^y\f  (r,  0), 

dic  dw 

so  that  dx  =  --—  dr  +  — -r  d0, 

dr  dd 

dv^—  dr4-—  d9. 
^     dr       ^ dd 

Since  x  is  to  vary  when  y  is  constant  and  vice  versd^  we 
must  make  <2y  «  0  when  we  wish  to  find  do?,  and  dof  ^0  when 
we  wish  to  find  dy.  Taking  the  latter  condition,  we  have  the 
two  simultaneous  equations 

d.v   ,        dof  ,^ 
Eliminating  dd  between  these  we  find 


_        fda  dy      dw  dy\   , 

'^^ '  [de  d^ --dr  de)  ^''' 


From  this  it  follows  that  when  dy  »  0,  dr  «  0.     Hence 
we  have 

dw 
dor  =  —  dO. 
dd 

Substituting  these  values  in  the  double  integral  it  becomes 


ff'{P/£-'£  ^) "'  -"• 


If  we  had  three  variables  w^  y,  z  to  be  transformed  into 
three  others  p,  q^  r,  we  should  have  three  equations  of  the 
form 


/ 
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dof  »  Pdp  +  Qdq  +  Mdr, 

dy  =  Pidp  +  Qidq  -¥  R^dr, 

dz  =  Pjdp  +  Q2dq  +  Ridr; 

and  we  should  determine  dof  by  supposing  dy  »  0,  and  diir  a  0, 
and  then  eliminating  two  of  the  three  quantities  dp,  dq,  dr. 
Supposing  we  eliminate  the  last  two  we  have  dm  >=  Mdp, 
M  being  a  function  of  p,  q,  r.  From  this  it  follows  that 
when  dai  =  0,  dp  —  0.  Hence  supposing  y  to  vary  while  a 
and  X  are  constant  we  have 

dy  -  Qidg  +  J?idr, 

and  eliminating  dr  between  these  we  have  dy  a  Ndq^  N  being 
a  function  of  p,  q,  r.  It  follows  that  when  dy  s  o,  dq^  0, 
and  therefore  if  we  suppose  %  to  vary  while  x  and  y  are  con- 
stant, we  find  d«  «  Rodr,  so  that  finally 

dmdydx  ^  MNR^  dpdq  dr. 

The  general  expression  for  M  is  complicated,  and  it  is  of 
little  use  to  give  it  here,  as  the  consideration  of  the  particular 
conditions  of  any  given  transformation  will  usually  give  us  its 
value  more  readily  than  a  substitution  in  the  general  formula.* 

dR         dR 

(1)     Transform  w  — y  — - , 

dy  dx 

having  given   m^r  cos 0,      y  =  r  sin  9, 
and  therefore   a;*  +  y*  =  r*.      tan  0  =  -  . 

X 

dR      dR        ^      dR  sin  d 

—  B- cos  B , 

dx      dr  dO       r 


dR      dR   .    ^      dR  COS  9  ^ 

-—  =  -— sin0+  "— , 

dy       dr  d9      r 


*  Lagrange,  Memaires  de  Berlin,  1773)  p.  121. 
i«egendre,  Mimairet  de  PAcadimie  dea  Sciences,  1788,  p.  454. 
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dR        dR      dR 

whence  w-- y—. —  =  — -r-. 

dy  dx       dd 

This  transfonnatioD  occurs  ia  the  planetary  theory. 

(2)     Transform    w  -—  +  y  — — , 

dsD         dy 

the  variables  being  the  same  as  in  the  last  example*     The 
result  is 

dR 


dr 


(3)     Transform  g  +  ^  «  O, 

having  given  a?  +  jf^  ^  r*. 

d<^      d(j>  dr      dip  tV 
dot       dr'djif      dr  r^ 

d^(p      d^<f>  dr  X      d(f}  1      d(l>  dr  w 
dai*      dr*  dw  r      dr  r      dr   dx  r* 

^<f>  i^      d(j>  n      a^\ 
di^  r*      dr   \r      r^y 

Whence 

and  therefore  -P-  + ^~  =  o. 

dr*       r  dr 

This  equation  occurs  in  researches  on  the  motion  of  fluids. 
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when     «*  +  9*  +  «*  «  r', 
find  U*-^'0. 

dr      r  dr 

«PF     *F 
(5)     Transform  -3— r  +  -— «  0  into  a  function  of  r  and 

dsr      dff 

Oj  having  given  dr  a  r  cos 0^  ymr  sin  0. 

dV       .    ^dV     CO8  0  dV 

-—  «  sm  0  -—  + --- , 

dy  dr         r      d0 

^^         %ix^^     co8»0  cPF      coi^fldK 
2  sin  6>  cos  0  /     JF    ^  dF\ 

cPF  <PF 

The  expression  for  — -  may  be  deduced  from  that  of 

»jr  do^ 

by  putting d  for  0.     We  then  get 

z 

d«F  .^d*F     8in»0  d«F     sin«d  dF 

cos'  d  -T-ir  +  — 5—  -;-^  + 


2  sine  COS 0  /     d^V       dV\ 


da!"  dr"         r"     dff"         r     dr 

9  COB  0  I     d'V 
f^  \d7^0'^d0J 

Adding  these  together, 

gF     cPF     d^r      1  dPy     1  dV 
da?»  "^  dy''  "  dr«  "^  r*  di^  ■*"  r  dr  "■  ^* 


(6)     Transform  ^-^  +  -^^  +  ^-ir "  ^ 


d«F     d^F     d«F 
4*  —    -I- 

dof^      dy'^      d«* 
into  a  function  of  r,  0,  and  0,  having  given 

«  BB  r  cos  09     y  a  r  sin  d  sin  0,     iir  «  r  sin  0  cos  0« 

A  slight  artifice  will  enable  us  to  do  this  with  considerable 
facility.     Assume  p  «  r  sin  0,  so  that 

jf  a>  p  sin  0,     z  Si  p  cos  09 
p  s  r  sin  0,      a?  «  r  cos  0. 
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Taking  first  the  two  variables  y  and  x,  we  find  as  in  I 

the  preceding  example  ' 

cPV     cPV     JF      1   cPF      1  dV 
dy*      d«*      dp^      p*  dip*      p  dp ' 

In  exactly  the  same  way,  the  equations  of  condition  being 
similar,  we  find 

cf  F     JF     <PF      1    cPF      1  dV 
'dp'^d^'^dh^^?de''^rdr' 

Also,  as  in  the  first  part  of  the  last  example, 

1  dF      IdV     cote  dV 
p  dp      T  dr        f*     dd' 

Adding, these  three  expressions, 

cFF     drV     ^V 

y  4. 

dy*      d«*      dco"' 

d^V      1   d'V      id*F      %  dV     cot9  dV 
"dr^'^?  de^'^p'd^^'^Td^'^  "T*"  dd  "  ^' 

By  substituting  for  p  its  value,  and  making  some  obvious 
reductions,  this  becomes 

€P(rV)         1      d*F  d        f  .  ,r,     dV    \ 

df»     ^  sin^d  d<p*^  d.cos9\  d.cos0) 

This  important  equation  is  the  basis  of  the  Mathematical 
Theories  of  Attraction  and  Electricity.  The  artifice  here 
used  is  given  by  Mr  A.  Smith  in  the  Cambridge  Maihe- 
maHcal  Journal^  Vol.  i.  p.   122. 

(7)     Transform  the  double  integral 

fJw^-'^-'dydw 

into  one  where  u  and  v  are  the  independent  variables,  x^  y,  fr, 
V  being  connected  by  the  equations 

w  -h-  y  ^  u^    y  a  uv. 
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__         ,     ,         (dw  dy     €w  dy\    ,      _ 

Here  dy  rfar  «  ( -; ;^  -  -; ;^]  du  dv. 

\du  dv      dv  duj 

die  dy  da 

Now   :j-  «  1,     3^  -  «>    T"  "  ^• 
du  dv  dv 

• 

Therefore  dyda^ududvy 
and  //»"-» y-'  dy  dv  -  //«"+-'  (l  -  r)—' «—'  du  dv. 

This  transformation  is  given  by  Jacobi  in  CrcUe's  Journal^ 
Vol.  XI.  p.  307 :  it  is  of  great  use  in  the  investigation  of  the 
values  of  definite  integrals. 

(8)  Transform  the  double  integral 

IJe^^^dwdy 

into  one  where  r  and  d  are  the  independent  variables,  having 
given 

w  mT  cos  d,     y  e  r  sin  0, 
Jfe^^^dx  dy^"  ffe^^r  dr  dO. 

(9)  Having  given 

m^r  cos 0,     y  a=  r  sin 0  sin  0,     z  ^  r  sm9  cos 0, 
transform  the  triple  integral 

fffVdof  dy  dx 
into  a  function  of  r,  9,  and  0. 

Using  the  same  artifice  as  in  Ex.  6,  we  find 
fffV  d(v  dy  dz  =  ffjVr^  dr  sin  9  d9  d<p. 

This  is  a  very  important  transformation,  being  that  from 
rectangular  to  polar  co-ordinates  in  space.  If  we  suppose 
F=  1,  fffdccdydz  is  the  expression  for  the  volume  of  any 
solid  referred  to  rectangular  co-ordinates:  and  it  becomes 
Jfff^drsm9  d9  d<f>  when  referred  to  polar  co-ordinates. 
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(10)     Having  given  «  a  function  of  w  and  y  determined 
by  the  equation 

X*     y*      X* 

a'      0*      c* 
it  is  required-  to  transform 


//--'{-©^©T 


into  a  function  of  0  and  0  when 

07  s  a  sin  0  cos  <j}y     y  s  6  sin  0  sin  <p^ 

and  consequently     x  ts  c  cos  0. 

In  this  case 

dw  dw 

-—  «  tt  cos  9  cos  0,      — --  B  -.  a  sin  0  sin  0, 

OC7  a(p  '^ 

dy  dy 

-jyr^bco^B  sin  d>,      --—  B  6  sin  0  cos  <t, 

oa  ^        a0  ^ 

dx  ,    ^  dx 

---csine,  —  =  0. 

Hence 

dw     dy       dw  dy        ,    .    >,        >* 

d«     dy       dx  dy  ,    ,  .    ^^, 

d5<     da?       d;?f   dtV  ,  .    ^.-    . 

Substituting  these  values  in  the  general  expressions  for 

dx    dx 

-T~  i  ^r  9  *D^  dw  dy,  we  find 
dof    dy 

m  ffded<p  sin  e  {a*h*  (cosOy  +  (c  sin0)»  (o*  sin*^  +  lPcoa*<j>) \ *. 

Ivory,  PhiL  Trans.  I8O9. 


CHAPTER  IV. 


BUMINATION    OF    CONSTANTS   AND    FUNCTIONS   BY   MEANS   OF 

DIFFERENTIATION. 


Ex.    (1)  j*  =  a«  +  6 (1). 

To  elimioate  by  differentiate^  when  we  have 

2y^-« (2). 

To  eliminate  a,  substitute  its  value  given  by  (2)  in  (l) ; 

dy 
then  «*  —  2wy  -r^  +  6. 

ax 

To  eliminate  both  a  and  ft,  differentiate  (2)  again  ;  then 

d'y      fdy\' 


djf' 


©-»• 


(2)     Eliminate  a  from  the  equation 

y  =  tr"  +  oe"'; 

-r my  s=  («  —  ma?)  »!?*"'. 

(5)     Eliminate  a  from  the  equation 

m 
y  «  aa?  +  —  ; 
a 

the  result  is  a?  (-7^)  -y-r-+»»  =  o. 

\aiVj  dof 

(4)     Eliminate  a  and  b  from  the  equation 

y  -  o«*  —  6a?  K  0; 

.1  1     .    rf*y      2  dy      2y 

the  result  i8--4---r^+-:f  =  0. 

acT         a?  diff        tXr 
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(5)  Eliminate  the  constants  m  and  a  from 

y  ^  m  cos  (rw  +  a). 

Differentiating  twice,     -—  =  -  r^m  cos  (rw  +  a). 
Multiplying  the  former  by  r*  and  adding, 

(6)  Eliminate  m  and  a  from  the  equation 

the  result  is  ^y  _  +«  (^__j  _y  _„  o. 

(7)  Eliminate  c  from  the  equation     /v  — y->C€  '~'^* 

Taking  the  logarithmic  di£ferential  and  eliminating, 

dy 
^-2y +  ^3^-=  0. 
aw 

(8)  Eliminate  a  and  j3  from  the  equation 

(or  -  a)*  +  (y  -  ^)«  -  r'. 

Differentiating,        (ci?  -  a)  +  (y  —  /3)  -^  e  o. 

Differentiating  again,  1  +  i^j  +  (y  -  i3)  — ^  «  o, 

I,  /J  VdW  \dwl   dy 

whence       y-/3« ,       a7-a« — — - —  — . 

d'y  d^y        dw 

dw^  dw' 

Substituting  these  values  of  y  *  /3  and  /r  -  a,  we  have 


him . 


X«.\  s 


in  which  a  and  /3  no  longer  appear. 
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This  is  the  expression  for  the  square  of  the  radius  of 
curvature  of  any  curve. 

(9)  Eliminate  m  from  the  equation 

(a  +  m/3)  {a^  -  my*)  -  m 7*; 
the  result  is 

(10)  Eliminate  a,  6,  c  from  the  equation 

X  »  ajf  '\-  by  i-  c, 
y  being  a  function  of  w. 

Differentiating  two  and  three  times  with  respect  to  x^ 

^.6^.     and  ^-6^. 
da^         da^  da^         da^ 

Eliminating  6,  we  have 

d?z  d^y      d^x  dPy 


dcf  da^      dcf  da^ 


0. 


This  is  the  condition  that  a  curve  in  three  dimensions 
should  be  a  plane  curve. 

(11)     Eliminate  the  exponentials  from 

Multiply  numerator  and  denominator  by  6*9  then 

whence    ««-.l^,     ands^-log?^, 

dy 
and  differentiating,  -7-  =  1  -  y*. 
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(12)     Eliminate  the  power  from  the  equation 

m 

y  «  (o*+  ai^)^. 

Taking  the  logarithmic  differential  we  have 

dy        m      xy 
=  2  — 


dx         n  a*  +  a^ 

(13)  Eliminate  the  functions  from 

y  =  sin  (log  ,r)  ; 

-  d^y         d  y 
the  result  is  or  — —  +  .i?  -7-  +  y  «  0. 

dor         dw 

(14)  Eliminate   the  exponential  and   circular  functions 
from 

y  s  ac"*  sin  nx. 

Taking  the  logarithmic  differential 

1  dy 

— ^.  s  m  +  n  cot  nw. 

y  dx 

Differentiating  again  and  eliminating  cot  nx  hy  the  last 
equation,  we  have 

(15)  Eliminate  the  arbitrary  function  from  the  equation 

«  B  xy(f>  (y), 

Differentiating  with  respect  to  x  only, 

dz  .  dx 

--~ay0(y);       and  therefore   x «=0. 

dx  dx 

(16)  Eliminate  the  function  0  from  the  equation 

y  ^  n%  ez  (j)  (x  ^  mx). 

Differentiating  with  respect  to  x  only, 

-  n  --  « <4  (a?  -  mx)  ( 1  -  m  -- 1 . 
dx     ^  \  dxj 


BLUONATION    OF    CONSTANTS   AND    FUNCTIONS.  47 

Differentiating  with  respect  to  y  only, 

dx  ,  d% 

1  -  n  -r-  «  -  m0  (a?  -  mz)  -— , 

dy  ^  dy 

,  dz         dz 

whence  m  -7-  +  n  -7-  «  1. 

dof         dy 

This  is  the  differential  equation  to  cylindrical  surfaces. 

(17)  If      y-z^-<p(^, 

^    ^  z  --  c      ^  \z^  cj 

by  the  elimination  of  the  function  we  find 

This  is  the  differential  equation  to  conical  surfaces. 
(18)     Eliminate  0  and  >|r  from  the  equation 

DifferentiatiDg  with  respect  to  j?, 

Differentiating  with  respect  to  y. 

Multiply   (1)  by  Wf  (2)  by  y  and  add, 

d.z         d  z 

then  ^  T-  +  y  ^~  "  ^*' 

do?         ay 

This  is  the  differential  equation  to  all  homogeneous  func- 
tions of  n  dimensions.  It  is  to  be  observed  that  the  two 
arbitrary  functions  are  really  equivalent  to  one  only,  for  the 
original  equation  may  be  put  under  the  form 

—{K9*(l)"+(9}-^g)- 
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This  is  the  reason  why  both  functions  disappear  after  one 
cHfTerentiation.  If  we  proceeded  to  a  second  diifferentiation  we 
should  find 

for  the  third  differentiation 
^d^z         «      dPz  .    cPz  ^dPz 

and  so  on  to  any  order.     See  p.  S6. 

(19)     Eliminate  the  functions  from  the  equation 
z  ^<p(w  -^  at)  -^  ylf(w  -  at),         • 
w  and  t  being  variable, 
O'z 


da/" 

€Pz 


0"  (w  +  at)  +  ^".  (w  -  at). 


-—  ^ a^(p  {x  +  at)  +  a^y\/  Qe  -  at). 

aZi 

Therefore  -r-^  -  a*  --— ;  «  0. 

df  da?' 

This  is  the  equation  of  motion  for  vibrating  chords, 

(20)  Let     z^,^\^^y, 

dz  dz 

the  result  is      9,xy  - — H  (^  +  f/*)  -;—  ■=  0. 

dw      ^  dy 

(21)  Eliminate  0  and  ^  from  the  equation 

z  mw<p  (z)  +  y>/^  («), 
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Similarly, 

^{l-«^»-yx/,'(«)}-^(,). 

Dividing  the  one  by  the  other^ 

dz 

dy 

Differentiating  with  respect  to  jp^ 

d*z  dz      dz     d^z  dz  /rff\* 

dai*  dy      dof  dx  dy     ^^   ^  ^  dw  \dyj 

Differentiating  with  respect  to  y^ 

€Pz     dz  ^  dz  d^z  /dzy 

dofdy  dy      dx  dy^  \dy) 

MuUipIying  by  -— ,    -—,   and  subtracting, 

dy      dw 

ldz\*  d^z         dz  dz     d^z         /da?\*  d»af 

\dy)    dtV*         dw  dy  dns  dy       \dw)    dx^ 

This  is  the  general  equation  to  surfaces  generated  by  the 
motion  of  a  line  which  constantly  rests  on  two  given  lines 
while  it  remains  parallel  to  a  fixed  plane. 

(22)     Eliminate  the  arbitrary  functions  from 
«  -  0  {ay  +  hx) .  ^  {ay  —  bx). 

Taking  the  logarithm  we  have 

log  fir  ss  log  (f>{ay  -^  hx)  +  log  ^  {ay  —  6a?), 

and  as  the  functions  are  arbitrary  their  logarithms  are  also 
arbitrary  functions,  and  we  may  replace  them  by  the  general 
characteristics  F  and/.  Therefore,  differentiating  with  respect 
to  w  and  y  successively, 

-  ^  -  hF\ay  +  6a?)  -  bf{ay  -  6a?), 
z  dx 

1   dz 

-  —-a  aF\ay  +  6a?)  +  af\ay  -  6a?). 
z  dy 
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Differentiating  again, 

Multiplying  by  a%  6*  and  subtracting,  we  obtain  as  the 
result  of  the  elimination  of  the  functions 

(Sd)     Eliminate  the  arbitrary  functions  from 

(1)  ar/(a)  +  y0(a)  +»>/r(o)  =  1, 

where  a  is  a  function  of  ^,  y,  and  x  given  by  the  equation 

(2)  wf(a)  +  y  0'(a)  +  xyfr'(a)  «  0; 

/'>  <l>\  '^'  being  the  differential  coefficients  of/,  0,  ^. 
Differentiating  (l)  with  respect  to  w^ 

{*/'(«)  + y0' («)  +  «>/.'(«)}  1^ +/(«)  + ,/r(a)  ^- 0; 

which  by  the  condition  (2)  is  reduced  to 

/(a)  +  >/.(a)£-0. 

In  the  same  way,   differentiating  with   respect  to  y,  we 
have 

0(a)  +  >/^(a)— «a 

dz 
Since  from  these  two  equations  it  appears  that  •—  and 

dz  ''^ 


dy 


are  both  functions  of  a,  the  one  may  be  supposed  to 


be  a  function  of  the  other,  and  we  may  write 

dot  \dy)  ' 

Eliminating    the   function    F  from   this  equation  there 
results 

l^x\   rd*z\  ^  f  d^z  y 

w)  [dfj     [d^j  ■"  ^' 

This  is  the  differential  equation  to  developable  surfaces. 
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(24)  Eliminate  the  aribitrarj  function  from  the  equation 

Since  oTf  (~,   ~,    -)   is  a  homogeneous  function  of  m 

dimensions,  we  know  that 

du        du        du 
dof        df^         dz 

(25)  If  u  ^f{x\  y)  -  F(r,  «),     and 

rmip  [aw  +  c«)  »  ^  (flx  —  by)y 

I  du      1  du      \  du 

then  --r"  +  T  :r-  +  ~  3-**^- 

a  o^     o  »y      e  a« 

dtf      du    dr      du    dz 
dw      dr    d»     dz    dw 

du      du    dr      du    dz 
dy      dr    dy      dz  '  dy^ 


—  «  la  +  c  —  j  4p\ajg  +  cz)^a  y^'(aw  -  6y), 

— ~  =  cA'Caw  +  cz)y        __  «  —  6  -d/faw  -  6y) ; 

r      ^  1  dr      1  dr 

therefore,  -  --  +  -  :r"  =  ^» 

a  d<v      6  ay 

J  du      1  du      du  fl  dz      1  divN 
a  dw      b  dy      dz  \a  dx      b  dy)  * 

Also    ia-^c  —  j  ip\aa  +  car)  ^a-^\aw  -  Ay), 

c  —  ipf(aw  +  cjjp)  «  —  6  ^'{am  -  6y), 

,  1  div      1  dar  l 

whence    -  -;—  +  t  T"  "* » 

a  dm      b  dy         c 

,    ,       .         \  du      I  du      I  du      ^ 
and  therefore    -  ---  +  7  ^—  +  -  3— «0. 

o  djr      b  dy      c  dz 


CHAPTER  V. 


APPLICATION    OF    THE    DIFFERENTIAL    CALCULUS    TO    THE 

DEVELOPMENT    OF   FUNCTIONS. 


Sect,  1,      Taylor's   Theorem. 

This  theorem,  the  most  important  in  the  Differential  Cal« 
cuius,  and  the  foundation  of  the  other  theorems  for  the 
development  of  Functions,  was  first  given  by  Brook  Taylor 
in  his  Methodus  Incrementorumj  p.  23.  He  introduces  it 
merely  as  a  corollary  to  the  corresponding  theorem  in  Finite 
Differences,  and  makes  no  application  of  it,  or  remark  on 
its  importance.  The  following  is  the  statement  of  the 
theorem : 

If  u^fQv)  and  x  receive  an  increment  A,  then 
^ .        ,.  du  ,      d^u    h^       cPu      A' 

If  we  avail  ourselves  of  the  method  of  the  separation 
of  the  symbols  of  operation  from  those  of  quantity,  this 
theorem  may  be  expressed  in  a  very  convenient  form,  which 
is  useful  in  various  parts  of  the  Integral  Calculus:  viz. 

d         A*     d*  A'       (P 

/(^  +  A)  =  {I  +  A  —  +  — -  — -  +  — -—  -j-z  +  &c.}  f(x) 
^       ^  dw      1.3  diV*      1.2.3  d<ir*  3  ^  n  -^ 

=  e^V(^). 

It  is  frequently  convenient  to  use  Lagrange^s  notation, 
and  to  represent  the  successive  differential  coefficients  of 
f(pd)  by  accents  afiixed  to  the  characteristic  of  the  function. 
In  this  way  Taylor's  Theorem  is  written 

/(a?  +  A)  =/(^)  +  fix)  h  +  /"(.r)  —  +/"'(.r)  ^-^  +  &c. 
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If  we  Stop  at  any  term,  as  the  n*"*,  which  is  /^■•'^(«) 
,  the  error  committed  by  neglecting  the  re- 


1  .2  •..  (n  -  1) 

maining  terms  lies  between  the  greatest  and  least  values  which 

A" 
/^^(x-hOh) can  receive;   where  0  is  less  than  1. 

1.2  •••  fl 

This  is  Lagrange^s  Theorem  of  the  limits  of  Taylor's  Theorem. 
See  Lagrange,  Calcul  des  Fonctions,  p.  88.  Also  De  Mor- 
gan's Differential  Calculus^  p.  70. 

Ex.  (1)     Let  f{x)  -  (a  +  w)\     Then 

(a+«+&)"- (a+a?)*+n(a+a^)'*-*  A  +  ^^^^  (a+a?)"-W+ &c. 

1  •  2 

dr 

(2)  Let  /(«)  «  of.     Then  as  3—  o*  «  (log  a)"  oT, 

a'+*-a'{l+(loga)A  +  Goga)*Y:^  +  (logay  -— ^  +  ...}. 

If  we  stop  at  the  n^  term  the  error  lies  between   the 

A" 
greatest  and  least  values  of  a<'+^**  (log  o)» — .     The 

X     •    /S      ...     7» 

least  value  is  found  by  making  0 «  0,  and  the  greatest  by 
making  0  s  1,  and  therefore  the  error  lies  between 

g>^*(loggy  '       ,     and  a' (log  a)- —- -. 

(3)  Let  f(a)^\ogaf.     Then  since  by  Chap.  11.  Sec.  1, 
Ex.  11^ 


doT  ■>■«'''  gf 


T-l 


h      X  h*      1  A*      , 
log(*  +  A)-logar+---^+-^-&c., 

and  the  error  of  stopping  at  the  fif^  term  lies  between 

A"         ,  A" 

and  ^ 


naf"  n{w  -{-  Ky 
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(4)     Let  f{p)  « .    Then  since  by  Chap..xu.§ec.  1, 

1  —  ar  ^ 


Ex-  12, 


iT    l+/ir         r(r-l)...  S.2 
-  2 


di»^  1  -  or  (1  -  a?y+* 

I  +  cr  +  &      1  +  fl?'  f      *  *'  *'  «r   1 

i.ay-&"'irri  +  ^  1(1  -  ^)«  '•'  (1  -  wy  "^  (1  - /r)«  "*"  *^y 

(5)     Let    f(jB)  B  e""  cos  no?.      Then    as    by    Chap.   ii» 
Sec.  ly  Ex.  10, 

--—  (e"'  cos  nai)  «  (a»  +  »')«  c"'  cos  (nar  +  rd>). 


I  where  0  «  tan"*  -  j. 


g«t*+*>cosf»  (« -(-  A)  s  ««»  {cos  nar  +  (a^-^rf^i  cos  (nar  +  0) .  A 
+  (rf+n*)cos(na7+20) h(<^-l-n*)icos(nj7+$0)  — —  +  &c.| 

1*2  1«2*3 

If  a  s  cos  9y    n  «s  Bin  9^ 
^u+»)cos^cos{(a7+A)  8ind{  =  «'«»*{co8(«8in0)+Acos(fl7  8ine+e) 

+ COS  (^  sin  0  +  20)  + cos  {S  sin  0  +  S9)  +  &c.  J 

1*2  1.2«3 

(6)     If  /(a?)  as  tan"'flr,  and  we  put 

sin  y,    or  tan  '  ar «  —  —  y. 


1+0^  ^'  2 

we  have,  by  Chap.  ii.  Sec.  1,  Ex.  24, 

L—Yimr^xm  (-)'-'.  (r-  l)  (r  -  2)  ...  2. 1  sinry.  (8iny)% 


therefore 


h       .  A" 

tan"'  (^  -h  A)  B  tan"'  or  +  sin  y  sin  y sin  2y  (sin  y)*  — 

+  sin  Sy  (sin  y)' sin  4y  (sin  y)*  —  +  &c. 

S  4 
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From  this   development  Euler*  has  deduced  many   re- 
markable theorems,  some  of  which  are  subjoined. 

In  the  preceding  example  let  A  —  *  «,  then 

tan"^  (^y  +  A)  -  tan"'  0  -  o ; 

therefore  tan"' xs^any .einy.of  +  (sin yf  sin 2y  — 
+  (sin  y)' sin  Sy  —  +  (sin  y)*  sin  4y  —  +  &c. 

3  m  4l 

TT  ,  cos  y 

Now     tan"'  «p  «  —  -  y,     and  ^  «  cot  y  «  —  — ; 

2      ^  smy 

therefore 
-  =  y  +  sinycosy  +  ^sin2y  (cos  y)^  +  ^sinSy  (cosy)' +  &c. 

Airain.  let   A  «  -  ( 4?  +-  )  =  — ;: ;  then 

^  \       ofj  sinycosy 

tan-'(#  +  A)atan"'  (  -  - )  -  -  Un"*  -  -  -^  +  tan"'jy; 

therefore 

2      cosy      *(cosy)»      ^(cosy)'      *  (cosy)* 

Agam,  let   A  «  -  (1  +  «r^)i  «  -  -r-7-;  then 
®  ^  ^  sm'y 

therefore,  as  tan"'  a?  «  -  -  y, 

-  -  -  +  sin  y  +  ^  sin  2y  +  J  sin  3y  +  &c. 

If  we  differentiate  this  series  we  find 

0«^-f  cosy  +  cos2y +  cosSy  +  &c. 

In  these  formulae  y  lies  between  0  and  ^tt. 

•  Cole,  Diff,  p.  880. 


56  DEVELOPMENT    OF    JUNCTIONS. 

(7)     Let  u  =  cot~'/p,  then  cof*  (w  +  h)  is  easily  found 
from  the  expression  for  tan"'  (w  +  A).     For  since 

w  ,        dw  1 

cot" ^  ^  « tan"^  w,    T-  = 29 

2  dx  !+«• 

and  we  have  merely  to  substitute  cot"^^  for  tan~^^  and 
to  change  the  signs  of  the  terms  beginning  with  the  second : 
and  as  in  this  case  y  ^Uj  we  find 

cot"'  (a?  +  A)  «  w  -  sin  w  sin  w  -  +  (sin  uy  sin  2u &c. 


Sect.  2.     MaclaurirCs  or  SHrling*8  Theorem. 

This  Theorem,  which  is  usually  called  Maclaurin^s,  but 
which  ought  to  bear  the  name  of  Stirling,  was  first  given 
by  James  Stirling  in  his  LinetB  Tertii  Ordinis  NewUmiaruBy 
p.  S2.  Madaurin  introduced  it  into  his  Treatise  of  Fluadonsy 
p.  610,  «nd  his  name  has  generally  been  given  to  the  theorem 
from  an  erroneous  idea  that  his  work  was  the  first  in  which  it 
appeared. 

The  following  is  the  enunciation  of  the  Theorem : 

If  f(x)  be  a  function  of  a?,  and  if  we  represent  the  values 
which  it  and  its  successive  difierential  coefficients  acquire  when 
a?«0,  by  /(O),  /'(O),  /"(O),  /'"(o),  &c.;  then 

f(x)  -/(O)  +/'(0)  ?  +r  (0)  ^  +r'(0)  ^  +  &c. 

This  Theorem  is  evidently  a  particular  case  of  that  of 
Taylor. 

Ex.  (1)     Let  u  =/(a?)  =  (1  +  w)i ;    /(O)  «  1, 


du          1         1 

dx          2  (1  +  w)^ ' 
d^u           1         1 

/ 
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<P»_         3  1  ,,,  3 


&c«  &c. 

Therefore, 


1  1    a^       S      a^  S.5        at" 


(2)  Let  tt  »  (1  +  8j^  +  8«*)-J, 

Then  by  the  formula  (B),  Chap.  ii«  Sec.  1, 

-— -  (-)M.2...r(l  +  Sa?y(l  +  2ar  +  Sa?*)-'^+l  x 

*        2      1.2      (1  +  3^)*       2*         1.2.3.4        "(l+Sa)*  '^ 

Whence  we  find 

/(0)-1,     /'(0)--l,    /"(O)  «  1.2(1  -1)«0, 
/'"(0)  =  -1.2.S(l-S)«1.2.S.2, 

7  3 

/"'(0)«  -  1.2.3.4.-,  /"(O)- 1.2.3.4.5.-. 

2  2 

Therefore, 

7  3 

(1  +  2<v+  3a?*)~l  «  1  -«?  +  2d?* — a^  +  -^-  &c. 

(3)  Let  «  B  cos  ^, 

then  as  -r-j.  «  cos  ( ^  +  r  -  I , 
da""  \  2/ 

U  m  COS  fl?  -I  1 + &C. 

1.2       1.2.3.4 


(4)     Let  u  «  sin"* «. 
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Then  by  Chap.  ii.  Sec.  1,  Ex.  23, 

dTu     1  .g,„(r-l)ay'^''  1  (r-l)(r-2)  i 

1.3(r-l)(r-2)(r^'8)(r-4)  1    ^  ^ 

+  - — ;  +  &c.  > 

2.4  1.2.3. 4  0?*  ' 

Therefore, 

/(o)  =  o,         /'(0)  =  1, 

/"(0)  =  0,        /"(0)-1.1.2, 
/ "'  (0)  =0,        / ""  (0)  =  l^^  .1.2.3.4.5.6. 


2.4.6 


Whence 


.,  10^       1.3  A**       1.3.5»^ 

wn"  0^  =  ^7  + + + ■-  —  +  &c, 

2  3        2.4  5        2.4.6  7 

It  was  by  means  of  this  series  that  Newton  calculated  the 
value  of  TT.     Commercium  Epistolicumy  p.  85,  2nd  Edit. 

(5)  Let  u  a  tan"*  (a). 

By  means  of  Chap.  ii.  Sec.  1,  Ex.  24,  we  find 

a^     txfl     w* 

tan"',T  ^  a h +  &c. 

3       5       7 

This  is  Gregorie's  series.     See  Commercium  Epistolicumj 
p.  98,  2nd  Edit. 

(6)  Let  u^  sec  07 ; 

then  /(O)  -  1,         /'  (0)  -  0,         /«  (0)  =  1, 
/"'(0)»0,         /"'(0)-5,         /"(O)-©,         /"(0)-6l. 

Therefore, 

sec  0*  s  1  H h + +  &c. 

1.2       1.2.3.4       li2.3.4.5.6 

James  Gregorie,  /6.  p.  99* 
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(7)  Let   u  s  tan  x ; 

then  /(0)-0,      /'(0)-l,       /"(0)-0,        /"'(0)-2. 

/"(o)-o,     r(o)-i6,    /''(0)-0,      /-"(o)-?!?. 

Therefore,  tan  dr «  jt  + + + +  &c. 

'  l.S      S.5      S.5.7.9 

James  Gregorie,  lb. 

(8)  Let  €«B»6*'co8nar.     Then 

€*'  cosfijr  =  1  +  (a*  +  n*)4  cos  0  -  +  (a  +  n')  cos  20 

+  (a^  +  n^^  COS 50 +  (a*  +n'y  cos  40 +  &c. 

^ 1.2.S  ^1.2.3.4 

If  a  «  cos  0,     n  «>  sin  0y     0  >=  &>     a'  +  n*  »  1, 

«(•  **••  cos  (^  sin  d)  a  1  +  Jr  cos  0  + cos  2  d  + cos  8  0  +  fcc. 

^  ^  1.2  1.2.S 

If  a  »  n  ->  1,     o*  +  n*  -»  2,     0  »  —  , 

IT         1  «•  IT  1  «• 

cos—  as -^,     COS2  —  —O,      COSS—  « i,     COS4—  «  — 1, 

4        2*  4  4  2*  4 

,irl  _7r  irl  '""^ 

C065  — « — «,.cos6— «iO,   cos7--«-i,    cos8— «1,  &c.; 
4  2*  4  4       2*  4 

therefore^ 

tT cosm  «  1  +-  ^2. 


1            1.2.3       1.2.3. 4       1.2.3.4.5 
-  +  — I ^-^  +  &c. 


1.2.3.4.5.6.7       1.2. ...7. 8 
If  a«|,   ♦»«^>   a*  +  n'=l,    0-7; 

z  3 

f        4^3*  .  as      ^    sf  a?  ,         df* 

€*  cos— -  «1  +1--* i 

2  *  1       *  1.2       1.2.3       *  1.2.3.4 


*1.2...5       1.2...6'*"  *1.2  ...7  ^ 
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(9)  Let     tt  -  (1  +  €*)% 

/(o)«2%    /'(0)-n2-S    /"(0)-n2-»(n  +  i), 
/'''(O)  =  n'2-»  (n  +  3),  /'*'  (0)  =  n2-*  (»»  +  6n«  +  S»  -  2) ; 
therefore, 

^  ^  ^         2   1  2*  1.2  2*  1.2.3 

n  (n*  +  6n*  +  3n  -  2)         jp*  . 

+ -4 +  &c.  { . 

2*  1.2.3.4  * 

If  n  s  ^,    then 

(1  +  eO*  =  2M1  +  -  -  +  -^  +  JL  

^  ^  ^         2«  1       2M,2       2«  1.2.3 

2»   1.2.3.4  ^ 

Maclaurin^s  Theorem  may  also  be  applied  to  the  de- 
velopment of  implicit  functions,  the  differentiations  being 
effected  by  the  methods  required  in  such  cases. 

(10)  Let   tt'  -  tt^  -  1  =  0. 
Expand  u  in  terms  of  or. 

When  0?  =  0,    w*  =  1 ;    therefore  /(o)  «  i  1. 
Differentiating  the  implicit  function  we  have 

du         du 

2u  J w f*  —  0; 

aw  diJB 

when  ^  =  0,   u^  ^\y  therefore  /'(O)  «  ^. 

Differentiating  again, 

,    du       .  du      .  ^  d»tt      du 

du 
when  a?«0,    ^-i>    tt«±l;    therefore  /"  (0)  «  ±  :J. 

Differentiating  again, 
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when  ar«0,    2- 1«0,    therefore  /'"  (O)  «  0. 

Id  the  same  way  we  should  find, 

/'"(f)-!'^,  r(«)-o,  r^u)^^^^,  &c.; 

therefore. 

So  «4  it    q9    ^  Ji 


at       I    ^        1*.3        jr*  1*.S«.5 


J7 


*1       2M.8         2*     1.2.3.4  9f        1.2.3.4.5 

Since  the  given  function  is  a  quadratic  in  u  it  involves 
really  two  different  functions  of  Wy  which  in  the  develop- 
ment are  given  by  means  of  the  double  sign* 

(11)  Let         tt'-6Maf-8«0. 

When   a?  »  0,  M^  «  8,  w  «  (8)i. 

The  possible  root  of  this  is  2,  and  if  we  take  it,  we 
find  by  the  same  method  as  in  the  last  example  the  series 

la;*  ai^ 

u  =  2  +  w + h  &c. 

2  1.2.3       1.2.3.4 

The  other  series  for  u  would  be  found  by  taking  the 
impossible  values  of  the  cube  root  of  8. 

(12)  Let  t«'  —  a'tf  +  awu  -  ^^  «  0. 

When   jfsO,    i^ "  a^wOy  which  gives 

u^Oj    t«  s  sb  a. 

Taking  the  first  of  .these  values,  we  find  the  series 

^      «.4      «» 

o*      or      or 
Taking  the  positive  value  of  a, 

iff         /ir  SSr 

tt«a---— -  +  — -J,  &c. 
2      8a       loa' 

Taking  the  negative  value  of  a, 

OB         fir        5*xr 

2      8  a      Sa^ 
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(IS)  If    Biny  ^  w  sin  (a  +  y)j 

expand  y  in  terms,  of  w. 

When  ^  8  0,  sin  y  as  0 ;    therefore  y  «=  rir^  r  being  0,  or 
any  positive  integer. 

dy  dy 

DiiFerentiating,  cos  y  —^  =  sin  (a  +  y)  +  d?  cos  (a  +  y)  -r^ ; 

dw  OiV 

putting  w  ^Oy  y  «  rir,  we  have 

^'i-^x      sin(a  +  r7r) 

/  (0)  « ^ m  sm  «• 

cosrir 

Differentiating  again, 

cPy  (dy\^  dy 

cosy  — -siny^-j-«cos(a+y)- 

/dy\*  dfy 

-cr8in(a+y)  (^— j  +  .rcos  (a +  y)  — . 

-//^  V           .       COS  (a  +  rw) 
/  (0)  a  s  sm  a B  2  sin  a  cos  a  =  sin  2a. 

"^  cos  TV 

In  a  similar  manner  we  should  find 

f"\0)  =  2  sin  o  {3  -  4  (sin  «)»}, 
and  so  on ;  therefore,  substituting  in  Maclaurin's  Theorem, 

t/srir+sino  -  +  sin2a  —  +2sina{s-4(sinay| +&c 

(14)     If  u^XogU'^aa^  expand  u  in  terms  of  w. 

When  d;  B  0,  one  value  of  ti  is  1,  as  log  1  «  0;  therefore 
taking  /(O)  =  1,  we  find 

/(0)-a,     /"(0)  =  -(2n-l)a»,    /'"(O)  «  (Sn  -  l)>a», 

/''(0)=-(4n-l)^aS  &c. 
Hence  we  have 

«.l+a*-(2„-l)--+(3«-l)'— -(4„-,)»j^^  +  &c. 
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(15)     Let  y  «  1  +  »^  expand  y  in  terms  of  ^r. 
Here/(0)«l,    /'(0)-c,    /"(0)-2€«, 

/-(0)-9e»,    /"'(0)-646^ 
Therefore, 

ysl  +  e.df  +  Sc* +  9^ +  64€* +  &c. 

1.2  1.2.S  1.2.S.4 

As  the  calculation  of  the  high  differential  coefficients  of 
implicit  functions  is  necessarily  very  tedious,  this  application 
of  Maclaurin^s  Theorem  is  not  of  much  use;  and  a  better 
means  of  expanding  implicit  functions,  is  to  be  found  in  the 
Theorems  of  Lagrange  and  Laplace,  to  which  we  now  proceed. 

Sect.  3.     Theorems  of  Lagrange  and  Laplace. 
If  y  be  given  in  an  equation  of  the  form 

and  if  u  a/(y),  /  and  <f>  being  any  functions  whatever,  then 
u  may  be  expanded  in  ascending  powers  of  w  by  the  theorem 

«-/(»)  +  !*  W  /'«}'  +  ^  [  l«  («)!■/'(•)]  ^ 

This  is  Lagrange^s  Theorem.    See  Eqtiationa  NumiriqueSf 
Note  XI;  Mimoires  de  Berlin,  1768,  p.  251. 

The  Theorem  of  Laplace  is  an  extension  of  the  preceding, 
made  by  assuming  the  given  equation  in  y  to  be 

y^F{»'k-w<f)(y)\. 
Then  if  u^f(y),  and  if  we  put  fF{z)^f,{z),  and 
^/^ (*)-//(*),  and  i>Fiz)^<l>,{z), 

Mimoires  de  VAcadimie  des  Sciences,  1777>  p*  99* 


64  DEVELOPMENT    OF    FUNCTIONS. 

In  these  theorems,  if  we  make  /(y)  b  y,  we  find 

and  y  -  /'(*)  +  ^.(*)F(«)*  +^[{^. («)}»/' (*)]:|^  +  &c. 

Ex.  (1)     Let  ^-ay +  fe«0,  or  y«  - +  -y^; 

a     a 

Expand  y  in  ascending  powers  of  -  . 

a 

Here    f(y)^y,         ^(y)-y%         «--. 
Therefore  ^{^(-)}«-6(^)',    ^{0W}'-9.8.  (^)\  &c. 


Whence  y=-(i+-  +  3-+12-5+55— +  &c.) 


6  ,       6«        6*  V  V 

-  (I +-,  +  3 -+12--+ 55- 
a  a?        a*         a^  a 

(2)  Let  o  -  y  +  6y  «  o,     or  y  =  a  +  fcyV 
Expand  y  in  terms  of  b. 

Here  f(y)'^yi     0(y)  =  y%     ^Jf  =  o.     Then 

y  =:a{l+o"-^6  +  2n.a*»-* —  +  3w(Sn-l)o^»-« +&C.J. 

'  1.2  ^  1.2.3  * 

(3)  Let  6  -  y  +  ca^  =  0,     or  y  s  6  +  ca^. 
Expand  y  in  terms  of  c. 

Here/(y)  =  y,       ^(y)-^^,       »  =  6.     Then 

c  c^  c' 

y  *  6  +  a* .  -  +  2  log aa**  —  +  3* (log a)* a'* +  &c. 

1  '1*2  1»2*3 

If  6  =  1,      or  y«s  1  +€0^, 
See  Ex.  15  of  the  preceding  Section. 
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(4)  Let  y  ms  a  +  X  log  y. 
Expand  y  in  terms  of  a?. 

Here  f(x)  ««,/'(*)«!,  «  «  a,  <p(z)  -  log  z.  There- 
fore 

jff     2  loff  a    «*       S  loir  a  ^       ,        v      ^ 
y-a  +  loga.-+— -p--—  +— |-  (a-logo)— -— 

1  ai.z  a  1.8.3 

+  -^  {6>9Coga)«^2(logay}^^^^-K  &c. 

(5)  Let  a  -  sf  +  *(»•  +  «/)  «  0* 

or     y-'  a  +  6  (y*  +  c/)  : 
expand  j^  in  terms  of  b. 

Here    ^  («)  =  «*  +  c*'',        »  »  o ;     therefore 

1  1  .  X 

+  &C. 

In  the  preceding  examples  it  will  be  seen  that  the  expan- 
sion of  y  in  terms  of  b  is  the  solution  of  an  equation  either 
algebraic  or  transcendental,  and  Lagrange  has  shewn  that  the 
series  always  gives  the  least  root  of  the  equation. 

(6)  Let  y»  -  oy  +  5  =  0 : 

expand  y"  in  terms  of  -  . 

a 

Here   f(x)  =  «f*,       0(«f)  «*  «*»        «  =  -  . 

a 

Whence 

fc* ,  y  1      n(n  +  5)b*  1      n(fi  +  7)(n  +  8)  6»  i 

^       o»  *  a""  a  1 . 2      o'  o»  1.2.8  a^  a' 

n(n  +  9)(n  +  10)(n  +  11)    6M  . 

•+ •  "T  ~T  +  »C.  {  • 

1.2.3.4  oTa*  • 
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(7)  Let   1  -  y  +  ay*"  =  0: 

expand  y"  in   terms  of  a. 

n        w(n  +  2r-l)    .      n(n  +  3r  -  \)(n  +  3r  -  2)a^ 

y»  «  1  +  -  a  + a*  +  — ^^ — 

^  1  1.2  1  .2.  S 

»(n  +  4r  -  l)(n  +  4r  -  2)(w  +  4r  -  3)    ^ 
+ C2 i a*  +  &c. 

1.2.3.4 

(8)  Let  1  -  y  +  a  e*  =  0  : 
expand  y"  in  terms  of  a. 

y"  B  1  +  ne .  a  +  — ^^ €*a*  + e^o^  +  &c. 

1.2  1.2.3 

Lagrange  has  shown*  that  if  by  his  theorem  we  develop 
the  n^  negative  power  of  the  root  of  the  equation 

y-jr  +  a?0(y), 

and  if  we  only  retain  the  terms  involving  negative  powers  of  x^ 
the  result  gives  us  the  sum  of  the  n}^  negative  powers  of  the 
roots;  while,  as  has  just  been  stated,  the  whole  series  gives  the 
n}^  negative  power  of  the  least  root. 

(9)  If  the  equation   be 

ey2  -  ^y  +  a  «  0, 
of  which  the  two  roots  are  a,  /3,  then 

1        1       /^\\        ^^   ^      n{n  -  3)  e'    /ay 


w(n-4)(n-  5)(^  /a\^ 


1.2.3 


the  series  only  continuing  so  long  as  there  are  positive  powers 
of  - ,  that  is,  negative  powers  of  -  or  z. 


*  Equations  XumcrifjucSy  p.  22.'». 
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(10)  Let  a  -  fty  +  cy'  =  0. 

Then  if  we  represent  the  sum  of  the  inverse  n}^  powers  of 
the  roots  by  2(a~"),  we  have 

^/     .X      f^Vi  f^V'^^      n(n-2r +  1)  /a\»'-«c' 

2(«-)  -(-){.-  n  (-)       -  +  ,.,  y        ^ 

n(n-3r  +  l)(n -Sr+ 2) /a\*'-V     „     , 

rrrs Uj    p^^'-^- 

the  series  being  continued  only  so  long  as  it  involves  positive 

powers  of  - . 
a 

If  in  these  equations  we  substitute  -    for    y,   and    then 

find  the  sum  of  the  inverse  n}^  powers  of  the  roots  of  the 
transformed  equation,  we  obtain  a  series  for  the  direct  n^^ 
powers  of  the  roots  of  the  original  equation. 

(11)  If  we   thus   transform    the  equation  in  Ex.   10,  it 
becomes 

c  —  6y  +  ay^  =  0; 

and  if  a,  /3  be   the  same  quantities  as  before. 


/6\"  i  c  a      n(n  -  3)  c*   a'      „     | 

continued   so  long  as  there  are  positive  powers  of  -  . 


(12)     Let  w  =  m  +  csinw. 

Expand  7i  and  sin  u  in  terms  of  e. 
The  expression   for  u  is 

ti  =  m  -^  bin  »/*.-  +  sin  2  m -f  -  (3  sin  3  m  -  sin  m) 


1  •!  .2      4  ^1.2.3 


e* 


+  (8  sin  4m  -  4  sin  2m) -f  &c. 

^  '  J  .  2  ,  3  .  4 


5—2 
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^he  expression  for  sin  u  is 


sin  2  m  6      d  sin  3  m  —  sin  m    ^ 
sin  u  =  sin  f»  + -  + 


1                   4               1.2 
+  (2  sin  4m  -  sin  2m) +  &c. 

(13)  We  might  employ  Lagrange^s  Theorem  to  express 
A  in  terms  of  u  from  the  equation 

u  +  -r-A+  ^-T +^-1, +  &c.  =  0; 

dw        da^  ]  .2      dar  1.2.3 

but  the  following  method  is  more  convenient,  as  it  gives  at 
once  the  law  of  the  series.  It  is  easily  seen  that  the  series 
is  the  development  of  some  function  of  or  4*  A,  which  when 
A  »  0  becomes  u. 

Let  u  ^f(^)t  then  f{x  +  A)  =  0.  But  since  u  —/(«)» 
^ss/~'(u),  and  if  we  call  k  the  increment  of  u  due  to 
the  increment  A  of  d?, 

Of  +  h  ^f'^(u  +  A), 

or,  expanding  by  Taylor^s  Theorem, 

dw,      dPx   k^       d^w      k" 
cV+A=»  +  ---A  +  — - — -  +  —-5  — -— -  +  &c. 

du        du*  1 . 2      dt^  1.2.3 

But  from  the  given  equation  we  have 

u  +  A  «  0,     or  A  »  *  ti,  and  therefore 

da        d^a  u*       d^w      ti* 
du        du*  1 . 2     du^  1.2.3 

__  diT  ,       drw        dv 

If  we  put  — -  ■»  -  I?,    then  -— -  =  t>  -r-  , 
du  du*        dw 


lu*  dw  \   dw)  \   dx) 


d        u*        f     d\*  w' 

Hence,     A  —  w+t?-—©. +(v-7-|   «.-■ +  &c. 

d,v      1.2       \    dwj        1.2.3 

This  is   the    form    of    the    expression    which    is   given    by 
Paoli,  Elementi  (TAlgehraj  Vol.  ii.  p.  40. 
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(14)     As  an  example  of  Laplace's  Theorem,  let  us  take 

y=  log  («  +  07  sin  y), 
and  expand  c^  in  terms  of  x. 

Here   /(y)-«»,     F(»)-log«,    //"(«) -/(«)- », 
0  (y)  -  sin  y,     <pF  («)  -  0,  («)  -  sin  (log  x). 

d  1 

Therefore  //  («)-!,   j-  {^,  («)}*-  2  sin  (log  «)  cos  (log  ar) .  - 

■s  sin  (2  log  »)  .  -  «  sin  (log  «*).-. 


X 


{^X«)  }  *-  ^"°^°g'>[2-3  { 8in(log«)  { •-  8in(log»)  co8(log«)] 
°  t  °g*>  |g_9,in  (log <f) - g an  (log «')  +  3  gin  (logo*)}. 

9^ 


Whence        c^  «  « 


47      sin  (log  »•)    ar* 
+  sin(log«)-^— ^— ^ 


?^^£^)  |8  .  98inGog«)  -  2sin(log««)  +  SMnO^g*")}  j  g  j 

+  &c. 

(15)     Again,  let  y-e**'^^: 

expand  y  in  terms  of  or. 

Here     F  («)  «  6%     (p,  («)  «  cos  e^,     F'  {»)  =  6*.     Therefore 

y  =  e*  +  €*  COS  («')  -  +  e*  cos  (^)  {cos  (e*)  -  2  sin  c*.  (c^} 

+  e*  cos (cO  {(cos6^)*  -  pc*  cos  (e*)  sin  (c^ 

+  96"  (sin  cO*  -  3€*M +  &c. 

^         ^  *  1.2.S 

Sect.  4.    £d0jKin«ton  of  Functions  by  particular  methods. 

The  preceding  Theorems  sometimes  fail  from  the  function 
which  is  to  be  expanded  becoming  infinite  or  indeterminate 
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for  particular  values  of  the  variable,  and,  more  frequently, 
they  become  inapplicable  from  the  complication  of  the  pro- 
cesses necessary  for  determining  the  successive  diiferential 
coefficients.  Recourse  must  then  be  had  to  particular  ar- 
tifices depending  on  the  nature  of  the  function  which  is 
given.  One  of  the  most  useful  methods  is  to  assume  a 
series  with  indeterminate  coefficients,  and  then  to  compare 
the  differential  of  the  function  with  that  of  the  assumed 
series;  so  that  by  equating  the  coefficients  of  like  powers 
of  the  variables  conditions  are  found  for  determining  the 
assumed  coefficients.  This  method  has  the  advantage  of 
furnishing  the  law  of  dependence  of  any  coefficient  on  those 
which  precede  it. 

Ex.   (1)      Let    u  =  e**.  (l) 

Assume 

w  =  a^  +  «i^  +  ^'^  +  &c.  +  a,A»"  +  &c.  (2) 

Differentiating  (l)   we  have 

du  . 

■T-  =  €'.  €'  .  (3) 

(ZtT 

Differentiating  (2)  we  have 

du 

—  =  o,  +  2aa^  +  &c.  +  fiGj^w*^^  -f-  (n  +  1)  «,+i«v"  +  &c.     (4) 

del? 

Now      e'  «  1  +  J?  +  - —  -I-  &c.  + *- -f  &c., 

1.2  1 .  2  ...  n 

and  substituting  in  (3)  for  e^  the  assumed  series,  it  be- 
comes 

du  r 

—  «  {oo  +  aix  +  a^a^  +  &c.  +  a^af*  +  &c.}  (5) 

X  {l  +^+ +  &c.    +  +  &c.i. 

^  1.2  1  .2  ...  w  * 

Comparing  now  the  coefficients  of  <)?'*  in  (4)  and  (5)  we  find 
w  H-  1  J  1.2        1.2.3  1  .2  ...  nj 
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whence  any  coefficient  is  determined  by  means  of  those  which 
precede  it,  except  the  first  or  a^,  the  value  of  which  is 
easily  found  by  putting  ^ «  0  in  the  original  equation,  in 
which  case  a^,  =  €'**  =  e.  Therefore,  forming  the  successive 
coefficients  from  this  first  one, 

^  1.2       1.2.3       1.2.3.4  "^    1.2.3.4.5  ' 

(2)  Let  u  =  €"^'. 

Then   by    the   same  process   as  before   we   find    the    co- 
efficient of  the  general  term  to  be  given  by  the  equation 

n+l'  1.2        1.2.3.4       1.2.3.4.5.6  ^ 

There  remains  to  be  determined  a^,  which  is  easily  seen 
to  be  equal  to  1.     Hence  we  find 

.  ,  a^  Saf"  Sjfi  Safi 

^siD*^  1  +  a?  +  — +  &c. 

1.2       1.2.3.4       1.2.3.4.5       1.2.3.4.5.6 

(3)  Let  u  =  €«""' ' . 
Then    ^«,_L^c«* 


n-'jr. 


dm       (1  -  a?»)* 
and      (1  -  n^Y^  =  1  +  4  /I?*  +  — ^  07*  +  -^ — ~r  af^  +  &c. 

^  ^  ^  2.4  2.4.6 

Therefore,   assuming  a  series  as  in  the  preceding  examples, 
we  find  for  determining  the  coefficient  of  the  general  term, 

n  +  1  2.4  ^ 

Also,  it  is  easily  seen,  that  a^  -  1,  therefore 

«n-»*  ^  S/p*  50?*  20^ 

1.2       1.2.3       1 .2.3.4       1.2.3.4.5 

(4)      Let    t«  s  (Oq  +  ayW  -f  aaO?*  +  &c.  +  a^af^  +  fitc.)"". 

Assume  this  to  be  equal  to 

A^-\-  A^x  -^  A^cf  +  &c.  +  A^i^  4-  Sec. 


] 
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and  take   the   logarithmic  differentials  of  both   expressions : 
equating  these  we  have 

m  \ai  +  2a^af  +  Sa^a?  +  &c.  +  (n  +  1)  a«+i  ^"  +  &c.^ 

ao  +  «i^  +  «8^  +  &c-  +  «ii^  +  &c- 

-4i  +  2A^/v  +  S-<<8/p*  -i-  &c.  +  (n  +  i)  J,+i«*  +  &c.       ^ 

^g  —  —      —        —      ^-_--         -_ —  ,  

Jo  +  ^i«?  +  AfO^  +  &c.  +  J^af^  +  &c. 

Whence,  multiplying  up  the  denominators  and  equating 
the  coefficients  of  like  powers  of  x^  we  have 

(n  +  1)  ©o^.+i  «(•»-»)  Oi-rf.  +  {^m  -  (n  -  l)}  o,^.., 
+  {Sm  -  (n  -  2)}  a,^«.s  +  {4m  -  (n  -  S)}  a4-4,.,  +  &c. 

Also  since  u  is  reduced  to  a^^  when  /p  =  0,  we  have  J^,  «=  o^*. 
Therefore 

m 

{(m  -  1)  (m  -  2)     ,      ,  ^  .1         •  .     a 
^— a,»+  (m  -1)0,0100+  080o*>0o*"'^+  &c. 

Euler,  Calc.  Diff,  p.  519* 

(5)  Let  tt«e^  +  ^»'  +  '^'*  + 

As  before,  assume 

tt  =  Jo  +  -^1^  +  -^«^  +  8tc.  +  -4,0?"  +  &c. 

By  taking  the  logarithmic  differentials  we  find 

(fi  -»-  1)  An^x  =-  o,  J.  +  20j|-4,.i  +  &c.  +  (n  +  1)  o,+i-io- 

Also  since  u  «  e^  when  ^  «  0,  J^  «=  6%  so  that  we  have 

,  o,*  +  2o2  Oi»  +  6oiOa  +  6o8    ,      ^     . 

te«e^U  +a,j?+ 0?*  + i-^I -^«»  +  feci 

*  1.2  1,2.3  ' 

Euler,  76.  p.  5S5. 

In  some  cases  the  law  of  the  coefficients  is  best  found  by 
proceeding  to  two  differentiations. 

(6)  Let  it  be  required  to  expand  cosn^  in  ascending 
powers  of  cos  x. 
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Assume 
co8»^  =  ao+aico«.'r+&c... +o^(co8  dr)'-h ... +ap^.,(co8  jp)''+*+ &c. 

Differentiating, 

nsjnn^B  {ai  +  Qo^cobx  +  ...  +  |>a^(co8fl?)'"*+  ... 

+  (P  +  2)  «f +1  (cos  zpy**  +  &c. }  sin  ^. 

Differentiating  again, 

fi'cosn^eaj  co6;v+  ...  +paj,(co84?)'+ ...  +(p+2)a^^.2(cosa?)'**' 

+  &c. 

-  {2a,+  ••.  +P(p-  l)a^(co8Zp)'"'+  ... 

+  (P  +  I)  (P  +2)  o^+i(cosa?)'+  ...}  (sin^)*. 

Putting  1  —  (cos  aiy  for  (sin  iv)\  and  taking  the  coefficient 
of  (costf)'  we  find  it  to  be 

P«F  +  P  (P  -  0  «!» -  (P  +  0  (P  +  2)  «!»+«  ? 

and  this  must  be  equal  to  the  coefficient  of  (cos  xy  in  the 
original  series  multiplied  by  n*:  equating  these  we  have  the 
condition 

"'*•  "  -  (p  +  l)(p+2)  "" 

by  means  of  which  any  coefficient  is  given  in  terms  of  that 
two  places  below  it.  There  remain  to  be  determined  by  other 
means  the  first  two  coefficients  Oq  and  a,.     For  this  purpose 

make  ^  «  (2r  +  1)  —  in   the  original  equation,  r  being  any 

z 

integer.     Every  term  on  the  second  side  vanishes  except  the 
^  first,  and  there  remains 

aoacosn(2r  +  i)  -. 

2 


w  . 
maKe  a  a  {^r  +  1} 

when  we  obtain 


To  find  o,,  make  fl?a(2r+l)—  in  the  second  equation. 


74  DEVELOPMENT    OF    FUNCTIONS. 


sin  n  (2r  +  1)  - 

«i  =  n  ^— ^-^—  «  »  cos  (n  -  1)  (2r  +  0  ~  • 

sin  (2  r  +  I )  - 
^  ^  2 

Starting  from  these  values  and  giving  p  successively  all 
integer  values  from  0  upwards,   we  find 

cosntrscosn(2r+l)  -  }1 (cosa?rH —  (cosa?)  -&c.} 

^  .2^        1.2  1.2.3.4 

TT                   n(n* '-  1*) 
+  cos(n-  1)  (2r  +  l)-{ncosj7 ^^ ^(cos^)'+ &c.}. 

When  n  is  an  even  integer  the  second  line,  being  mul- 

tiplied  by  the  cosine  of  an  odd  multiple  of  — ,  vanishes,  and  the 

first  line  alone  remains :  when  n  is  an  odd  integer  the  first  line 
vanishes  and  the  second  line  alone  remains.  When  n  is  a 
fraction  both  lines  must  be  retained,  except  for  some  particular 
values  of  n  which  cause  the  factor  of  one  or  other  series  to 
vanish. 

(7)  To  expand  sin  nof  in  ascending  powers  of  sin  j?. 

Proceeding  in  the  same  manner  as  in  the  last  example,  we 
find 

n*  «*  (n*  -  2*) 

sin  nof  «  sin  nrtr  \  1 (sin  «r)*  + (sin  .vY  -  &c.  { 

^  1.2  1.2.3.4^  ^  * 

+  cos  (n  -  l)  r  ^  {n  sin  of ^ (sin  ^)'+  &c.} 

1.2.3 

When  n  is  an  integer  the  first  series  always  vanishes,  and 
the  second  is  positive  or  negative  according  as  (n  —  l)  r  is  even 
or  odd.  When  n  is  odd  the  second  series  terminates ;  when  n 
is  even  it  continues  to  infinity.  When  n  is  fractional  both 
series  coexist,  except  for  particular  values  of  r. 

(8)  To  expand  cosn<27  in  ascending  powers  of  sin<v,  and 
sin  nx  in  ascending  powers  of  coso^. 
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Proceeding  as  in  the  last  two  examples,  we  find 

cosnd?  =  coswrTT  ll  -     -    {sinj?r-i- (sin  •»)-&€.{ 

*         1.2^  '         1.2.3.4   ^         ^  * 

-  sin  (n  -  1)  TV  \n  sin  x (sin  aif  +  &c.} 

1  .2.3 

When  n  is  an  integer  the  second  line  always  disappears, 
and  the  first  series  terminates  when  n  is  even,  and  does  not 
terminate  when  n  is  odd.  When  n  is  fractional  both  series 
are  retained,  except  for  particular  values  of  r. 

sinn^  =  sm n (2r  + 1 )  - }  1 (cos^r  + (cosa?)*-  &c. } 

^  ^2*        1.2^         '         1.2.S.4  '  ^ 

.    ,          ^  .              It  ,                 n  (n"  -  1*)  ,         V,      ,     > 
+  sin  (n  -  1)  (2r  +  1)  -  {n  cos^r (co8.t)'+  &c.^ 

When  n  is  an  odd  integer  the  first  line,  when  n  is  even 
the  second,  alone  remains ;  but  when  n  is  fractional  both  series 
are  retained  except  for  particular  values  of  r.  In  no  case  do 
the  series  ever  terminate. 

For  an  exposition  of  the  difficulties  concerning  these  ex* 
pansions,  and  the  discussions  to  which  they  have  given  rise, 
the  reader  is  referred  to  Poinsot's  Memoir  on  Angular  Sec- 
tiona^  where  the  complete  form  of  these  expansions  was  first 
given. 


w 


(9)      To  expand    ^  —   in  ascending  powers  of  a?. 

€*  —  1 

If  we  were  to  endeavour  to  effect  this  by  means  of  Mac- 
laurin's   Theorem,    we    should    find    that   all    the    differential 

coefficients  take  the  form  -.     An  artifice  of  Laplace*  however 

enables  us  to  avoid  this  difficulty.     Since 

6-1  €*+! 

•  Memoires  de  V Academic ,  1777,  p.  1W5. 
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the  coefficient  of  .1?*  in  -^ is  the  same  as  that  of  a^ 

%  €'-1 

in   -~ —  .     Now  it  is  easy  to  shew  that      can  contain  no 

odd  powers  of  a  above  the  first ;    for  if  we  assume 


€*-  1 


On  +  ^1^  +  ^^  +  ^8^  +  &Cm 


W 

we  have  «  ^o  ""  ^i^  "*"  ^«^' "  asir^^H-  &c, ; 

€"'—  1 

and  subtracting  the  latter  from  the  former, 

^  (1  -  €')  ^  .  ,      „      ) 

—2- s  «  Of  B  2  {axOf  +  a8jr+  &c.j, 

and  comparing  the  coefficients  of  like  powers  of  x^ 
tti  =  -  ^ ,  «s  =  0,  05  s  O9  &c. 

Also  it  is  easy  to  see  that  a^ »  1 ;  we  may  therefore  assume 
w  w      ^    of        ^         a^ 


=  1  -  -  +  fii fi, +  &c. 


€*-  1  2  1.2  1.2.S.4 

Ax,  A3,  &c.  being  coefficients  to  be  determined. 

The  coefficient  of  at*"  in  the  expansion  of is  there- 

fore  (—)■'*■* ^^ — Tj  and  consequently  the  corresponding 

coefficient  in 

f  ^    ^        2«"    1.2.S...(2«)' 

€    —  1 

If  therefore  C$«  be  the  coefficient  of  a?**  in    *    ■  ,  we  have 

/+1 
the  equation 
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^    ^       W^     V  1.2.8...  (2n)^'"' 


fti-i 


But  Cto,--;- ;^  (-—I        (-- ),  when  .r  -  0, 

2*"  1.2...(2n-l)  VdW         W-^l) 

and  if  in  Ex.  (27)  of  Chap.  ii.  Sect.  1,  we  make  r  s  2n  -  l, 
«  =  0, 

!«•-  1     2n    ^  .     2n(2n-l)    ,    ,. 

+  Is*"-' 2*— »  + i ^  l-'-'l  -  &c.]. 

1  1.2  *  "* 

Substituting  these  values,  we  find 

c«*.  1      *^^fc  I     2n(2n-l)    -    ,.      .    _ 
*  1  1.2  *  "* 

These  coefficients  B^j  B^,..  -B^.i,  are  of  great  use  in  the 
expansion  of  series,  and  bear  the  name  of  Bernoulli's  numbers, 
having  been  first  noticed  by  James  Bernoulli  in  his  posthu* 
mous  work  the  Ars  Conjectandi,  p.  97 ;  but  the  complete 
investigation  of  the  law  of  their  formation  is  due  to  Euler, 
Calc.  Diff.  Part  II,  Cap.  v. 

(10)  To  expand  tan  B  by  means  of  the  numbers  of 
Bernoulli 

1       cH*26  ^  J  1        I  2  \ 

The  coefficient  of  d^"''  in  the  expansion  of  this  function 

will  be  the  same  as  that  of  ^"  in  the  development  of  — '• 

c'-i-l 

multiplied  by   2'"(-)'.     By  what  has  preceded  it  appears, 

therefore,  to  be  equal  to 

2««  (2«"  -  1)  ^ 

1.2...(2n)     *"'*' 
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Hence,   giving  n  successive  values,  we  find 

^'^       ^        16.15      „  ^,  64.63 

tan  e  = B,0  + B^0^  +  ^ B,9'  +  &c. 

1.2  1.2.3.4  1.2. 3. 4.. 5. 6 

(11)     To  expand  cotd  by  means  of  Bernoulli's  numbers. 

Now  the  coefficient  of  &"•-*  in  this  expression  is  the  same 
as  that  of  .r*"  in  the  expansion multiplied  by  (-)"2*": 

6—1 

it   is  therefore  equal  to 

(-.)"2«"^„_, 
1  .2.3  ...  (2n)  ' 

Hence  we  have 

1  2-  2"* 

cot  0  = B,9 ^30'  -  &c. 

d       1.2  1.2.3.4 


CHAPTER   VI. 

EVALUATION    OF    FUNCTIONS    WHICH    FOR    CERTAIN    VALU£S    OF 
TUB    VARIABLE    BECOME    INDETERMINATE. 


P 

If    u  be   a  function   of   x  of  the    form  —  ,    and  if  for 

Q 

the  value  x  ^  a^  P  and  Q  both  vanish ;  u^  taking  the  form 

-,    is  indeterminate  and    its    true  value    will   be    found  by 

differetitiating  the  numerator  and  denominator  separately  and 
taking  the  quotient  of  these  differentials:  that  is,  using  La- 
grange^s  notation,  the  real   value  of  u  will  be 

w=— ,   when   x  ^  a. 

But  if  the  same  value  (.r  =  a)  which  makes  JP.and  Q  vanish 
also  make  /^  =  0,  and  Q[  «  0,  we  must  differentiate  again, 
and  so  on  in  succession,  as  long  as  the  numerator  and  the 
denominator  both  vanish  when  x  is  put  equal  to  a.  There- 
fore we  may  say  generally  that  the  true  value  of  %i  when 
J?  3=  a  is 

/^■^  and  Q*"^  being  the  first  differential  coefficients  of  P  and 
Q  which  do  not  vanish  simultaneously  when  x  is  put  equal 
to  a. 

This  theory  of  the  evaluation  of  indeterminate  functions 
was  first  given  by  John  Bernoulli,  Acta  Eruditarutn,  1704> 
p.  375. 

p(r) 

The   expression  —-r: ,  that   is,    any  one  of  the   series   of 

fractions  which  present  themselves  in  the  operation  above 
described,   may   be  replaced   by  any    equivalent    fraction   re- 
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suiting  from  the  multiplication  or  division  of  both  its 
numerator  and  denominator  by  any  function  of  a-:  the 
result  of  the  evaluation  of  this  new  fraction  coinciding  with 

p 

the  required  value  of  --  for  the  assigned  value  of  a?.     We 

may  likewise  substitute  for  any  finite  factor  of  all  the  terms 
of  the  numerator*  or  denominator  of  any  of  the  series  of 
fractions,  the  value  which  it  has  when  ta  is  put  equal  to  a. 
These  considerations  frequently  lead  to  simplifications  of  the 
process  of  evaluation. 

Ex.  (l)  u  = when  jp  =  1. 

1  -  J? 

Here     P=l-Af";  Q  =  l-cr; 

and  therefore  when  «i7 »  1 ,  u  ^n. 

1  —  J?" 
The  function  — is  the  sum  of  the  series 

1  +  0?  -«■  a?'  +  &c.  +  /»»"\ 
which  when  ^r  »  1  is  equal  to  n,  as  we  have  just  found. 

m 

(2)  u  e 9 — -y-     when  w  ^  a. 

a  -  {asoy 

The  real  value  is  u  »  8  a. 

(S)  u»-- ;; ,   when  .r  =  l. 

The  real  value  is  ^^\- 

(4)  u  = — ~-T — ,  when  ^  =  a. 

a  -  (o,ir)* 

The  real  value  is  u  =  —  a. 

9 

This  was  one  of   the  first  functions  the  value  of  which 
was  determined  in  this  manner. 
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(5)  Find  the  real  value  of 

aa^  '^'  aff  —  Stacw       . 

u  =  -— p-  ,  when  jemc. 

bcr  -  ibew  +  6c* 

DifferentiatiDg  twice,  we  find  ««-«--. 

(6)  Let         w*^     "*;     V         ; 


• 


(7)     Let  ti  s 


when    d; »  a,     u  «  0. 
o/p  —  «* 


when    iv  »  a,     f«  »  oo  • 

(8)  t«  = -j ^,  when  d?  «  0. 

After  two  differentiations  we  find  tt  a  --  . 

26 

(a*+ o  fl^  +  ^)*- (o*- a/F  +  «•)* 

(9)  «="   i^ d— 7 u^ ^• 

(o  +  a;)a  -  (a  -  J?)* 

When   X  «  0,     t«  a  ai. 

One  of  the  most  important  applications  of  this  process 
is  to  find  the  sums  of  series  for  particular  values  of  the 
variable.  The  first  example  was  an  instance  of  this,  and  w^ 
shall  here  add  others  taken  like  that  from  Euler^s  Cdle.  Diff. 
p.  746. 

(10)  The  sum  of  the  series 

m  -^  2fl7*+  Sai'+ +na^, 

dr -(« +  !)»»+' +n.F"+* 

IS       tt  K ; 

(l-^)« 

and  we  are  required  to  find  its  value  when  jr «  1,  or  when  the 
series  becomes  that  of  the  first  order  of  figurate  numbers. 
By  two  diflerentiations  we  find 

0      n(n  +  1) 
u  K  -  s . 

0  2 
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(11)      The  sum   of  the  series 

.f  +  4cr^  -f  y.r'*  + +  n*^, 

a;  +  .1?-  -  («  +  1)* .r"+>  +  (2n*  +  2w  -  1)  .r-+*-  »*a''+' 


IS      t^ 


(1  -  «y 


and  we  are  required  to  find  the  real  value  of  u  when  «v  =  1 , 
which  in  this  case  is  the  sum  of  the  squares  of  the  natural 
numbers.      Differentiating  three  times  we  have 

0      n(n  +  1)  (2n  +  1) 

t^     B     —    ^ . 

0  6 

(12)  Let  «  -  -j— ^  ; 

find  its  value  when  <v  ^  i.  Since  u  may  be  put  under  the 
form 

a?"*      1  -  a?" 

u  a -, 

1  +  a?^  1  -  a?** 

of  which  the  latter  factor  alone  becomes  indeterminate,  we 
need  only  differentiate  that  factor  so  as  to  find  its  real  value 
when  A^=  I,  and  then  multiply  it  by  the  value  of  the  first 
factor  when  .»«  1.      The  real  value  of  the  fraction  is 

n 

u  =  — . 
2  p 

m 

(13)  Let  u  =  , '-       . 

log  a  -  log  .1.' 

When     tr  3=  a,      «  «  ««". 

loff  w 

(14)  Let  u  =  ^     ^    ^,  . 

When     ar  =  1,     w  =  0. 

(15)  Find   the   true   value  of 

€        —  € 


M  =  —  —      ,  when   OB  =  a, 


M  =  me""'. 
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(16)      Let  u  =:     ^^"^^ 

log  (1  +  w) 

When     «  «  0,     t«  s  2. 
(^7)  u  =  -; ^1^  ,   when  w  -  l. 

1   —  Jf  +  log  9 

After  two  differentiations  we  find  t«  »  -  2. 

/iQ\      T    *  /sinm0\* 

(i»;     l^et     M  =  ^^  ^.^  ^    1  ,  m  being  an  integer. 

When     tf  «  0,     «  »  m«. 

Airy's  Tracts^  p.  328. 

rm\  1  -cos  a?  _ 

(J9)  t*  =  -= — J- r ,  when  w^O. 

^log(l  +<v) 

After  two  differentiations  we  find   tt  =  A. 

< 

(20)  Let  ^^cos^g-cosng 

find  its  value  when  ct? «  n. 

Here     P'-  -  0  sin ^0,     Q'b  -  2^, 

and     f*  =  -—  sin  nO.  when  ^  =  n. 
2n 

(21)  Let  u  m  ^-sinj^  +  cosgy 

sin  ^  +  cos  or  —  1 

When    47=  -,     w=  1. 

2 


(22)     Let  t*=^r_i^\ 

or  cos  or 


6—2 
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The  value  of  this  fraction,  when  a?  =  0,  is  the  same  as 
that  of 

(^  -  e-r 

or  as  the  square  of  that  of 

B  =  2: 

a  1 

hence,   when  ^  :==  0,   u  «  4. 

(23)     To  find  the  value  of 

lar  —  a)  sm 

^  '         2o 

u  »  — ^— — 

or  cos  — 
2a 

when  ^  B  a. 

The  value  of  t<  will  in  this  case  coincide  with  that  of 


a^  cos 


2a 
or,  differentiating  numerator  and  denominator,  of 

2iV  4 

ira    ,    TTtP  TT 

sm  — 

2  2a 

.     V      r«  ,  cos'*  (1  -  ^)  . 

(24)     To  evaluate  u  =  — ^^ — r^    ,   when  a?  =  0. 

^  (2ar  -  ar*)« 

Here     P  -  cos"^  (1  -  ^)  ;  Q  =  (2 a?  -  a;*)* ; 

P'-_JL_.         Q',_Li^ 

(2a?-cT«)r  ^       (2cr-a?«)r 

P'      1 

Hence  t^  =  — -  = =  1 . 
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(25)     To  evaluate 

(w  -  a)  (a?  -  fc)i  +  (^  -  a)i 


u 


(2a)*-  (a?  +  o)i+  (or  -  o)*' 


when  «  B  a. 

Here  P  «  (d?  -  a)  (j?  -  6)*  +  (of  ^  a)K 

Q  -  (ia)i  -  (or  +  a)i  +  (jv  -r  a)i : 
P'-  (a;  -  fe)*+  ^(a;  -  a)(«  -  6)-*  +  ^{x-ayi, 
Q'  -  -  ^  («  +  o)-*  +  i  (»  -  a)-*. 

or,  multiplying  numerator  and  denominator  by  2  (d?  -  a)i, 

_  2  (gy  -  o)i  (jg  -  6)< -f  (<r  -  a)t (gy  -  6)-i  +  i 
-  (a?  -  a)i  {a  +  a)"i  +  1 

The  following  process  may  frequently  be  applied  with 
advantage  to  the  evaluation  of  indeterminate  fractions :    **  If 

s  ^  a  cause  the  fraction  to  assume  the  form   ~ .    substitute 

0 

a  +  A  for  tT  in  both  numerator  and  denominator,  and  develop 

both  according  to  powers  of  h ;  reduce  the  new  fraction  to  its 

simplest  form,  and  then  make  A  s  o ;   the  result  will  be  the 

true  value  of  the  fraction.^     It  is  easily  seen  that  this  includes 

the  ordinary  method  of  differentiation. 

(a^  -  a')i 
(26)  u  =  ,  when  a  ^  a, 

(g?  -  a)t 

Let  «  =  d  +  A,  then 

/  A  \  I 

(2oA  +  A*)t      ^     ^        V       2  ay 


u  = 


At  AT 
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and  expanding  the  binomial, 

(2a)Ut(i+^_  +&C.) 
At 

u  -  (2o)»(l  +  I  —  +  &c.) 

=  (2a)*,    when  A  =  0; 
and  this  is  the  true  value  of  the  fraction. 

(a*  —  a^)i  -f  o  —  a?       0 

Since  in  this  case  n  would  be  impossible  if  of  were  greater 
than  a,  assume  <v  »  a  -  A  ;   the  result  is 

u  ts ij—  ,    when  A  =  0, 

1  +  Sla 

which  is  the  real  value  of  the  fraction. 


^    .  tan  ir«  —  ttw        _ 

(28)  n«_^^_^,    whenj^  =  0. 

207  tan  TT^ 

Let  d? »  0  +  A,  or  A ;  then,  expanding  the  circular  function 
by  the  formula 

2d^ 

tan  0  «  0  + 4-  &c. 

1.2.3 

we  have  u 


2A{7rA  +  -^ — ^  +  &c.l 


27r'A« 

--,  when  A  =  0. 


»  f     1       2(7rA)3       ^      ,        () 

2A{7rA  +~^ ^  +  &c.} 

'  \  .2.3  ' 
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This  is  the  sum  of  the  series 

1  1  ^         o 

1*       2^       8- 

There  are  other  forms  of  functions  which  become  inde- 
terminate for  a  particular  value  of  the  variable,  but  these  may 

generally  be  reduced  to  the  form  - .      Thus,  if  m  =  P .  Q,  and 

if  for  jf  =  o,   P  «  0,  Q  =  00,   we   have  u  «  0  x  oo,    which  is 

indeterminate.    But  if  we  assume  Q  «  ---  ,  we  have 

t«  «  —  *»  - 1     when  J?  «  o. 

Therefore,  applying  the  rule  for  vanishing  fractions, 

jy  jy 

But  if  Q  e  GO  when  x  «  a,  all  its  differential  coefficients  will 
also  be  infinite,  and  u,  taking  the  form  — ,  is  still  indetermi- 
nate unless  the  factor  which  liecomes  infinite  should  happen 
to  divide  out. 

P 

To    determine    the    value   of  a   function    «  =  — ,    which 

00  11 

becomes  •—    for  .v  =  a,  we  assume  P  -  -^  t   Q  ==  77  »  ^^    ^^^^ 

w  =  -^  =  -  ,  when  *•  «  0. 

P,       0* 

Treating  this  as  a  vanishing  fraction, 

Q\       P*  Q' 

P      P' 

Whence    7/  =  --  =  --7  ,     when  .r  =  a. 

But  if  P=  00,  and  Q  =  00,  for  .v  =  a,  all  their  differential 

P' 

coeflBcicnts    will   also  become  infinite,   and   — >    will   still  have 


88       EVALUATION  OF  INDETERMINATE  FUNCTIONS. 

the  form  —  .     This  reduction,  then,  will  not  give  us  the  true 

value  of  the  fraction  unless  some  factor  divide  out,  or  we  can 
find  some  relation,  depending  on  the  nature  of  the  functions, 
between  the  new  numerator  and  denominator  which  will  enable 
us  to  trace  the  real  value. 

A  function  u  »  P  -  Q,  which  becomes  oo  -  co  when  a  «  a, 
can  frequently  be  reduced  to  the  form  ~;  for  if  P  «  —  ,  and 

and  its  value  is  to  be  found  by  the  usual  method. 

De  Morgan^s  Differential  Calculus^  p.  172. 

It 

(29)  «  «  (1  -  07)  tan  -  iT  =  0 ,  oc,  when  ^  -  1. 

2 
The  real  value  is  w  =  — ,    when  a?  «  1. 

(30)  u  8  €^  sin  .r,    when  or  s  o ; 

u  »0.  00  =  00. 

(31)  u  «=  e";  (l  -  log^),     when  a?  =  0. 
Here    P'.-I,     0'=-^*', 

and    ti  a  e  ' .  «  s  0,      when  <v  =  0. 

(32)  "  *  3  "  S  >      ^'^^^   i»  -  00. 

Differentiating  the  numerator  and  denominator   n  times 
in  succession, 

n{n  -  l)...2. 1 
f ^  s       _- — ^ _  0,     when  ,r  =  oo, 

6 
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K?^}  u  e  — -— ,  when  « ■■  oo, 

of 

w  =  Tv  =  — -  ■»  0,     when  a?  «  oo. 

(34)     usjflogar  when  a;  «  0,  n  being  positive. 

•• 

Put  «  «  - .     Then  u  = ^,  and  when  ir  «  0,  v  «  oo; 

y  y"  >  jr  » 

and  therefore  by  the  last  example 

t«  »  ^  log  dr  «  O9    when  a?  ■=  0. 
If  n  be  negative,   u  »  -  00 . 

(85)       u  = -  00  «  QQ^   „^iien  a?  «  I, 


1  +  J?  -  «       0  , 

^  =  — ; ^  ■  ::  *  -  i »   when  4?  «  i, 

d?  1 

(^)      «*  " 7  -  -, 00  -  00,  when  ^  =  1  : 

a?  —  1       log  J? 

ao  log  ^  -  J7  +  1      0 

"*    r^ — TTi '*:;*i>    whentT=l. 

\x  -  l)log^        0      * 

(37)     The  sum  of  the  series 
1  1  1 


■•■  A  .  ^  +  r.  .   ^  +  8fc-   ^o  00, 


1+a?*      4  +  a?*      9  +  ^ 

WtT  —  1  TT 

is    t«  — — -  + 


St(jf         a?(e«"-i)' 
find  its  value  when  ^  «  0. 

Here   ^  ,  (^^  -  i)(«^"  -  D  ^  8^^  ^  0 
Differentiatiog  three  times,  we  find  the  real  value  to  be 
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which  is  the  sum  of  the  reciprocals  of  the  squares  of  the  natural 
numbers. 

(38)      The  sum  of  the  series 

1  1  1 

+  ::i i  +  ZT, o  +  &c.  to  CO  , 


is    u  ^ r  =  00  -  00  ,     when   .r  =  0  ; 

TT       e''*  -  1  0 

?i  =s : r  =  -  ,    when  .v  »=  0. 

4  a?(€'^'  +1)       0 

Differentiating  once,  we  find 

which  is  therefore  the  sum  of  the  squares  of  the  reciprocals  of 
the  odd  numbers. 

The  reader  will  find  other  examples  of  a  similar  kind 
relating  to  the  summation  of  series  in  Euler's  Cale.  Diff. 
p.  760,  seq. 

Sometimes  the  value  of  an  indeterminate  function  may  be 
most  readily  found  by  throwing  it  into  a  form  in  which  its 
real  nature  is  more  easily  seen. 

(39)  If  w  =  2'sin^; 

find  its  value  when  .r  =  x  . 

.     o 
sm  — 

2' 
This    function    may    be    put    under    the    form    n  — — , 

which,   if   —  =  6,    becomes    a  — -—  .      When   .r  =  «  ,    fl  =  0, 
and^=1,    and  therefore  n  =  a. 

e 

(40)  Lot    M  =  {a^  -  .r*)i  cot  |-  ( |   >  =  O.co  ,   when 

.r  =  a. 
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This  may  be  put  under  the  form 

w  la  -^  a\^ 

\2  \a  +  a?/  j  2  \a  +  W 

TT  /a  -  J?\  * 

-  2  U+W  ,        . 

and  as  j  —  1,  when  dr  s  a. 


tan 


2  \a  +  w) 


we  have     t*  «  —  ,    when  a  »a. 

IT 

loff  (tan  2  J?) 

(41)     Find  the  value  of  w  =  -r^-^7 r-^  ^•^en  a?  =  0. 

log  (tan  iV) 

Log  (tan 2  jr)  =  log  ( —]  =  log  (2  tana?)  -  log  (1  - tan'a?)  ; 

loir  (tan  a?)  +  log  2  -  log  (1  -  tan*<r) 

therefore  ««-^^-^ ,   ^, ~^^ ^, 

log  (tan  w) 

loff  2  —  loff  (I  -  tan^o?) 

tt  =  1  +  -^ r-^-^ ^  -  1»    ^hen  or  «  0. 

log  tan  X 

Functions  which  for  a  particular  value  of  the  variable 
take  the  form  (f  oo®  1**,  may  be  reduced  to  a  shape  in  which 
the  preceding  methods  are  applicable.  Let  z  and  y  be  func- 
tions of  0?  and  u  =  »*',  then  if  for  a?  «  a 

«  as  0,    y  ■=  0  we  have  m  =  0*^, 
«  «  00,  y  =  0  we  have  w  =■  oo^ 
«=1,    y  s  Js  00   we  have  w=»  1**. 

Now  since  %  =  c'^',  t*  =  e^'^* ;  and  these  three  cases  arc 
reduced  to  the  determination  of  y  log  z^  which  takes  the  form 

0  X  A  00  . 

Dc  Morgan's  Dijf,  Cnk,  p.  17.5. 
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(42)     Find  the  value  of  .v**  when  or  «  0,  a  being  positive.  i 

This  is  equivalent  to  e^^',  and  we  have  to  find  the  value  of  ^ 

of^logw  when  of^O. 

Now  by   Ex.  (34)  a^  log  tv  »  0  when  a?  »  0.     Therefore 

07^  «  €®  «  1    when  a?  =  0. 
If  a  be  negative  o^  »  0  when  «  »  0. 

(43)      Find  the  value  of 


-  -  (i)" 


00^  when  dr  *»  0. 


As  before,  oT  log d7  «  0  when  a  ^  0; 

therefore     ti  -s  e^  s  i    when  ^v  a  o. 

(44)  u  =  a?**"'  when  j?  -  0. 

We    may  arrive  at   the  value   of  this  function  by   the 

sin  jr 
consideration  that,  when  w  is  indefinitely  diminished, «  i , 

w 

or    sin^  —  o^:    therefore  when  /r  =  0,  ay'*"'  =  df«l,    by   Ex. 

(«). 

In  the  same  way  it  would  appear  that 

(sin  07)"^' el   when  07=0. 

Also,   since  w^'  «  giogx.sin*  .  ^  ^j^^^  j;  =  o, 
it  appears  that  sin  a? .  log  d;  »  0  when  <r  »  0 ; 

and  similarly  that    sin  a .  log  (sin  j;)  «  0  when  a?  «  0. 

(45)  u  c=  (cot  J?)""*'  =  00^  when  ^  =  0. 
By  similar  considerations  it  appears  that 

(cot  tv)'*"'  =  1   when  a?  =  0. 

(46)  ««»(!  +  n/v)'    when  .r  =  0. 
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Here   u^  e      '       ,    and  we   have  to   find   the   value  of 

log  (1  +  n^) 

when   a?  « 0.       Differentiating   we  find    this   to 

w 

be  «  n  when  jp  ■  0.      Therefore 

M  «  (l  +  n«r)*  =  €"  when  a?  «  0. 

This  result  may  be  verified  by  expanding  u  by  the 
binomial  theorem :   that  gives 

1  ,     ^     1  M       \  n»^     1/1       \  / 1       \  nV      ^ 
«r  w  \x       /  1  •  z      tU  \*v       J  \*v       /  1 . 2 .  s 

« 1  4.  n  + (1  -  a?)  + (I  -  So?  +  2«*)  +  &c. 

1.2^  ^      1  .2.3  ^  ^ 

n*  »'  ^  , 

=  1  -I-  n  +  + +  &c.  «  e"  when  a?  =«  0. 

1.2       1.2.8 

(47)     tt  =  (cos  ad?)^*^*^^'^'  when  a?  =  0. 

a* 

The  real  value  is  ti  «  €*^. 

Functions  which  for  a  particular  value  of  the  variable 
take  the  form  0\  have  been  used  by  Libri  to  introduce 
discontinuity  into  ordinary  functions. 

Thus,  if  it  be  desired  to  express  a  function  /(a?)  which 
shall  be  equal  to  0 {w)  from  w  ^  ^eo  to  ^  »  n,  and  to  yj/  (^) 
from  ^  ■>  n  to  w  ^  oot  he  writes 

fia>)  -  (1  -  0^-)  0  (*)  +  or- ,/,  (,r). 

See  his  Mimoires  de  MatfUmatique  et  de  Phyaiquei  Vol.  i. 
p.  44,  and  Crelle^s  Journal^  Vol.  x.  p.  303,  In  the  same 
Journal^  Vol.  xii.  p.  134  and  p.  292,  the  reader  will  find 
some  discussion  on  the  real  value  of  this  indeterminate  ex* 
pression. 


CHAPTER  VII. 


MAXIMA    AND    MINIMA. 


Sect.  1.     E^licit  Functions  of  One  Variable. 

Suppose  that  u  is  any  explicit  function  of  <r :  the  follow- 

ing  rule  will  enable  us  to  determine  those  values  of  a?  which 

du 
render  u  a  maximum  or  minimum.     *^  Equate  -;—  to  zero  or 

da 

infinity  :  let  a  be  a  possible  value  of  w  obtained  from  either 

of  these  equations ;  then,  if  —  changes  sign  from  +  to  — ^or 

from    -  to  +   when,  h  being  an  indefinitely  small  quantity, 

a  -  A   and  a  -h  hy    are    substituted  successively  for  w^  a  =  a 

will  correspond  respectively  to  a  maximum  or  minimum  value 

o{  u  :  if  no  such  change  of  sign  takes  place  the  value  a  of  w 

must  be  rejected.      By  applying  this  process  to  each  of  the 

du  du 

roots  of  the  equations  -z—^O  and  -—  »  oo,    we    shall   have 

diV  dw 

determined  all  the  desired  values  of  w,""^ 

du 
Suppose  that  -7-  ■  >/^  (^)  .0  («)j  where  \^  (^)  is  a  function 

aw 

of  X  essentially  positive  for  all  possible  values  of  w\  then, 

du 
instead  of  •—  we  may  evidently  take  «  «  0(^)9  ^nd  treat  t^ 

just  as  we  should  have  treated 


d4B 


The  following  principle  is  also  frequently  useful  for  the 
determination  of  maxima  and  minima.     ^'  Suppose  that,  for 
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.     _  ,         -       dtt  ,    ,       du     d^u    cPtt 

any  particular  value  of  a?,  -—  =o,  and  that  -r--  ,  -r-:,  -— r ,... 

d>v  ax     djp^     d*v^ 

are  none  of  them  infinite :  then,  if  the  first  of  these  dif- 
ferential coefficients  which  does  not  vanish,  for  the  particular 
value  of  ^,  be  of  an  even  order,  u  will  be  a  maximum 
or  a   minimum   accordingly   as   this  differential  coefficient  is 

du 

negative  or  poaitive.^^     If  —- ™  yj/ {of)  .v^  >/^(<t)  being  an  e»- 

dw 

sentially  positive  function  of  /r,  the  following  modification  of 

this  principle  in  many  cases  affords  considerable  simplification. 

*^  Suppose  that,  for  any  particular  value  of  cr,  t9  »  0,  and  that 

-—  ,  -j-j,  -j-5 ,...  are  none  of  them  infinite :  then,  if  the  first 
cidr     diT     dcr 

oS  these  differential  coefficients  which  does  not  vanish,  for  the 
particular  value  of  <r,  be  of  an  odd  order,  u  will  be  a  maxi- 
mum or  a  minimum  accordingly  as  this  derived  function  is 
negative  or  positive.'* 

In  testing  by  the  sign  of  7—,    the   first   differential  co- 

dor 

efficient  of  u  which   does  not  vanish  for  a  particular  value 

a  of  ay  whether  the  value  of ««  be  a  maximum  or  a  minimum, 

the  following  consideration  will  sometimes  shorten  the  process. 

du 

dx 

value  of  ^,  which  causes  one  of  the  factors  as  w^  and  its 
first  n  -  2  differential  coefficients  to  vanish,  the  only  term  of 

- —  which  is  to  be  considered  is  that  involving ,    as 

daf^  °    o/p"*' 

d/*  u 
all  the  others  vanish  when  tV  is  put  equal  to  a,  so  that  

is  reduced  to  one  term. 

The  investigation  of  the  maximum  and  minimum  values 
of  u  is  sometimes  facilitated  by  the  following  considerations. 

If  t^  be  a  maximum  or  minimum,  and  a  be  a  positive  con- 
stant, auis  also  a  maximum  or  minimum. 


If  ^7^    be  of   the   form   Wj  .  Wg .  u;^  ... «;,,   and    a    be   a 
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When  u  is  a,  maximum  or  minimum,  au***^  is  so  also; 
but  —TTT  is  inversely  a  minimum  or  maximum. 

It  u  he  A  positive  maximum  or  minimum,  au^*  is  also 
a  maximum  or  minimum.  I(  u  he  a  negative  maximum  or 
minimum,  au'"  wilj  be  a  minimum  or  maximum.  The  same 
remarks  apply  to  fractional  powers  of  the  function  t«,  except 
that  when  the  denominator  of  the  fraction  is  even,  and  the 
value  of  u  negative,  the  power  of  u  is  impossible. 

When  u  is  A  positive  maximum  or  minimum,  logti  is  a 
maximum  or  minimum.  This  preparation  of  the  function  is 
frequently  made  when  the  function  u  consists  of  products  or 
quotients  of  roots  and  powers,  as  the  differentiation  is  thus 
facilitated. 

Other  transformations  of  u  are  sometimes  useful,  but  as 
these  depend  on  particular  forms  which  but  rarely  occur,  they 
may  be  left  to  the  ingenuity  of  the  student  who  desires  to 
simplify  the  solution  of  the  proposed  problem. 

Ex.  (1)  w  =  .V  -  a?*. 

du  .  , 

—  as  1  -  2a?  ■  0,  whence  ^  «  4; 
da 

— ~-a  -  2,  and  a?  ss  1  makes  u  =  ^,  a  maximum. 

da^  *  * 

(2)  u  —  ^*-  8a^+  220^-  24^+  12. 

-—  B  4dr  -  24ar  +  44^?  -  24  -  0, 
dtff 

or     ^- 6a;*+ 11a?  -  6  =  0. 

The  roots  of  this  equation  are  1,  2,  5,  and 
for  ^  =  1,     u  is  a  minimum; 
for  ^  s  2,     K  is  a  maximum ; 
for  ixr  e  3,     u  is  a  minimum. 
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(S)  f|s«^-5^-|-5.v'+K 

du 
dtV 

or     a^— 4«'+ 3j7*=0, 
the  roots  of  which  are  0,  0,  1,  9. 

The  root9  0  make  u  neither  a  maximum  nor  a  minimum ; 
the  root  1  makes  u  a  maximum; 
the  root  S  makes  u  a  minimum. 

(4)  «  B  (or  -  a)\ 

a  ^a  makes  ti »  0,  which  is  a  minimum  when  n  is  even» 

because  -—  changes  sign  from   —  to  +  when  a  —  A,  a  +  A, 
dw 

are  substituted  successively  for  w\   and  neither  a  maximum 

d%^ 
nor  a  minimum  when  n  is  odd«  because-—  is  then  insusceptible 

of  a  change  of  sign. 

(5)  f«  a  ^  (a  -  /p)". 

d\A 

—  a  «"-'  (a  -  as)*-*  {ma  -  (m  +  n)  j?}  »  0 ; 

ma 


the  roots  of  which  are  a?  «>  0,  4r »  a,  and  or  s 


m  +  n 


/r  ss  0  makes  t«  =  0,  a  minimum  if  m  be  even,  and  neither 
a  maximum  nor  a  minimum  if  m  be  odd. 

9^  a  makes  t«  «  0,  a  minimum  if  n  be  even,  and  neither 
a  maximum  nor  a  minimum  if  n  be  odd. 

----  — —T  j^'''(a-a?)"'"'J  |ma-(m+w).Tj  -(m+»)^*"'(«-/»)""% 
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which  for  m  « becomes 


■1-1   /     mkf     \  ■-! 


^  /  ma  \*~' /  na  \"-> 
Vwi  +  n/       Vm  +  «/ 

and  therefore  a  &■ makes  u  a  maximum* 

This  is  the  solution  of  the  problem.  To  divide  the 
number  a  into  two  parts,  such  that  the  jMroduct  of  the 
foi^  power  of  the  one  by  the  n^  power  of  the  other  shall 
be  a  maximum. 

Since   (l  +  ^)'  is   essentially   positive  we  have,    taking 

du 
e  instead  of  -v* , 

whence    «»  +  l   oro^s—  1. 
If  4r »  -I- 1,     --  «  -  2^  ■  -  S,     t«  s  4,  a  maximum ; 

^ae-i,     — --gar  =2,         t«B-x,  a  minunum. 


(7)  « 


4^+  «-  1 ' 
cft^        2d7(«-2) 


0, 


dj7      (a^  +  w~  !)• 
tj  a«  d?  (or  -  2)  «  0, 

j?«0,     —-w^^-S— —  2,     w«  —  1,  a  maximum ; 
dtV 


dv  „  *  • 

«iti2,     -^ii>tf«2,  wsBf,  a  minimum. 

dof 
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(8)  Um^ f 

dj7        (^  +  2) 


s 


Now  if  the  expression  for  — -  be  multiplied  by  (<r  +  S)* 

and  divided  by  (w  +  d)%  which  are  both  essentially  positive 
quantities,  the  result  will  be  equal  to 

r  «  ^  («  +  2). 


dv  87 

If4f»0;       »-0,   -- »«+2»2,.ui-  — ,  a  minimum; 

o^  4 

«*-2;  »«0,   — -Bidjs-g,   u  «  00,  a  maximum. 


2 

«  a  5  gives  €«  »  — ,  a  maximum ; 

27 

or  s  1  gives  u  a  0,  a  minimum. 


^  du     ^»{€?  '^%a^) 

whence  ^pss— ;,   and  t«  » i,  a  maximum. 

2i'  27  a* 


This  is  the  solution  of  the  problem.  To  find  the  height 
at  which  a  light  should  be  placed  so  that  a  small  plane 
surface  at  a  given  horizontal  distance  shall  receive  the 
greatest  illumination  from  it. 
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(11)  «: 


(o  +  ^)  (6  +  a?)  ' 
1 


J?  s  (ab)},     u  =  T-T — TT-r ,  a  maximuin. 

(as  +  OS)* 

This  18  a  solution  of  the  problem.  To  find  the  mag- 
nitude of  the  body  which  must  be  interposed  between  two 
others  so  that  the  velocity  communicated  from  the  one  to  the 
other  shall  be  a  maximum. 

(12)  t«  s  m  sin  (^  -  a)  cos  ^. 

^  HB  _  ^  _    gives  w  a=  —  (1  -  sm  a),  a  maximum  ;  . 

2         4  X 

/p  — gives  w  » (1  -f  sm  o),  a  minimum. 

This  is  a  solution  of  the  problem.  To  find  in  what 
direction  a  body  must  be  projected  with  a  given  velocity 
that  its  range  on  a  given  plane  may  be  the  greatest  possible. 

(sin  mar)* 
(IS)  «  «  ,   ,  m  being  an  integer. 

The  values  of  a  derived  from  mtanw^tanma^  make 
u  a  maximum. 

The  values  of  a  derived  from  sin  m/v  s  o,  make  u  a 
minimum. 

The  values  of  w  derived  from  sin  ar « 0,  make  u  a 
maximum  and  equal  to  m\ 

Airy's  Tracts^  p.  328. 

^    X  log  ^ 

w^  e    gives  ti  e  —  ,   a  maximum. 

I  1^ 

(15)     «  =s  ar* ;     .r  =  e  gives  w  as  6*,    a  maximum.. 
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(16)  1*  =  (a»  +  c*  -  2c»)i  +  Jf. 

«•      •  .            cf  +  ^^ 
w  ^  —  irives  u  a ,    a  maximum. 

a  1 

«B-  gives  u^^j   a  maximum. 

(18)  Let  t«  s  6  +  c  (o^  -  a)i 

Here  —- a«4c(d7- a)"*, 

hentfe,  multiplying  by  f  (or  *  o)'  which  is  essentially  positive, 
we  have 

c=«c(ir-a)«sO; 

if     d7  a.  a,        --  a  C. 

aor 

Therefore  if  c  be  positive  «  »  a  makes  u  a  minimum ; 
and  if  ^  be  negative,  a  maximum. 

(19)  Let    t«  a  6  +  c  (^  -  a)^ 

du 
Since   —  =  ^  c  (or  -  a)*,    a  quantity   insusceptible,  of  a 

change  of  sign,  it  appears  that  jf»  a  which  makes  —  a  0, 
gives  neither  a  maximum  nor  a  minimum. 

(20)  t*  «  (1  +  w^)  (7  -  wy. 

-  07  a  7  gives  u  a  minimum ; 
or  a  1  gives  u  a  maximum ; 
/v  a  0  gives  u  a  minimum. 

(21)    To  divide  a  number  a  into  a  number  of  equal  parts 
such  that  their  continued  product  shall  be  a  maximum. 

a 
"Lei  w  be  the  number  of  parts,  then  -  is  one  of  the  parts, 

and  I  -  j  is  the  continued  product,  which  is  to  be  a  maximum. 


«* 
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Taking  the  logarithmic  differential,  we  have 

log  a  —  log  a?  —  1  «  0» 

a 
Whence  log  a?  =»  log  a  —  1  « log  a  —  log  e  «  log  - ; 

€ 

a  (a\'      5 

therefore  jr  =  - ,    and   [  -  I  =  6* . 

e  \a) 

(22)  From  two  points  A^  B  (fig.  1)»  to  draw  two 
straight  lines  to  a  point  P  in  a  given  line  ON  such  that 
AF  +  BP  shall  be  a  minimum. 

Take  the  given  line  as  the  axis  of  m^  O  the  origin. 

Let  OF  s  a^  and  let  the  co-ordinates  of  A  and  jB  be  a,  5^ 
01,  &i.     Then 

w  =  -4P+i?P«  {6*+  (/r-a)*}i+  {6i*+(flfi-^)^}*«ininimum» 

^Whence  .    ..  as  — —— — ~^^— — — _..  • 

j6»+(,-a).|i      {6i»  +  (a,  - /r)»}r 

or  the  angles  AFMj  BFN  are  equal. 

(23)  To  find  the  point  in  the  straight  line  AD  (fig.  2), 
at  which  BC  subtends  the  greatest  angle;  ABC  being  per* 
pendicular  to  AD. 

If  the  angle  be  a  maximum  its  tangent  is  also  a  maximum. 

Let  F  be  the  point,  AF  =  or,  AO^  a,  AB  «  b ; 

tan  BFC  ^tsin(  AFC  -  AFB)  ^^^^f^; 

therefore    -^ — -r  is  to  be  a  maximum. 
ah  +  nr 

Whence  ab  ->  ot*  ca  o  and  (s  «  (a&)i» 

(j24)  Througli  a  point  M  (fig.  3)  within  the  angle  BAC 
draw  the  line  FQ^  so  that  the  triangle  FAQ,  shall  be  a  mini- 
mum. 

Draw  MN  parallel  to  -4Q,  and  let  AN^a^  MN^h^ 
AF  —  x.  Then  cn^^a  makes  FAQ,  a  minimum^  and  FQ  is 
bisected  in  jif. 
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(95)  Given  the  leni^h  of  the  arc  of  t  circle»  find  the 
en^e  which  it  must  subtend  at  the  centre  in  order,  that  the 
corresponding  segment  may  be  a  maximum. 

L«t  •  be  the  half-length  of  the  arc,  m  the  radius  of  the 

circle;  then  -  is  the  half-angle  of  the  segment. 

w 

If  ti  be  the  segment, 

u^am  ^  (rtsok  -  cos  -  is  a  maximum. 

a        a 

G  (          a  o\ 

Whence    cos  ~  ( a  cos df  sin  - 1 »  0. 

If  cos  -  »  0,  or  -  M  -  9  the  segment  is  a  semicircle  and 
a  maximum. 

If  -  » tan  -  .  df  •■  09  ,  and  ti  «  0  is  a  minimum. 

This  last  equation  might  be  equally  satisfied  analytically 
by  a  Talue  of  -  between  ir  and  — ,  but  such  an  angle  is 

excluded  by  the  geometry  of  the  problem. 

A  geometrical  solution  of  this  problem  is  giren  in  the 
Maihemaiical  CoUeciioM  of  Pappus,  Book  V.  Theor.  16. 

\\  (SQ     ^C  (fig.  4)  and  BD  being  parallel,  it  is  required 

to  draw  from  C  a  line  CXYy  sudi  that  the  sum  of  the  triangles 
ACX  and  BXY  shall  be  a  minimum. 

If  AC  »  a,  AB  »  6,  AX  ■»  47,  it  is  easily  seen  that  the 
area  of  the  triangle  ACX  is  proportional  to  a«,  and  that  of 

BXY  to  — i ^ ,  so  that  we  have 


{"^]. 


a  mmimum. 


Whence  we  find  df*  -  6^  s  0,  or  «  »  &i,  which  determines 
the  Une  CXY. 

Vineent  Viviani,  Geometrica  Divinatio,  p.  152. 
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(27)  Oiif  OP  (fig*  6)  are  two  arcs  of  gf eat  circles  on  a 
l^phere^  afid  the  arc  PM  is  dratvik  perpendicular  to  OM  ;  6nd 
when  the  difference  between  OP  and  OM  is  the  greatest. 

Let  Pom  «  a,  OP  «  ^,  OM  -  Q ;  then  we  hav^ 

^  »  0  to  a  maximum ; 

while,    by   Napier^s   rules   for   the   solution    of  right-angled 
spherical  triangles, 

tan  0  e  cos  a  tan  0. 
Differentiating  with  respect  to  d,  we  have 

1  +  tan'6  «=  cos  a  {1  +  tan*  A)  ~t  \ 

^    ad 

therefore     1  +  tan^d  s  cos  a  (l  +  tan*^), 

or     1  +  cos*a  tan'0  «  cos  a  (1  +  tan^0). 
Whence     tan  0  «  (sec  a)i»     tan  0  »  (cos  a)^; 

(28)  To  determine  the  dimensions  of  a  cylinder  open  at 
the  top,  which,  under  the  least  surface,  shall  contain  a  given 
volume. 

Let  ira^  be  the  given  volume,  w  the  radius  of  the  cylinder, 
y  its  base.  Then  jr  ■>  y  «  a  determines  the  cylinder  of  least 
surface. 

(29)  The  content  of  a  cone  being  given,  find  its  form 
when  the  surface  is  a  maximum. 

Let be  the  given  content,  at  the  radius  of  the  base, 

3 

y  the  height  of  the  cone.     Then  ^  s  -r ,  y  «  2a  determine 

the  cone  of  greatest  surface. 

(30)  To  inscribe  the  greatest  cone  in  a  given  sphere. 

Let  the  radius  of  the  sphere  be  r,  iEind  the  distance  of  the 
base  of  the  cone  from  the  centre  be  at.  Then  d? «  ^r  gives 
the  maximum  cone. 


V 
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(51)  To  find  the  point  in  the  line  joining  the  centres 
of  two  spheres,  from  which  the  greatest  portion  of  spherical 
surface  is  visible* 

If  Ty  T  be  the  radii  of  the  spheres,  a  the  distance  of 
the  centres^  and  w  the  distance  of  the  required  point  from 
the  centre  of  the  sphere  whose  radius  is  r. 

a 'A 
Then  x  =  -s -^ . 

(32)  A  regular  hexagonal  prism  is  regularly  terminated 
by  a  trihedral  solid  angle  formed  by  planes  each  passing 
through  two  angles  of  the  prism  ;  find  the  inclination  of 
these  planes  to  the  axis  of  the  prism  in  order  that  for  a 
^ven  content  the  total  surface  may  be  the  least  possible. 

Let  ABC  ahc  (fig.  6)  be  the  base  of  the  prism,  PQRS 
one  of  the  faces  of  the  terminating  solid  angle  passing  through 
the  angles  P,  if.  Let  S  be  the  vertex  of  the  pyramid. 
Draw  SO  perpendicular  to  the  upper  surface  of  the  prism. 
Join  OMy  RP9  SQ  intersecting  each  other  in  N.  Then  it 
h  easy  to  see  that  MN  «  NO  and  consequently  SO  ^  QiV, 
and  as  the  triangles  POjB,  PAIR  are  equal,  the  pyramids 
PSRO  and  PMRQ,  are  equal,  so  that,  whatever  be  the  in- 
clination of  SQ  to  OJIf,  the  part  cut  ofi^  from  the  prism  is 
equal  to  the  part  included,  in  the  pyramid  SPR^  and  the  con- 
tent of  the  whole  therefore  remains  constant.  We  have  then 
to  determine  the  angle  ONS  or  OSN  so  that  the  total  surface 
shall  be  a  minimum.  Let  AB^  the  side  of  the  hexagon,  b  a, 
JP,  the  height  of  the  prism,  «  6,  OSN  «  ft     Then 

ON^NM^\ay   andiS^JNTs^acosecft   and  QJlf- ^acotd. 
The  surface  of  ABPQ  =  ^a  (26  -  ^a  cot^). 

The  surface  of  PQRS ^PR.SN^ cosec 6. 

2 

Whence  the  total  surface  of  the  solid  is 

a                si(^ 
3a  (2b  —  cot  9)  +  « cosec  0^ 

which  is  to  be  a  minimum.     Difierentiating  we  have 

1  ,  cos  0  ,    ,       -  ^1 

—  Sfl  -r-n-r  »  0 ;     and  therefore  cos  0  * 


sin*e  sin*0         »     -  -  .  ^  «^      ^^ 
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Hence  tan  SRN  «  -r ,     and  tan  SRQ  »  2i. 

This  is  the  celebrated  problem  of  the  form  of  the  cdls 
of  bees.  Maraldi*  was  the  first  who  measured  the  angles  of 
the  faces  of  the  terminating  solid  angle,  and  he  found  them 
to  be  109°.  28'  and  70*.  3^"  respectively.  It  occurred  to 
Reaumur  that  this  might  be  the  form,  which,  for  the  same 
solid  content,  gives  the  minimum  of  surface,  and  he  requested 
Kcenig  to  examine  the  question  mathematically.  That  geome- 
ter confirmed  the  conjecture;— Ihe  result  of  his  calculations 
agreeing  with  Maraldi's  measurements  within  2\  Madaurin  j- 
and  L^Huillier},  by  different  methods,  verified  the  preceding 
result,  excepting  that  they  shewed  that  the  difference  of  s' 
was  due  to  an  error  in  the  calculations  of  Kcenig— ^not  to  a 
mistake  on  the  part  of  the  bees. 

(SS)     To  determine  the  greatest  parabola  which  can  be 
\.  cut  from  a  given  cone. 

Let  JBC  (fig.  7)  be  the  cone  BC  »  a,  JC^  b,  BN^  ». 

Then  DN  «  -  tr,  and  EN  «  {aw  -  a^)*. 

a 

The  area  o{  the  parabola  is  -  EN .  jDJV,  or 

—  w  (aw  -  a^)i,  which  is  to  be  'a  maximum. 
o  a 

Whence  w^  — ,  and  the  area  of  the  parabola  « . 

a 

^  '.  (34)     To  determine  the  greatest  ellipse  which  can  be  cut 

from  a  given  cone. 

Let  AC  (fig.  8)  «  a,  CD  ^  6,  CN «  Wy  BP  being  the 
major  axis  of  the  ellipse.  Then  the  condition  that  the  area 
of  the  ellipse  shall  be  a  maximum  gives 

«6(a«-6«)  ±6(a*-  Ua*6"+  ft*)* 


w 


S(a«+6«) 


*  Mimoires  de  VAcademie  des  Sciences,  1712,  p.  299. 
t  Phiheophieal  Transaciioruy  1743,  p.  66d. 
t  Berlin  Memdre,  1781,  p.  277. 
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In  order  that  this  may  be  possible  we  must  have 
!«*-  I4a*6*  +  6*>0,  or  a>b  {2  +  si}; 

that  is,  the  angle  of  the  cone  must  be  less  than  15^ 

When  this  is  not  the  case,  the  ellipse  increases  continually 

till  it  coincides  with  the  base. 

.It  may  happen  that  the  maximum  value  of  the  section 

is  less  than  the  base  of  the  cone ;  and  this  will  be  the  case 

unless  the  vertical  angle  of  the  cone  be  less  than  11^  Sf. 

Sect.  2.     Implicii  FuncHona  of  Two  Variables^ 

If  «  be  an  implicit  function  of  two  variables  a  and  y^ 

du 

-r-  as  0  will   determine   the  values  of  a  for  which  v  is  a 
dof  ^ 

maximum  or  minimum,     y  will  be  a  maximum  for  a  given 

value  of    w  when    that    value   substituted    in    ~  gives  a 

positive  result,   and   a  minimum   when  it  gives   a  negative 
result. 

Ex.  (l)  t*  «  y*  -  a^y  +  «?  -  a;*  «  0. 

du  . 

djf 

whence  y  = ,    and   substituting  this  value,  w  is  de- 

termined  from  the  equation 

one  root  of  this   equation    is  ara  —  1,    which   gives   y  ts  i  • 

duf     —  6a?  ^  2v 

and  as  ——  « ~  «  +  4,  y  «  1  is  a  maxmiupi. 

du        2y  -  ct?* 

dy 

(2)  S*  +  2y«*  +  40?  -  S  «  0. 

4r  s  —  ^  gives  y  «  2,  a  maximum ; 

jpa  1  gives  jf  at  —  ],  neither  a  maximum  nor  a  minimum. 
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(3)  y»  +  a»'  -  Sa^Oi  o  0. 

^  a  4-  a  gived  y  «  ^ia,  a  maximum  ; 
tT  B*  -  a  gives  ye—  2ia,  a  minimum. 

(4)  w  ■sy'  +  oj' -  Saa^y  teO. 

w^Z^a  gives  y  «  4ia,  a  maximum  ; 
0?  a  0  gives  y  s  0,  a  minimum. 

The  nature  of  this  last  value  cannot  be  determined  by 

the  usual   method,   since   --  =  - ,    and  also   —^  m.  - .      To 

dm     0  dor     0 

determine   it,    differentiate  u  a  second   time  considering  y 

and  w  both  to  varj^,  y  being  a  function  ot  w\  we  then  get,  oti 

dy  d 

making  a?  s  o,  y  ^  0,  —  es  o,  or  ts  -  .  Differentiating  a  third 

time   on   the    same    supposition,   and   making  ^ » 0,   y « 0, 

*-^  «■  0,  we  find  ----  =  — ,  which  being  positive  shews  that 
dsf  dor     Su 

y  B  0  is  a  minimum. 

(5)  w  =  y*  +  «*  -  4  J?y  +2=0. 

and  ai^*  —  3x^  +  2  =  0; 
whence  ^  ss  +  i  or  -  1,  and  y  s  +  i  or  -  1. 

dy      0 
Therefore  —  bs  - ;   and  proceeding  as   in    the  last    ex- 
ample we  find  that  y  a  +  i  and  y  b  ~  i  are  neither  maxima 
nor  minima. 

(6)  t«  —  y*  -  2m^y  +  a?*  -  a*  =  O. 

ma  a 

cPi/ 
and  as  these  values  of  a  and  y  when  substituted  in   —^  give 

oar 

a  negative  result,  the  value  of  y  is  a  maximum. 

The  preceding  examples  are  taken  from   Euler's   Calc. 

Viff.  Part  II.  Cap.  xi. 


J 


di^on  ^-^  ^^  >  I 1    must  also  hold,  or  that  the  values 

\dxdyj 
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Sect.  3.     Functions  of  Two  or  mote  Variablea. 

Let  «  be  a  funetion  of  two  variables  x  and  y\    then 
the  conditions  for  u  being  a  maximum  or  minimum,  are 

du  du 

dof  dy 

In  addition  to  these  Lagrange  has  shewn*  that  the  con- 

d^df 
of  y   given  by  the  equation 

must  be   impossible :    from  this  condition   it   appears    that 

-r-v  And  -T-T  must  have  the  same  sign ;  and  the  function 
ddT  ay* 

will  be  a  maximum  if  that  sign  be  negative,  and  a  minimum 

if  it  be  positive. 

du  du 

If  the  values  ef  x  and  y  which  make  -—  s  0,  -—  «  0,  also 

dw  dy 

make  the  second  differentials  vanish,  there  will  be  no  maxi- 
mum or  minimum  unless  the  third  differentials  also  vanish, 
while  the  values  of  y  deduced  from  the  biquadratic 

d^u     ^    d^u       ,     ^    dfu        ,j      ^    d^u       ,^      d*u     ,. 

d7*''^d^!,-^  "-^d^^-^  ^^d^^-*  +d^«'  "°' 

must  be  all  impossible -f-. 

We  may  proceed  in  the  same  way  to  the  consideration  of 
cases  in  which  the  first  total  differential  coefficient  of  u  which 
xloes  not  vanish  is  of  a  higher  order  than  the  fourth. 

If  «  be  a  function  of  three  Variables  x  y  z,  the  con- 
ditions for  a  maximum  or  minimum  are 

du  du  du 

dof  dy  d% 

■  Turin  Memoirty  Vol.  i.  p.  19. 

t  See  Walton's  Differential  Caieulus,  p.  114. 
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and  Lagrange^s  condition  becomes  in  this  case 

\da^  dy*      \dwdy)  ]\dw^  dsi^       \doBdx]  \ 

r  d^u     d^u       d^u     dfu  \* 
\dy  dz  *  de^     dwdy  dad«) 

In  like  manner  if  there  be  a  function  of  n  variables  #,  y^ 
Xf  t..,  we  shall  have,  for  determining  their  values  when  the 
function  is  a  maximum  or  minimum,  the  n  equations : 

du  du  du  du 

— -0,      -p-0,      ;7-«0,      :77«0,  &c. 

dtV  dy  dx  dt 

In  this  case  Lagrange^s  condition  becomes  too  complicated 
to  be  easily  expressed,  and  a^  such  functions  rarely  if  ever 
occur  in  practice,  it  is  unnecessary  to  give  it  here. 

Fran^ais  has  shewn  *  that  in  a  function  of  two  variables, 
when  the  equations 

du  du 

aw  dy 

are  satisfied  simultaneously  by  the  vanishing  of  one  factor, 
they  are  really  equivalent  to  only  one  condition,  by  which 
we  cannot  determine  w  and  y,  but  can  only  find  a  relation 
between  them.  This  corresponds  geometrically  to  a  locu9  of 
maxima  and  minima,  such  as  would  be  produced  by  the 
extremity  of  the  major  axis  of  an  ellipse  which  revolves 
round  an  axis  parallel  to  the  major  axis.  In  these  cases 
we  have 

d^u  d^u      I  d^u  \* 

an  equation  which  is  usually  excluded  from  Lagrange^s  con* 
dition.  It  is  to  be  observed,  however,  that  this  view  supposes 
a  mawimum  to  be  a  value  not  leas  than  any  other  immediately 
contiguous,  whereas  it  is  generally  considered  to  be  a  value 
greater  than  any  other,  and  conversely  for  a  minimum.  This 
remark  of  Fran9ais  is  of  more  importance  geometrically  than 
analytically ;    and  I  may  add^  that  in  geometry  the  failure 

*  Annaies  de  Gergc$m$^  VdL  iii.  p.  183. 


MAXIMA   AMD    MINIMA.  Ill 

of  Lagntnge^s  condition  indicates  that  there  is  a  maximum 
for  some  sections^  and  a  minimum  for  others. 

When  a  function  of  two  or  more  yariables  is  to  be  made 
a  maximum  or  minimum,  it  frequently  happens  that  there  are 
given  certain  equations  of  condition  between  the  variablesy  so 
that  the  real  number  of  independent  variables  is  less  than 
the  number  of  variables  in  the  function.  When  this  is  the 
case,  instead  of  getting  rid  of  the  superfluous  variables  by 
direct  elimination,  it  is  usually  more  convenient  to  employ 
Lagrange^s  method  of  indeterminate  multipliers-f*.  The  fol- 
lowing is  the  theory  of  the  method. 

Let  u  he  a  function  of  n  variables  ^i,  w^^^^.a^,^  these 
being  subject  to  the  r  equations  of  condition, 

Z|S  0,     £s»  O9 ^r»  0. 

When  ti  is  a  maximum  or  minimum, 

du  du  du 

du^^-T—dwy  +- — daf$  +  ...  +  - — da^m:iO     (1), 

which  is  to  be  combined  with  the  r  equations 

dLi  m  0,    dL^  e  0, ...  dLf  B  0     (2), 
the  general  form  of  each  of  which  is 

dL  dL  dL 

3—  dwi  +  —-  dwt  +  ...  +  - —  dw^  m  0. 
u«(i  dof^  dsf^ 

Th^se  equations  are  all  linear  in  dori,  daj^.^.dof^;  mul- 
tiply therefore  the  equations  (2)  by  indeterminate  multipliers 
Xi,  X«,...Xv»  and  add  them  to  (l).     We  then  get 

du  +  XidLi  -I-  XfidZi  +  ••.  -f  XrdLr «  0 ; 

an  equation  which  is  of  the  form 

Mydwi  +  Mfdm^  -f  ...  +  M^dw^  »  0, 

in  which  each  quantity  M  is  of  the  form 

df*         dLi         dLi  ^  dLr 

If  we  determine  the  r  quantities  X  from  the  conditions 
diat  they  make  the  terms  involving  d^^,  dofs,  •••d^r  vanish, 
that  is  to  say,  if  we  determine  them  by  the  conditions 

Ml «»  0,    Jlfg «  0, ...  Mr^  0, 

^  Mieanique  AnaljfHqnef  Vol.  i.  p.  74. 
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the  variations  dofif  dm%i...dx^  are  eliminated,  and  there 
remains 

and  as  the  n  —  r  quantities  d/Vf^i..,daf^  are  independent,  their 
coefficients  are  separately  equal  to  zero.  Hence  if  we  deter- 
mine Xi9  X29  ...  Xf  by  the  equations 

we  shall  also  have 

and  the  n  quantities  of  and  the  r  quantities  X  satisfy  the  n  +  r 
equations, 

3fi=0,     Jf2«=0  ,..  jlf«  =  0,     Zri  «0. ,./;,«  Or 

As  it  is  indifferent  which  of  the  variables  we  eliminate  in 
order  to  determine  Xi  ...  Xr9  the  most  general  way  of  stating 
the  result  is,  that  we  have  the  n  -^-r  equations, 

Zfi«0,    Za«0*t.£,  «o, 


du     ^   dL\     ^   dl^  ^   dLr 

3— +  X13 — +X8  3 —  +  ..,  +Xr-:; — «  0, 
aofi  aWi  OiPi  dXx 


du      ^  dL^     ^   dL^  ,    dLr 

dw^  aJ7.  dw^  o<v. 


(3). 


to  determine  the  f^  +  r  quantities  j?„  J?2»  .-.*„>  Xi,  Xs,...Xr* 

If  f«  be  homogeneous  in  ^i,  ^29  •••  '^o  &nd  if  £„  Zs,  •••  Lr 
consist  of  homogeneous  terms  and  constants,  there  exists  a 
simple  relation  between  the  quantities  X,  which  is  very  useful 
in  many  problems. 

Let  u  be  homogeneous  of  m  dimensions,  and  let  L\  «  0, 
£2  "■  0»  &c«  be  put  under  the  form 

3fa  +  -4-0,     JV;  +  J?  =  o,  &c. 

where  Ma  Is  homogeneous  of  a  dimensions,  jNT^  homogeneous 
of  b  dimensions,  &c.,  and  where  A^  By  &c.  are  constants. 
Then  multiplying  equations  (3)  by  ^1,  x^^  ...^a  and  adding, 
we  have,  by  a  property  of  homogeneous  functions^ 

mu  +  aXiil/a  +  b\gN^  +  &c.  «  0, 
or     fnu  =  aXi-4  +  b\^B  +  &c. 
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Ex.   (l)  u  —  ,ri^  +  i^  ^  saxy. 

du  du 

-—  =  3  (.v*  -  ay)  «  0,      --  «  Sitf"  -  a^)  -  0, 

alt  ay 

whence     w^  —  a^x  «  0. 

Therefore  j?  «  0,  or  cv  »  a,  and  y  >«  0,  y  ^  a. 

Lagrange's  condition  becomes     S6aiy  —  9a*  >  0. 

Therefore  «  «  0,  y  ^0  gives  neither  a  maximum  nor  a 
minimum,  and  d?  »  a,  y  =  a  gives  f«  =  ~  a',  a  minimum  when 
a  is  positive,  and  a  maximum  when  a  is  negative. 

(2)  u  =  a?*  +  y*  -  2  jr*  +  4^y  -  gy*, 

dti        ,  du        ^ 

dd?  ay 

Eliminating  y  between  these  equations,  we  find 

'  whence     ^  «  0,    ^  s  ^  ^i,    y  ~  0,    y  «s  :^  gi  ; 
^  =  0,   y  =  0  give    u  «  0,   a  maximum  ; 
a?  a  ±  2i,   y  s  :p  2i   give   t*  =  -  8,    a  minimum. 

(S)  u  «  dr*y*  (a  -  0?  -  y), 

a  a      .  a* 

«  =  - ,   v  K  ~   give  w  « a  maximum* 

2^3^  432 

«  s  0,  y  «  0,  give  u  B  0  neither  a  maximum  nor  a  minimum. 

Ofyx 


(4)  U 


(a  +  ar)  (ar  +  y)  (y  +  »)(«  +  6)  ' 


Taking    the    logarithmic    differential,     since    logt^    is   a 
maximum  when  u  is  so.     Then 

1   du      1  1  1 

0, 


0, 

0, 

or    ay-a?'  — 0,    a?»-y*«»0,    fey-«**0; 
8 


f^  d^ 

w      a  +  ^ 

fl?  +  y 

1   du 

1           1 

1 

u  dy 

y    ^  +  y 

y  +  « 

I  du 

1         1 

1 

u  dz 

X        «  +  « 

;v  4-6 
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,  a      ,v      y      X 

whence     -  =  -  —  ^  —  _^ 

tV      y      z       h 
or    fl,  tx?,  y,  x^  b  are  in  geometric  progression. 

Let  each  of  these  ratios  be  equal   to  - .      Then,  multi- 

n 

plying  them  together,     7  =  — ,     or  n  =  ( -  | . 

b      n*  \aj 

Let  log  u  ss  Vy  then  proceeding  to  the  second  differentials 
we  get,  on  substituting  for  a?,  y,  «  the  values  na^  n^a^  «*a, 

dw''^'  a^n  (1  +  nY '     d^  "  ""  a*n»(l +n)*' 
<^^ 2  <Pt?  1 

cP«  1  d«t) 

dy  d«  *"  a«n*  (1  +  nf  '     dadx"^" 
so  that  Lagrange^s  condition  becomes 

12  4 

.4> 


and  the  corresponding  value  u  *=  — r — -f^  is  a  maximum. 

(5)      Let    -  =  ra7*  +  2a?y  +  ify*; 

so  and  y  being  connected  by  the  equation 

1  =  (1  +p^)^  +  2pg^y +  (1  '¥(f)y\ 

Differentiating  these  two  equations, 
0  =  (rof  +  ay)  d.r  +  {sw  +  ty)  dy^ 
0^  {{I  +jf)w^  pqy\  dw  +  {pqw  +  (1  +  gr*)  y}  dy. 

Multiply  the  second  of  these  equations  by  an  indetermi- 
nate  quantity  X,  add  it  to  the  first  and  equate  to  zero  the 
coefficients  of  the  differentials:   this  gives 

X  {(1  ■\-jf)w  -^pqy]  ^T.t'^ayrr^o^ 

X  {pqw  +  (1  +  9*)  y}  +  s,-9  -f  /y  t=  0. 
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Multiply  these  equations  by  a?,   y  respectively  and  add, 

Jc 
then,  by  the  original  equations  X  -i-  -  a  o. 

P 
Substituting  this  value  of  X  in  the  preceding  equations, 
and   grouping  together   the    terms    multiplied    by   the    same 
variable, 

|-  (1  +  p')  -  r|  J?  «  -  ^-  pq  -  *j  y, 

j-  (1  +  7*)  -  4  y  -  -  (-  P9  - «)  •'»• 

Multiplying  these  together   so  as  to   eliminate  w  and  y^ 

we  find 

k^  k 

-0  +p»  +  7*)--  {(1  +7')r-2p7«  +  (l+p»)/}  +  f/-^«0, 

F  P 

k 
a  quadratic  equation  in  -,  whence  a  maximum  and  a  mini- 

P 
mum  value  may  be  found. 

This  is  the  equation  for  determining  the  radii  of  maximum 
and  minimum  curvature  in  a  curved  surface. 

(6)  Let   tt  ar  ay  (c  -  »)  «  6«f  (o  -  .r)  =  ca?  (6  -  y). 
Then  w  ^^  ^a,   y«-]^6,    «e^r,   give 

u  s  ^abc,   a  maximum. 

(7)  Let    u  t^  a  cos'/r  +  6  cos'y ; 

X  and  y  being  subject  to  the  condition  y  -  «  «  ^  tt. 
Differentiating,  we  have 

0  s  a  cos  d7  sin  07  +  6  cos  y  sin  y, 
or  0  as  a  sin  2iV  +  &  sin  2y. 
From  the  equation  of  condition 

sin2y  at  sin  [-  +  2ar  j  =  cos2cV. 


Therefore  tan  2^?  ■■  —  ;     whence 

a 

and   w  =  ^|a  +  ft±(a*  +  ft*)*|. 

8 — 2 
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The    upper   sign    giving  a   maximum    and    the   lower    a 
minimuiQ. 

(8)      Let   u  a  cos  X  cos  y  cos  «, 

with  the  condition  a?  +  j/  +  «  =  w-. 

By    taking    the    logarithmic    difFerentiaU    and    using    an 
indeterminate  multiplier,  we  easily  find 

a  ^y  ^  X  ^  ^ir,     and   u^  ^y    a  maximum. 

(9)     Find  the  maximum  value  of 

u  ^  al  -^  bm  +  cw, 
/,  m,  n  being  variable  and  subject  to  the  condition 

We  easily  find  by  the  use  of  an  indeterminate  multiplier  that 

--■  —  =  —,  and  therefore 
I      m      n 

a  b  c 


(o»  +  fe«  +  c«)i  *  (o«  +  6»  +  c-)i '  (a«  +  ft«  +  c*)i ' 

and  therefore  «  =  (a*  +  6*  +  c*)*. 

This  is  the  solution  of  the  problem,  "To  find  the  po- 
sition of  the  plane  on  which  the  sum  of  the  projections  of 
any  number  of  planes  is  a  maximum  T^  /,  971,  n  are  here  the 
cosines  of  the  angles  which  the  plane  of  projection  makes 
with  the  co-ordinate  planes. 

(10)     Find  the  maximum  value  of 

u^(.v  +1)  (y  +  1)  {z-^  1), 
*i^9  ^9  ^  being  subject  to  the  condition, 

a'bytf  =  A. 

Taking  the  logarithmic  differential  of  both  equations  we  have 

da  dy  dx 

-I-  — ^  + =  0, 


a?  +  l      y+1      X  +  I 
da  log  a  +  dy  log  b  -^  dx  log  c  =  0. 

Whence,  by  using  an  indeterminate  multiplier  X, 

log  a,     -- —  =  log  6,     =  log  c. 


^+  1  y  + 1         ^         « + 1 


A' 
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From  these   we  find 

log  (Aabc)  \og(Aahc)  log(Aabc) 

3  log  a  3log&  3  logo 

and  «,      {loe(Aabc)]l_ 

log  a*',  log  P.  log  c* 

This  is  the  solution  of  the  problem:  *^If  a,  b^c  be  the 
prime  factors  of  a  number  Af  to  find  how  many  times  each 
factor  must  enter  into  it,  that  it  may  have  the  greatest 
number  of  divisors.**^     Waring,  Medit.  Algeb,  p.  344. 

(11)  To  find  the  rectangular  parallelopiped  which  shall 
cx>ntain  a  given  volume  under  the  least  surface. 

If  J?,  y,  z  be  the  edges  of  the  parallelopiped,  and  if  a' 
be  the  volume  of  a  cube  to  which  it  is  equal,  then  by  the 
condition  of  the  minimum  we  easily  find 

X  ^  y  ^  «  ^  Uy 
so  that  the  surface  equals  6a',  a  minimum. 

>^'  (12)     To  inscribe  the  greatest  rectangular  parallelopiped 

in  a  given  ellipsoid. 

Let  the  equation  to  the  ellipsoid  be 

.t?»      y'      ^  _ 
a^^b'^^'^' 

and    let  x^    y^   x   he    the  half  edges    of   the   parallelopiped, 

then 

u  ~  %wyx  is  to  be  a  maximum, 

Wy  yy  z  being  subject  to  the  condition 

**     y*     «* 

a*      6*      c* 

By  the  method  of  indeterminate  multipliers,  we  easily 
find 

a  b  c  Sabc 

si         ^        3*  3-2  3i 


^ 
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(13)  To  find  the  triangle  of  least  perimeter  which  can 
be  inscribed  in  a  given  triangle. 

Let  ABC  (fig.  9)  be  the  given  triangle,  a,  6,  c  the  sides, 
A^  -B,  C  the  angles,  and  DEF^  being  the  inscribed  triangle, 
let  CD  «  a?,  AE  =  y,  BF  ■=  x.     Then  if  u  be  the  perimeter, 

u  =  {y*  +  (c^-  «)*  -  2y  (c  -  %)  cos  -4 1  i 
+  \x^  +  (6  -  yy  -  2a?  (6  -  y)  cos  C|  * 

-H  {«*  +  (a  -  0?)*  -  2«  (a  -  ar)  cos  B\^ 

is  to  be  a  minimum.      Whence  we  find 

a?  -  (6  -  y)  cos  C 


{ar^  +  (6  -  yY  -  2cr  (6  -  y)  cos  C}« 

(a  —  a?)  —  «  cos  fi 


{jT*  +  (a  -  wY  -  2ar  (o  -  a?)  cos  J?(  ^  ' 
y  —  {c  "  %)  cos  -^ 


{y-  +  (c  -  «Y  -  2y  (c  -  iif)  cos  ^  J  i 

(6  -  y)  -  A'  cos  C 
*  {of'  -f  (6  -  y)^  -  2~a?  (6  -  y)  cos  C}  *' 

«-(«—«?)  cos  B 


\fi?  +  (a  -  *!?)*  -  2z  (a  -  a?)  cos  fi j  ^ 

(c  -  i!f)  —  y  cos  A 


Jy^+  (c  -  »)^-  2y  (c  -  i?)  cosA\i 

From  these  equations  it  appears  that 

FEA^DEC,   EDC^BDF  and   BFD '^  AFE. 

It  is  shewn  by  Geometry  that  if  lines  be  drawn  joining 
the  points  where  the  perpendiculars  from  the  angles  meet  the 
sides,  each  intersecting  pair  makes  equal  angles  with  the  side 
in  which  they  meet ;  consequently  the  triangle  formed  by  these 
lines  is  the  triangle  of  least  perimeter  which  can  be  inscribed 
in  the  given  triangle.  See  Cambridge  Mathematical  Journal^ 
Vol.  I.  p.  157. 

(14)  To  find  the  least  distance  between  two  straight 
lines  in  space. 
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Let  the  equations  to  the  lines  be 

X  —  a      y  -  b      X  ^  c 
I  m  n 


-  n  (0 


(2) 


Then  if  w^  pj  at,  m\  y\  z'  be  the  co-ordinates  of  the  ex- 
tremities of  the  least  distance  (^), 

is  to  be  a  minimum,   the  variables  being  subject  to  the  con- 
ditions (1)  and  (2).     Differentiating, 

0  s  (.r  -  a/)  {dm  -  dar')  +  (y  -  y)  (dy  -  dy)  +  (ar  -  z)  {dz  -  dz'). 

But  from   (l)  and  (2)   we  have 

dx  a  Idvy       dy  «  mdr,       dz  «  ndr, 

rfj?'=  Td/,      djf'aa  ifi'd/,      d«'«  ndr. 

Therefore,  substituting  these  values,  and,  as  r  and  / 
are  independent,  equating  to  zero  the  coefficients  of  the 
differentials,  we  have  the  two  conditions 

/  (ar  -  0?')  +  w  (y  -  y)  -y  n  (z  -  z)  ^  0,  (3) 

t{af  -  x)  +  m'  (y  -  y)  +n  {z  ^  z)  «  o,  (4) 

Between  which,  eliminating  successively  each  of  the  quan- 
tities (x  —  w)  &c.,  we  find 

(V  —  0?'         y  "  y        z  -^  z 


each  of  these  ratios  being  equal  to 

K*-*T+(y-yT+(*-«?M 


(5) 


(6) 


Now  multiply  each  term  of  (3)  and  (4)  by  the  corre- 
sponding members  of  (1)  and  (3),  subtract  the  one  result 
from  the  other  and  transpose;    then  observing  that 

(d;-*')»+(y-y')»+(«-«y-5», 

^•■'=  (a  -  a)  {.V  -  «')  +  (.h-b')(if-  y)  +  (c  -  c)  {z  -  «'). 
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Dividing  the  first  member  of  this  by  (6),  and  each  term 
of  the  second  member  by  each  member  of  (5),  we  find 

^      («  -  a)  (fw  n—m'n)  +  (6  -  6')  (nt-nl)  +  (c  -  c)  {Itn^  tm) 

Equations  (5)  are  the  equations  to  the  line  of  least  dis- 
tance,  and  it  appears  that  it  is  perpendicular  to  both  the 
lines  (l)  and  (2),  since  we  have 

/  (win  -  m'n)  +  w  («/' -  nl)  +  n  {Im'  -  tm)  «=  o, 
and  t(mn  -  m'n)  +  m!{nt-  n'P)  +  n(lm  -  tm)  «  0, 

which  are  the  conditions  of  perpendicularity. 

(15)  To  find  the  maximum  and  minimum  radii  of  a 
section  of  the  surface,  the  equation  to  which  is 

(a-«  +  y«  +  zy  =  a*a?»  +  fe'y'  +  c'x' 
made  by   the  plane     Iw  +  my  +  w«  =  0. 
We  have  here  to  find 

r"  ss  a;*  +  y^  +  ^,  a  maximum, 
<^9  yy  ^9  being  connected  by  the  equations 

0  «  /j?  +  my  +  n%. 

Differentiating,  we  have 

ofdof  +  ydy  +  xd«  =  o,  (l) 

a^ada  +  Vydy  +  (?%d%  «  0,  (2) 

Idx  -{-  mdy  -i-  nd«  =  0.  (s) 

(l)  +  \  (3)  -  /ui  (2)  =  0  gives,  on  equating  to  zero  tlie  co- 
efficients of  each  differential, 

a7  +  X^«/xo'a?,     y  +  Xm  :^  fjib^yy     »  +  \n  = /uc*». 

Multiply  by  a?,  y,  »,  and  add,  then  by  the  original  con- 
ditions 

r^  =  ,ir\     or  ^  =  ~  . 
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Substituting  this  value,  and  transposing, 
(^-l)^-Xf,      (^-l)y«Xm,      (i-l);»-X«. 

Whence  -r^^-^,   y-^j^ft.'   '":;rr?- 

Multiply  by  /,  m,  n,  and  add.  Then  by  the  original 
conditions  and  dividing  by  Xr^, 

a  quadratic  equation  for  determining  r',  and  consequently  r. 

This  is  the  equation  in  the  Wave  Theory  of  Light  by  which 
the  velocities  of  a  wave  propagated  in  a  crystalline  medium  are 
determined.  The  surface  f^  =  a^ai*  +  6'y*  +  c*«*  is  called  the 
surface  of  elasticity.  See  Fresnel,  Memoires  de  Vlnstitut, 
Vol.  VII.  p.  130,  and  HerscheFs  Lights  Sect.  1012. 

(16)      To  find  Che  area  of  a  section  of  the  ellipsoid, 

,T'      y*       «* 

made  by  the  plane    la  +  fny  -^nz  ^  0, 

By  the  same  method  as  in  the  last  example  we  obtain  as 
the  equation  for  determining  the  principal  axes, 

a«/»  6»m«         ffn^ 

--  -0. 


The  last  term  of  this  when  arranged  according  to  powers 
of  r*  is 

^/«  +  6*7/»*  +  c*w'' 

and  this  being  equal  to  the  product  of   the  roots,   the  area 
of  the  section  is 

irttbc 

(17)      To  find  the  volume  of  the  ellipsoid  whose  equa- 
tion is 

aof^  +  oy  +  a'V  +  2byx  +  2b\vz  +  26".vy  «  c. 
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As  in  the  preceding  examples  we  have  first  to  find  the 
value  of  the  principal  axes,  or  rather  of  their  product ;  and 
if  this   be   a/Sy,    then    the   volume   of  the   ellipsoid  will  be 

3       ^  ' 

Now  the  principal  axes  are  maxima  or  minima  values  of 
the  radius;    we  therefore  have 

r^  «  0?'  +  y^  +j»*  a  maximum  ; 

A',  y^  X  being  subject  to  the  equation  of  condition 

aof'  +  ay-  +  o'V  +  2byx  +  2b'afx  +  Zh"xy  =  c. 

Differentiating, 

xdx  +  ydy  +  %dx  =  0,  (i) 

{aai-^h*x^l>'y)dw-\'{ay-\'bx+l)'a})  dy+(a'x-^by'^b'a^)dx^Of  (2) 

X  (l)  +  (2)=0  gives,  on  equating  to  zero  the  coefficients  of  each 
differential, 

\w  +  a.r  +  b'x  +  b'^y  =»  0  ] 

\y  +  o'y  +  bx  +  6"a? «  0  I  .  (3) 

\x  +a"»+  6y  +  6'^  =  0  J 

Multiply  these  equations  by  a?,  y,  «  respectively  and  add, 
then  by  the  equation  of  condition, 

Xr*  +  c  =  0,     and   X  = . 

On  substituting  this  value  of  X  in  the  equations  (3) 
they  become 

[>".!/  -  ( — ;  -  a  j  y  •\'  bx  ^  0, 

h'm  -k-  by  '-  I  — .  —  o"  I  »  =  0. 

To  eliminate  «v,  y,  i^r,  multiply  the  first  of  these  by 
K  _  A  /^  .  «'A  ^  fc« .    the  second  by  -  {^6'  +  6"  f  ^  -  a")  | ; 
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the  third  by  -  {^^"  + ^' (i  -  «  j }  and  add,  then  y  and  z 
disappear,  and  w  dividing  out,  there  remains 

a  cubic   equation    in    — .      If   it    be    arranged    according    to 

powers  of  r*,  the  last  term  with  its  sign  changed  will  be 
equal  to  the  product  of  the  roots^  that  is,  to  the  product  of 
the  squares  of  the  principal  axes ;  and  its  square  root  is  the 

quantity   which   we   seek.      Multiplying  it  therefore  by  —  , 

%} 

we   find  that  the  volume  of  the  ellipsoid  is  equal   to 

T  (aa'o"  -  aii'  -  a'6'*  -  a"b"'  +  266'6^)i  * 

(18)      To  find  the  least    ellipse   which    will   circumscribe 
a  given   triangle. 

Let  ABC  (fig.  10)  be  the  triangle.      Take  C  as  the  origin, 
CJy  CB  as  the  axes  of  x  and  y.     AC  ^  a,  BC  '^  6,  ACB  =  0. 

The  general  equation  to  an  ellipse  is 

At^  +  Bxy  +  Cy*  +  Dx  +  Ey  +1=0, 

which  involves  five  arbitrary  constants ;  three  of  these  may  be 
determined  by  the  conditions  that  the  ellipse  shall  pass  through 
the  three  points  A^  B,  C  Instead  however  of  directly  express- 
ing the  undetermined  coefiicients  in  terms  of  those  which  are 
determined,  it  will  conduce  to  the  symmetry  of  our  analysis  to 
assume  two  indeterminate  quantities  of  which  the  coefficients 
of  the  equation  are  functions  which  can  be  determined  by  the 
conditions  of  the  ellipse  passing  through  the  three  given  points ; 
and  then  the  actual  values  of  the  indeterminate  quantities  may 
be  found  by  the  condition  of  the  minimum.  The  two  quan- 
tities which  we  shall  assume  arc  the  co-ordinates  of  the  centre 
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of  the  curve.      Let  them  be  a,  j3 ;   then  the  equation  to  the 
ellipse  may  be  put  under  the  form 

J  (^  -  a)*  +  2  jB  (47  -  a)  (y  -  /3)  +  C  (y  -  /3)»  +  1  =  0, 
where  A,  B^  C  are  to  be  determined. 

Now  the  condition    that   the   ellipse   shall  pass   through 
the  origin  gives 

Aa^  +  25a/3  +  C/y  +  1  «  0.  (1) 

The   condition    that   the    curve   shall    pass   through    the 
point  tV  ^  a^   ^  ^  0,  gives 

^  J  (a  -  a)»  -  2fi  (a  -  a)  /J  +  C/3»  +  1  «  0.  (2) 

Subtracting  (l)  from  (2)  we  have 

A  (2a  -  o)  +  25/3  =  0.  (3) 

The    condition    that   the    curve   shall   pass   through    the 
point  <37  =  0,   y  =^by  gives 

C(6  -  (3y  -  2Ba  (6  -  /3)  +  Ja*  +  1  =  0.  (4) 

Subtracting  (l)  from   (4)   we  have 

C(2/3-6)  +25a«0.  (5) 

Also   a  (3)  +  /3  (5)  -  2  (1)  =  0,    gives 

^oa  +  C6/3  + 2  =  0.  (6) 

Combining  (3),   (5)  and  (6),  we  find 

^  -(2/3-6)  ^^         -.(2a -a) 


a  (afe  +  /3a  -  a6)  '  /3  (ab  +  )3a  -  a6)  ' 

^^    (2a-a)(2^-6) 


2a/3(a6-f/3a-a6)' 

It  remains  now  to  express  the  area  of  the  ellipse  in 
terms  of  these  coefficients.  The  method  to  be  adopted  is 
the  same  as  that  used  in   the  preceding  example. 

If  r  be  any  radius  measured  from  the  centre,  so  that    , 

^^(x^  ay  +  (y  -  /3)'  -2  (^  -  a)  (y  -  /3)  cos^, 

the  axes  of  the  ellipse  are  determined  by 'Bjccq  nation 

{AC  -  B')  r*  -  (^  +  C  -  2iB  COS0)  r"  +  sin*0  =  0. 


.* 


^ 


MAXIMA    AND    MINIMA.  12^ 


The  area  of  the  ellipse  will  therefore  be 

IT  sin  0 


{AC  -  B')^  ' 

which  is  to  be  a  miniroum,  involving  the  condition  that 

AC  "  B*  shall  be  a  maximum. 

Substituting  in  this  the  values  of  A^  By  C  previously 
determined,  and  differentiating  with  respect  to  a  and  /3,  we 
obtain  equations  for  determining  these  quantities.  The  result 
involves  several  factors,  but  those  which  correspond  to  the 
problem  are  ^\ 

26a  +  >^)3  -  a6  =  0,     2o/3  +  fea  -  a6  -  0 ; 

whence     a  =  - ,     /3  =  - ,  and   therefore 

S  3  3 

o*  h*  2ab 

The  area  of  the  ellipse  is  therefore 

— r-  ab  sm  tf. 
3t 

It  appears  then  that  the  area  of  the  ellipse  is  to  that  of  the 
triangle  as  47r  :  3t,  and  that  its  centre  coincides  with  the 
centre  of  gravity  of  the  triangle.  This  problem  is  given 
by  Euler  in  the  Nova  Acta  Petrop.  Vol.  ix.  p.  147,  but  his 
method  of  solution  is  deficient  in  symmetry.  In  the  same 
volume  he  has  also  discussed  the  more  general  problem — 
To  describe  the  least  ellipse  which  passes  through  four  given 
points. 

The  preceding  solution  is  due  to  Berard.  Annates  de 
Gergonne,  Vol.  iv.  p.  288. 

(19)     To  inscribe  the  greatest  ellipse  in  a  given  triangle. 

By  following  a  method  similar  to  that  adopted  in  the  last 
example  it  will  be  found  that  the  area  of  the  maximum  ellipse 
is  to  that  of  the  triangle  as  tt  :  3t ;  that  its  centre  coincides 
with  the  centre  of  gravity  of  the  triangle ;  and  that  the  points 
of  contact  bisect  the  sides  of  the  triangle.     Berard,  Ih.  p.  284. 
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(20)  To  find  a  point  within  a  triangle  from  which  if  lines 
be  drawn  to  the  angular  points  the  sum  of  their  squares  is  the 
least  possible. 

The  centre  of  gravity  of  the  triangle  is  the  point  which 
possesses  this  property. 

^  (21)     Among  all  triangular  pyramids  of  given   base  and 

^  altitude,  find  that  which  has  the  least  surface. 

Let  ay  by  c  be  the  sides  of  the  base,  h  the  height,  d,  0, 
yf/  the  angles  of  inclination  of  the  faces  to  the  base :  then 

a  b  c  , 

sm  d      sin  0      sin  y 

Oy  (pi  yf/^  being  subject  to  the  condition 

a  cot  d  +  &  cot  0  +  c  cot  y^f  ts  const. 

We  find  that  d  »  0  «  xf/^,  or  that  the  faces  are  equally  inclined 
to  the  base. 

i  (22)      To  find  a  point  within  a   triangle  from  which   if 

lines  be  drawn  to  the  angular  points  their  sum  may  be  the 
least  possible. 

The  direct  solution  of  this  problem  is  long  and  compli* 
cated,  but  we  may  without  much  difiiculty  obtain  a  geometrical 
condition  by  which  the  point  is  readily  determined. 

Let  ABC  (fig.  11)  be  the  given  triangle,  a,  6,  c  its  sides; 
let  O  be  the  required  point,  OA  «=  w,  OB  «  t>,  OC  =  tv.  Draw 
ON  perpendicular  to  ABy  and  let  AN  «  .r,  ON  =  y ;  also  let 
AON^Oy  BON  -  0,  CON  =  >/..     Then 

f/*  =  ar'+y%  t)*«(c-^)*+y*,  w'«(fcco8^-a7)*+(6sin^-y)*. 

In  order  that  u-^v-^tv  may  be  a  minimum,  we  must  have 

du      df)      dw 
dw      dw      dtV 

du      dv       dw 
dy      dy      dy 


MAXIMA    AND    MINIMA.  127 


Now 


du     a?       .    ^  dv         c—JB         .    ^    du)         hcosJ-a^         .     , 

--— =  —  =sin9y  T-  — «-8ino,  -r—  = =»-Slll\^, 

da:     u  dx  V  ^    dw  w  ^ 

du     y  r,   dv       y  ^  dw         bcosA-y 

dy     u  dy       V  '^  dy  w 

Therefore  we  have  the  conditions 

sin  0  ^  i\n(f>  +  sin  \^, 
cos  0  as  —  (cos  0  +  cos  yff). 
Squaring  and  adding,   we  find 

cos  (>/^  -  0)  =  -  ^,     or  \^  -  0  s  120^. 

That  is,  the  angle  BOC  «  120° ;  and  in  the  same  way  it 
may  be  shewn  that  AOC »  i2(fi  s  JOS.  Hence  if  on  any 
two  sides  of  the  triangle  we  describe  segments  of  circles 
containing  angles  of  120^,  their  intersection  will  determine 
the  point  O.  The  actual  length  of  the  lines  Uy  v,  ta^  and 
the  value  of  the  minimum  sum  may  be  found.  For  from 
the  geometry  of  the  figure  we  have  the  equations 

«*+  uw  +  «;•=*  6*, 

w*+  uv  +  t?*  «  c*, 

4m« 
and     uv  -k-  uw  -^vw  =  — r- , 

tn*  being  the  area  of  the  triangle.      Adding  the  sum  of  the 
first  three  equations  to  three  times  the  last, 

2  («  +,  t?  +  wY  —  a*  +  fe*  +  c*4-4.  sim* ; 

whence     «  +  «  +  «;  =  {^  (a*  4-  6*  +  c*)  +  2 .  slm^\ I. 

Calling  this  r,  and  subtracting  the  first  three  equations 
two  and  two,   we  have 

r  (tj  —  tt)  =  o^  -  6',     r  (fi?  -  f>)  =»  6*  -  c*,      r  (t^  -  w)  =  c'  -  a*; 

whence     r  ■=  ?/  +  ,     w  =  w  + 

r  r 

and   therefore     tt  +  tj  +  M?  =  r  =  SM+  — 

r 
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From  this  we  find 

r      6«  +  c'  -  2a^ 

w  «  -  + -  , 

3  Sr 

r       a^  ^  c^  ^  2^ 

«   =  -  + ,  •- 

3  St 

r      a*  +  6'  -  2c* 

W  as   -  +   . 

3  Sr 

This  problem  possesses  considerable  interest  in  the  history 
of  mathematics.  It  was  proposed  by  Fermat  to  Torricelli, 
who,  after  some  time,  gave  three  solutions  of  it.  He  com- 
municated it  to  Vincent  Viviani,  who  also  solved  it,  and  gave 
the  geometrical  construction  mentioned  above;  but  he  says 
that  it  is  a  problem  *^quod,  ut  vera  fateor,  non  nisi  iteratis 
oppugnationibus  tunc  nobis  vincere  datum  fuit.**^  For  his 
demonstration  see  his  Geometrica  Divinatio  de  Mcunmis  et 
Minimis^  p.  150.  The  reader  will  also  find  a  discussion  of 
this  problem,  and  of  the  more  general  one  where  the  minimum 
function  is  at«  +  /3tJ  +  'y*''*  ^^  ^  paper  by  Fuss  in  the  Nova 
Acta  Petrop.  Vol.  xi.  p.  235.  The  reader  is  recommended  to 
consult  also  a  paper  by  M.  J.  Bertrand  in  Liouville^s  Journal 
de  Mathimatiquea,  Tom.  viii.  p.  155.  < 


CHAPTER   VIII. 

OK    THB    GBKBRATION    OF    CURVES    AND    THB    INVBSTIOATION    OF 
THEIR    EQUATIONS   FROBf    THEIR    OBOMETRICAL    PROPERTIES. 


As  in  the  following  chapters  frequent  reference  will  be 
made  to  certain  curves  which  have  acquired  historical  im* 
portance,  and  have  in  consequence  been  distinguished  by 
particular  names,  I  shall  here  describe  the  mode  of  their 
generation  and  deduce  their  equations  from  their  definitions, 
adding  some  notice  of  the  principal  properties  which  possess 
interest. 

(1)     The  Cissoid  of  Diocles. 

This  curve,  named  after  Diocles,  a  Greek  mathema- 
tician, who  is  supposed  to  have  lived  about  the  sixth 
century  of  our  era,  was  invented  by  him  for  the  purpose 
of  constructing  the  solution  of  the  problem  of  finding  two 
mean  proportionals.^  The  curve  is  generated  in  the  follow- 
ing manner :  In  the  diameter  JCB  (fig.  12)  of  the  circle 
ADBE  take  BM « AN^  erect  the  ordinates  QM^  RN  and 
join  A(l\  the  locus  of  the  point  P  where  the  line  AQ  cuts 
the  ordinate  RN  is  the  cissoid  of  Diocles.  To  find  its 
equation,  put  AN  «  ^,  PN  »  y,  AC  »  a :    then  as 

PN      QM      y^  (2aa?-,r>)^ 
AN     AM^    no  Sct-cT     * 

or  y*(2a  -  .r)  -=  .r% 

which  is  the  equation  to  the  curve. 

The  curve  has  an  equal  and  similar  branch  on  the  other 
side  of  AB ;  the  two  branches  meet  in  a  cusp  at  the  point 
A^  and  have  the  line  HK  as  a  common  asymptote.  The  area 
included  between  the  curve  and  the  asymptote  is  three  times 
the  area  of  the  generating  circle. 
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The  application  of  this  curve  to  the  solution  of  the 
problem  of  two  mean  proportionals  is  very  simple.  Pappus 
has  shown  that  if  BC^  CS  be  the  two  quantities  between 
which  the  two  mean  proportionals  are  to  be  inserted,  and 
if  the  line  JPQ  be  drawn  so  that  QT  ^  PT,  the  line 
CT  is  the  first  of  the  two  mean  proportionals :  it  is  ob- 
vious from  this  that  P  is  a  point  in  the  cissoid.  If  there- 
fore we  wish  to  find  two  mean  proportionals  between  BC 
and  CSi  we  construct  the  cissoid  JQD  and  produce  BS 
till  it  meet  the  curve  in  a  point  P.  Joining  JPf  and  pro- 
ducing it  to  meet  GS  produced,  we  determine  the  line  CT 
which  is  the  first  of  the  two  mean  proportionals  required. 

According  to  the  geometrical  ideas  of  the  ancients  a 
problem  was  not  thought  to  be  completely  solved  unless  a 
mechanical  construction  was  given.  To  complete  therefore  the 
theory  of  the  cissoid,  Newton  *  invented  the  following  means 
of  describing  it  by  continuous  motion.  At  the  centre  C  of 
the  circle  ADB  (fig.  18)  erect  the  perpendicular  CDEy  of 
indefinite  length.  Take  a  point  O  in  CA  produced  such 
that  AO^  AC ;  then  if  the  reetangular  ruler  NLMj  of 
which  the  leg  LM  is  equal  to  the  diameter  of  the  circle, 
be  moved  so  that  the  leg  NL  always  slides  along  O,  while 
the  end  M  slides  along  CDE,  the  middle  point  P  of  LM 
will  trace  out  the  cissoid. 

(2)     The  Conchoid  of  Nicomedes. 

This  curve,  the  invention  of  Nicomedes,  who  lived  about 
the  second  century  of  our  era,  was,  like  the  preceding,  first 
formed  for  the  purpose  of  constructing  the  solution  of  the 
problem  of  finding  two  mean  proportionals,  or  the  duplica- 
tion of  the  cube,  but  it  is  more  readily  applicable  to  an- 
other problem  not  less  celebrated  among  the  ancients,  that 
of  the  trisection  of  an  angle.  The  curve  is  generated  in 
the  following  manner :  take  tlie  indefinite  straight  line 
HK9  (fig.  14)  and  from  a  fixed  point  O  draw  a  line  OMP 
cutting  the  line  HK  in  M;  take  the  point  P,  such  that 
PM  shall  be  always  of  a  constant  length  :  the  locus  of 
the  point  P  is  the  conchoid.     The  point  P  may  be  taken 

*  Append,  ad  Arith.  Univ. 
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between   O  and  M,  in  which  case  it  will  trace  out  another 
branch  of  the  cnrve  which  is  called  the  inferior  conchoid. 
To  determine  the  equation,  let  AN  «  s,  PN  -  y,  PM  (which 
is  of  constant  length)  »  a,   OA  m  b. 
Then  as  Pif «  «  PJV  +  if  JSP,  and 

OA 
MN  =  AN ^  AM ^  AN ^^MN, 

PN 

we  have  a^t^  «  (a*  -  y*)  (6  +  y)*» 

which  is  the  equation  to  the  curve,  including  both  the  su- 
perior and  the  inferior  conchoid. 

It  is  evident  from  the  construction  of  the  curve  that 
the  line  KH  is  an  asymptote  to  both  branches.  When 
a>h  there  is  a  loop  in  the  inferior  conchoid  at  O  as  in 
the  figure ;  when  a»b  the  loop  degenerates  into  a  cusp ; 
and  when  a<b  there  are  two  points  of  contrary  flexure, 
one  on  each  side  of  the  line  OA, 

The  application  of  this  curve  to  the  construction  of 
the  problem  of  the  trisection  of  an  angle  is  as  follows.  It 
may  be  readily  shown,  that  if  AOB  (fig.  15)  be  the  angle 
to  be  trisected,  and  if  the  line  OMP  be  so  drawn  that 
the  part  JfP,  intercepted  between  AB  and  BC  at  right 
angles  to  each  other,  is  double  of  OJB,  the  angle  AOM 
is  the  third  part  of  AOB.  Now  if  we  describe  a  conchoid 
with  O  as  pole  and  the  line  AB  as  directrix,  the  constant 
parameter  being  equal  to  twice  OjB,  its  intersection  with 
BC  will  determine  the  point  P. 

Nicomedes  appears  to  have  been  led  to  the  invention 
of  this  curve  as  a  means  of  solving  the  celebrated  problems 
mentioned  above,  by  the  facility  with  which  it  could  be  con* 
structed  mechanically.  For  if  we  take  a  grooved  rule  HK 
(fig.  16)  and  another  grooved  rule  PQ^  having  a  fixed  pin  at 
a  point  if,  and  bearing  a  pencil  at  P,  and  if  we  cause  the 
pin  at  M  to  slide  along  the  groove  HK  while  the  groove 
MQ,  slides  along  a  pin  fixed  at  O,  the  point  P  will  trace 
out  the  conchoid. 

{S)     The  Witch  of  Agnesi. 

In   the  ordinate  produced  of  the  circle  AMB   (fig.   17) 

9—2 
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take  a  point   P,   such  that     PN  :  AB »  MN  :  AN ;     the 
locus  of  the  point  P  is  the  curve  called  the  Witch. 

Putting  AC  ^  ay  AN  ^  Xy  PN^y^  we  find  as  the 
equation  to  the  curve 

This  curve  is  given  by  Donna  Maria  Agnesi  in  her  In- 
sHiuinani  AnaHtichCy  Art.  238,  and  is  called  by  her  the 
"  Versiera.'' 

The  line  KAH  is  an  asymptote  to  the  curve,  which  has 

two  points  of  contrary  flexure  corresponding  to  ^  »  — . 

(4)  The  Lemniscate  of  Bernoulli. 

If  a  point  be  taken  such  that  the  product  of  the  lines 
drawn  from  it  to  two  fixed  points  is  constant,  it  will  trace 
out  the  curve  called  the  lemniscate*.  If  2a  be  the  distance 
between  the  fixed  points,  and  if  the  origin  be  taken  at  the 
middle  point  between  them,  the  equation  to  the  curve  is 

{y*  +  (a  +  wy}  {y*  +  (a  -  wy\  «  cK 
When  c  ^Gy  the  equation  is  reduced  to 

This  was  the  curve  used  by  James  Bernoulli*}*  in  the 
construction  of  the  curve  along  which  a  body  under  the 
action  of  gravity  will  advance  or  recede  uniformly  from  a 
fixed  point. 

It  is  the  locus  of  the  intersections  of  tangents  to  a  rect- 
angular hyperbola  with  perpendiculars  drawn  to  them  from 
the  centre,  and  its  form  is  that  of  the  figure  oo.  Of  the 
properties  of  the  arcs  of  this  curve,  which  have  been  in- 
vestigated by  Fagnani  and  Euler,  we  shall  treat  in  the 
chapter  on  the  comparison  of  Transcendents  in  the  Integral 
Calculus. 

If  we  assume  a?  =  r  cos  0,     y  =  r  sin  0,     we  find 
r*s2a'cos2d  as  the  polar  equation  to  the  curve. 

(5)  The  Logarithmic  Curve. 

The  definition  of  this  curve  is  that  the  abscissa  is  pro- 

*  From  lemniscus^  a  ribbon.  f  Opera^  p.  009. 
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portional  to  the  logarithm  of  the  ordinate.     Hence  its  equa- 
tion i&'  ,  f 

or,  as  it  is  generallj  written,    y  b  a'. 

The  subtangent  is  constant,  and  the  axis  of  a  is  an 
asymptote.  The  whole  area  included  between  the  curve,  the 
axis  of  ^  and  any  ordinate  is  equal  to  twice  the  triangle 
formed  by  the  ordinate,  the  tangent  at  its  extremity  and 
the  axis  of  «;  and  the  solid  formed  by  the  revolution  of 
the  curve  round  its  asymptote  is  equal  to  a  cylinder,  the 
radius  of  whose  base  is  the  bounding  ordinate,  and  whose 
height  is  the  tangent  at  its  extremity. 

This  curve  was  invented  by  James  Gregorie*,  who  in- 
vestigated some  of  its  properties :  others  were  discovered  by 
Hiiyghens.  £uler-f-,  and  more  recently  Vincent,  in  the  Jn- 
nales  de  Gergonne^  Vol.  xv.  p.  1,  have  conceived  that  the 
equation  y  ^  a*  expresses,  besides  the  continuous  curve,  a 
series  of  discontinuous  points,  forming  what  the  latter  calls 
a  **oourbe  pointillee.*^  This  conclusion  appears  to  me  to 
be  founded  on  an  erroneous  conception  of  the  principles  of 
the  interpretation  of  algebraical  expressions,  and  I  have 
elsewhere^  stated  my  reasons  for  believing  that  these  dis- 
continuous points  belong  each  to  a  separate  continuous  curve 
which  does  not  lie  in  the  plane  of  reference,  and  that  they 
cannot  be  properly  included  in  the  equation  to  one  curve. 
As  however  the  question  is  more  closely  connected  with  the 
analytical  Theory  of  Logarithms  than  with  the  subject  of 
which  we  here  treat,  I  shall  not  now  enter  into  the  argument, 
but  shall  content  myself  with  referring  the  reader,  who  is 
curious  in  such  matters,  to  the  papers  quoted  above,  and  to 
De  Morgan'^s  Differential  Calculus^  p.  383,  where  he  will 
find  the  views  of  Vincent  supported  and  illustrated^. 

*  Geometrim  Para  UmoersalU,  Pref. 
.  i-  Jniroduetio  in  Analytin  I^finiiarum,  Vol.  ii.  p.  S90. 

I  Camb,  Math.  Journal^  Vol.  i.  p.  831,  and  p.  264. 

§  ProfeMor  De  Morgan  says,  ''that  those  who  ohject  to  the  pointed  branch  as 
innodttcing  disoontinuity,  must  choose  between  its  discontinuity  and  that  of  an 
abrupt  termination."  It  appears  to  me  that  if  we  interpret  our  analytical  symbols 
with  proper  generality  so  as  to  introduce  those  branches  of  curves  which  do  not 
lie  in  the  plane  of  reference,  we  avoid  the  second  horn  of  his  dilemma. 
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(6)     The  Catenary. 

This  is  the  curve  which  a  perfectly  flexible  chain  will 
assume  when  suspended  from  two  points  in  the  same  hori- 
zontal line ;  I  must  refer  the  reader  to  works  on  statics  for 
an  investigation  of  its  equation,  which  is 

c     -       -' 

Its  most  important  geometrical  properties  are  analogous 
to  properties  of  the  circle.  Thus,  the  part  of  the  normal 
intercepted  between  the  curve  and  the  axis  of  «  is  equal  to 
the  radius  vector,  but  measured  in  the  opposite  direction ; 
and  if  we  represent  an  ordinate  corresponding  to  the  ab- 
scissa Of  by  /(^),  and  the  corresponding  area  by  cF(«),  we 
shall  readily  find  from  the  preceding  equation  that 

cf{w  -w)^f  (m)  f  {w')  -  F{w)  F  {w% 

cF{w  +  a/)  =  F{x)  f  {of)  +  / (ct?)  F {w), 

cF{w  -  w)  =  F(a)f{w)  -fiai)F(my 

It  is  obvious  that  the  preceding  formulae  are  analogous 
to  those  connecting  sines  and  cosines  of  circular  arcs.  For 
these  and  other  properties  of  the  catenary  connected  with  the 
involute  of  the  parabola,  see  a  paper  by  Professor  Wallace 
in  the  Edinburgh  Trcmsctctions,  Vol.  xiv.  p.  625. 

(7)     The  Quadratrix  of  Dinostratus. 

If  the  radius  CQ  of  the  circle  ABD  (fig.  18)  revolve 
uniformly  round  C  from  A  to  JS,  while  the  ordinate  NM 
also  moves  uniformly  parallel  to  itself  from  A  to  C,  the 
locus  of  their  intersection  will  be  the  quadratrix  of  Dinos- 
tratus. To  find  its  equation,  let  AM  «  w,  PM  «  y,  AC  »  a. 
Then  from  the  uniformity  of  the  motion  of  CQ  and  MN^ 
we  have 

ACQ  :  ACB^AM  :  AC; 

whence   ACQ  ■» ^ 

2   a 
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But  PM  s  CM  tan  ACQ^  therefore  the  €<}uation  to  the 
curve  is 


y  -  (a  -  ^)  tan  ^-  -  j  . 


This  curve  was  used  by  Dinostratus  (a  mathematician  of 
the  school  of  Plato)  for  the  purpose  of  dividing  an  angle  into 
any  number  of  parts,  and  also  of  squaring  the  circle,  from 
which  it  derives  its  name.  The  following  is  the  property 
which  enables  the  curve  to  be  so  employed. 

When  a?«a,  we  have  (by  Chap.  vi.  Ex.  29)  y  =  C£«  —  , 

TT 

so  that  CE  is  a  third  proportional  to  the  quadrant  and  the 
radius,  and  thus  if  the  point  E  could  be  determined  by 
means  of  the  straight  line  and  circle,  the  circle  could  be 
squared. 

L^taud,  in  his  treatise  on  this  curve  appended  to  his 
Cyclomaihiay  showed  that  it  is  not  confined  within  the  semi- 
circle AJBDf  but  that  it  has  two  infinite  branches  extending 
below  the  axis  of  of,  and  bounded  by  asymptotes  parallel  to 
the  axis  of  y  at  distances  —  a  and  3a  from  the  origin.  In 
addition  to  this,  the  curve  has  an  infinite  number  of  infinite 
branches,  which  are  bounded  by  asymptotes  parallel  to  the 
axis  of  y  at  distances  Ba^  7a»  &c.,  —  da,  —  5a,  8ec.  from 
the  origin,  and  which  cut  the  axis  of  of  at  distances  4a, 
6ay  &c.,  -2a,  -4a,  &c.  from  the  origin.  The  farther 
these  points  are  removed  from  the  origin  the  more  nearly 
is  the  curve  perpendicular  to  the  axis  of  «,  the  value  of 

—^  at   the  intersection  being  =t  (2n  —  1)  —  ,   2wa  being  the 

abscissa  of  the  point  where  the  curve  cuts  the  axis  of  w. 


Rolling  Curves. 

(8)     The  Cycloid. 

This  curve  is  generated  by  a  point  P  in  the  circumference 
of  a  circle  bPc  (fig.  19),  which  rolls  along  a  line  AA'.  To 
find  its  equation  put 
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Then    AM^Ah^Mh^     or  or-a  (0  -  sin^), 

PM -  Oh  +  O'd,      or  y  «  a  (1  -  cosd). 

These  two  equations  taken  simultaneously  represent  the 
curve,  or,  if  we  eliminate  Q  between  them,  we  obtain  as  its 
equation 

a?  «  a  vers"*  —  (2ay  -  y*)*- 

a 

If  we  take  C,  the  highest  point  of  the  curve  as  our  origin, 
and  put  CN  ^  or,  FN  ^  y,  and  cCf'p  »  0,  we  should  tind 

«  «  a  (l  "  cos  0),  y  «  a  (0  +  sin  0) ; 

whence    y  ^  a  vers"*  -  +  (Saa?  -V)«. 

It  is  easy  to  see  both    from  geometrical   and  analytical- 
considerations  that   the  cycloid  is  not  limited  to  the  space 
between  A  and  A\  but  that  it  consists  of  an  infinite  number 
of  portions  equal  and  similar  to  AC  A  and    touching  each 
other  in  cusps  as  in  the  figure. 

After  the  Conic  Sections  there  is  no  curve  in  geometry 
which  has  more  exercised  the  ingenuity  of  mathematicians 
than  the  cycloid,  and  their  labours  have  been  rewarded  by 
the  discovery  of  a  multitude  of  interesting  properties,  im* 
portant  both  in  geometry  and  in  dynamics. 

The  invention  of  this  curve  is  usually  ascribed  to  Galileo, 
but  Wallis  in  a  letter  to  Leibnitz*  says,  that  it  is  mentioned 
by  Cardinal  de  Cusa  in  a  work  published  in  1510,  and  that 
in  the  MSS.  the  date  of  which  is  about  1454,  it  is  *^  pulchre 
delineatam^,  therein  difiering  from  the  printed  copies.  Ro- 
berval  proved  that  the  whole  area  of  the  cycloid  is  three 
times  that  of  the  generating  circle^  and  this  discovery,  which 
was  the  cause  of  many  disputes  between  rival  claimants  to 
the  honour  of  making  it,  drew  the  attention  of  mathematicians 
to  the  study  of  the  properties  of  this  new  .curve.  Among 
others,  Pescartes  occupied  himself  with  the  subject,  and  he 

*  Leibn.  Opera^  Vol,  iii.  p.  95. 
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showed  how  to  draw  tangents  to  the  curve,  and  proved  that 
the  tangent  at  any  point  P  (fig.  19)  is  perpendicular  to  the 
corresponding  chord  BQ  of  the  generating  circle,  and  con- 
sequently that  it  is  parallel  to  CQ:  from  this  also  it  readily 
follows  that  if  QR  he  a  tangent  to  the  generating  circle  at 
Q,  QR^PQ'^atcBQ.  Wren  was  the  first  who  rectified  the 
cycloid,  and  he  showed  that  the  length  of  an  arc  measured 
from  the  vertex  is  equal  to  twice  the  chord  of  the  generating 
circle  which  is  parallel  to  the  tangent  at  the  extremity,  so 
that  the  whole  length  of  the  curve  is  equal  to  four  times 
the  diameter  of  the  generating  circle.  Pascal  discovered 
the  means  of  finding  the  area  and  the  centre  of  gravity  of 
any  segment  of  the  curve  as  well  as  the  content  and  surface 
of  the  solids  formed  by  the  revolution  of  the  segment  round 
the  axis  of  the  curve,  and  the  base  of  the  segment,  and  to  the 
solution  of  these  problems  he  challenged  all  mathematicians 
in  a  letter  which  he  circulated  under  the  name  of  Dettonville, 
ofiTering  at  the  same  time  a  prize  of  forty  pistoles  to  the  first 
and  one  of  twenty  pistoles  to  the  second  person  who  should 
solve  them.  Wallis  and  Lalouere  appeared  as  candidates 
for  the  prize,  but  none  was  awarded.  To  Huyghens  is 
due  the  discovery  that  the  evolute  of  the  cycloid  is  an 
equal  cycloid  in  an  inverted  position,  and  that  the  radius  of 
curvature  is  double  of  the  chord  of  the  generating  circle 
which  is  perpendicular  to  the  tangent.  He  also  discovered 
the  important  dynamical  property  of  the  tautochronism  of 
a  cycloidal  pendiilum ;  that  is  to  say,  that  a  body  under 
the  action  of  gravity  falling  down  an  inverted  cycloid  with 
its  base  horizontal,  will  reach  the  lowest  point  in  the  same 
time  from  whatever  point  it  begins  to  fall.  Two  of  the 
most  remarkable  properties  of  this  curve  were  discovered 
by  John  Bernoulli :  1st,  that  it  is  the  curve  along  which  a 
body  will,  under  the  action  of  gravity,  fall  in  the  shortest 
time  from  one  given  point  to  another  not  in  the  same 
vertical :  2nd,  that  if  any  arc  of  a  curve  as  AB  (fig. 
21),  the  tangents  at  the  extremities  of  which  are  at  right 
angles  to  each  other,  be  evolved  into  a  curve  BA\  beginning 
from  B:  and  if  the  same  operation  be  performed  on  A'B, 
beginning  from   A'y  and   so  on  in   succession,  the  successive 


138  GBNERATION    OF    OUEV£B. 

involutes  will  oontinuaUj  apfutncioiate  to  a  commdh  cycloid, 
the  axis  of  which  is  parallel  to  JC*.  The  preceding  are 
only  a  few  of  the  most  important  properties  of  this  curve; 
for  a  detailed  account  of  all  which  the  industry  of  mathe- 
maticians has  discovered,  the  reader  must  be  referred  to  the 
treatises  on  the  cycloid  which  have  been  written  by  various 
authors.  Such  are  the  Histoire  ds  la  Roulette  of  Pascal; 
the  History  of  the  Cycloid  of  Carlo  Dati ;  the  Treatise  €le 
Cycloide  of  Wallis  ;  the  Historia  Cychidis  of  Groningius 
in  his  Bibliotheca  Universalis;  and  the  work  of  Lalouere 
called  Geometria  promota  in  VII  de  Cycloide  lU»ris, 

(9)  The  Companion  to  the  Cycloid. 

If  the  ordinate  QN  (fig.  20)  of  a  semicircle  be  produced 
till  it  be  equal  to  the  arc  CQ,  its  extremity  will  lie  in  a 
curve  which  is  called  the  companion  to  the  cycloid.  The 
co-ordinates  of  a  point  in  this  curve  are,  putting  CO  »  a, 
CN^w,  CN^y,  COQ^e, 

w  ^  a(\  -  cos  0),     y  =  aO. 

It  has  points  of  contrary  flexure  at  the  extremities  D 
and  d  of  an  ordinate  passing  through  the  centre  of  the  gene* 
rating  circle.  The  space  COD  is  equal  to  the  square  of  the 
radius;  the  whole  area  ACa  is  equal  to  twice  that  of  the 
generating  circle,  and  if  the  line  AC  be  drawn,  the  area 
AMD  is  equal  to  the  area  CLD. 

(10)  If  instead  of  supposing  the  point  P  to  be  in  the 
circumference  of  th^  generating  circle  we  suppose  it  to  be 
either  within  the  area  of  the  circle  or  without  it,  the  curve 
traced  out  is  called  a  Trochoid.  The  equations  to  such  a 
curve  are 

a?  ss  o  (d  -  n  sin  0), 

y  ■=  a  (1  -  n  cos  0), 

where  n  is  the  ratio  of  the  distance  of  the  tracing  point 
from  the  centre  of  the  generating  circle  to  the  radius  of  that 
circle. 

John  Bernoulli,  Opercky  Vol.  iv.  p.  98.  Euler,  Commen,  Petrop.  1766. 
liegendre,  Exerekes  du  Calctd  Integral,  Tom.  ii.  p.  491. 
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(11)    'Epitrochoids  and  Hypotrochoids. 

When  the  generating  circle  rolls,  not  on  a  straight  line, 
but  on  the  circumference  of  another  circle,  the  curve  generated 
is  called  an  Ej^itrochoid  or  a  Hypotrochoid,  according  as  the 
curve  rolls  on  the  exterior  or  interior  of  the  fixed  circle.  Let 
O  (fig.  22)  be  the  centre  of  the  fixed  circle,  C  that  of  the 
generating  circle,  o,  b  their  radii.  Let  A  and  Q  be  the  points 
originally  in  contact,  P  the  tracing  point.     Then  if  we  make 

CP^hy  CN^m,    PN^y,  AOB^Q,  so  that  Q,CB^\q, 

b 

V 

If  we  suppose  the  generating  circle  to  roll  in  the  inside  of 
the  fixed  circle  as  in  fig.  23,  we  should  find 

id  —  6\ 
a?  —  (a  -  6)  cos  0  +  A  cos  ( — —  j  0, 

y  s  (a  -  ft)  sin  d  -  a  sin  |  — - —  |  Q. 

When  A  a  6  these  become  the  equations  to  the  Epicycloid 
and  Hjrpocycloid  respectively.  When  a  and  6  are  commen- 
surable the  curve  will  re-enter  after  a  number  of  revolutions 
of  the  generating  circle  equal  to  the  least  common  multiple 
of  a  and  b :  in  such  cases  the  curve  is  expressible  by  an 
algebraical  equation  between  w  and  y.  When  a  and  b  are 
incommensurable  the  curve  will  never  re-enter,  and  is  ex- 
pressible only  by  some  transcendental  equation  between  x 
and  y. 

\l  h^b  and  6  =  a  the  equations  to  the  epicycloid  are 

«  »  a  (2  cos  d  -  cos  20), 
y  *B  a  (2  sin  d  -  sin  2d), 
or     .V  s  a  {l  +  2  cosd  (1  —  cosd)|, 
y  =  2a  sin  0  (1  -  cos  0). 
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Whence,  squaring  and  adding, 

d;«  +  y««a*|l  +4(1  -cose)|. 
But  we  have  also 

(ar  -  a)*  +  y»  «  4«« (l  -  cose)'. 

Therefore   (a?»  +  y*  -  a*)*- 4a»  {(a*  -  a)«+ y«| 

is  the  equation  to  the  curve  expressed  in  rectangular  co^ 
ordinates.     If  we  put  of  ^  a  -^  r  cos  0,   y  » f*  sin  0, 

we  find    r  as  2a  (1  -  cos  0), 

as  the  polar  equation.  From  its  shape  this  curve  is  called  the 
Cardioid :  in  common  with  the  circle  it  possesses  the  property 
that  all  lines  drawn  through  its  pole  and  bounded  both  ways 
by  the  curve  are  of  equal  length. 

In  the  equations  to  the  hypotrochoid,  if  we  make  h^z  b 

a 

and  6s  -}  we  obtain  by  the  elimination  of  9  the  equation 
4 

which  may  be  put  under  the  form  ar*  -f  y' «-  ol. 

This  hypocycloid  occurs  in  the  solution  of  many  problems. 

a 
If  in  the  equations  to  the  hypotrochoid  we  put  6s-,  then 

Of  =  (  -  -h  A I  cos  0j    y  =  I A  j  sin  d. 

Whence   g  -  a)  V  +  (^  +  a)  V  =  [^  -  A')', 
which  is  the  equation  to  an  ellipse  the  axes  of  which  arc 

-  +  A   and A. 

2  2 

If  A  B  -  the  hypocycloid  becomes  a  straight  line,  which 

is  one  of  the  diameters  of  the  fixed  circle. 

Professor  Wallace*  has  made  a  very  elegant  application 
of  the  preceding  property  of  the  ellipse  to  generate  that  curve 

*  Wallace's  Conic  Sectiontf  p.  182. 
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by  continuous  motion.  A  and  B  (fig.  24)  are  two  wheels 
the  axes  of  which  turn  in  holes  O,  C  near  the  ends  of  the  con- 
necting bar  OC,  The  diameter  of  the  wheel  B  is  one  half  of 
that  of  A<,  and  a  band  EF  goes  round  them.  An  arm  CP 
is  attached  to  the  wheel  By  and  bears  at  its  extremity  P  a 
tracing  pencil.  If  now  the  wheel  A  be  fixed  while  the  bar 
OC  is  turned  round  Oj  the  wheel  B  will,  by  the  action  of  the 
bandy  be  made  to  revolve  twice  round  its  centre,  while  the  bar 
revolves  once  round  O:  the  point  P  will  then  trace  out  an 
ellipse. 

All  Epicycloids  and  HypocycUnds  are  rectifiable,  as  was 
first  shown  by  Newton*.  The  length  of  the  arc  of  the  epicy- 
cloid comprised  between  two  contiguous  cusps — that  is,  the 
length  of  the  arc  produced  by  one  revolution  of  the  generating 

46 
cirele-^s  —  (a  +  6),  and  the  corresponding  arc  of  the  hypo- 
cycloid  is  —  (a  -  6). 

The  corresponding  area  of  the  epicycloid  is (3a+2fr) 

a 

irV 
and  of  the  hypocycloid  it  is (Sa  —  26). 

The  evolute  of  the  epicycloid  is  a  similar  figure,  the  radii 

of  the  fixed  and  generating  circles  being and ~ 

a  +  26  a  +  26 

respectively.      An   analogous   theorem    holds   for   the  hypo- 
cycloid. 

(12)     The  Spiral  of  Archimedes. 

While  the  straight  line  OM  (fig.  25)  revolves  uniformly 
round  O,  let  the  point  Pmove  uniformly  along  OM',  the  locus 
of  the  point  P  is  the  spiral  of  Archimedes.  To  find  its  equa- 
tion let  AOP «  0,  OP «  r,  and  when  d^Zir  let  r  ^  a. 

Then    -  «  — ,     or  r  a  —  0, 
d      Stt  2w 

which  is  the  equation  to  the  curve. 

•  Principioy  I.  Prop.  49. 


se 
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The  following  are  its  principal  properties.  The  area  ot 
any  sector  bounded  by  a  line  as  OQ  «  r  is  one  third  of  the 
circular  sector  QOR^  and  it  is  one  half  of  the  area  of  the 

gment  of  a  parabola  [whose  latus  rectum  is  —  ]  included 

between  the  vertex  and  an  ordinate  »  r.  The  length  of  the 
arc  of  the  sector  of  the  spiral  is  equal  to  that  of  the  segment 
of  the  parabola.  If  a  tangent  be  drawn  at  the  extremity  of 
the  arc  foirmed  by  one  revolution  of  the  radius,  the  subtangent 
will  be  equal  to  the  circumference  of  the  circle  whose  radius  is 
a.  If  at  the  extremity  of  the  arc  formed  by  two  revolutions, 
it  will  be  double  of  the  circumference,  and  so  on. 

This  curve  was  invented  by  Conon,  but  its  principal 
properties  were  discovered  by  the  geometer  whose  name  it 
bears. 

(is)     The  Logarithmic  Spiral. 

.  The  definition  of  this  spiral  is,  that  the  radius  increases 

in  a  geometric  while  the  angle  increases  in  an  arithmetic  ratio. 

a 
Hence  its  equation  will  be  of  the  form  r  t^ce'^f 

or,  as  it  is  usually  written,  r^cf. 

This  curve  was  imagined  by  Descartes,  who  also  noticed 
two  of  its  properties ;  that  at  every  point  it  makes  equal  angles 
with  the  tangent,  and  that  the  length  of  the  curve  measured 
from  the  origin  is  proportional  to  the  radius  of  its  extremity. 
Since  r^O  when  dec  -  co,  it  appears  that  the  curve  makes 
an  infinite  number  of  revolutions  before  it  reaches  the  pole; 
a  property  which  was  at  first  disputed  by  Descartes.  From 
the  form  of  the  equation  it  is  easy  to  see  that  radii  including 
equal  angles  are  proportional;  for  if 

T^a^  and   r^  «  o*+%    ~  «  a\ 

T 

m 

Again,  if    ^o  =  a*,     p,  «  a*+%     ^'  =  «« ; 

P 

and  therefore     —  =  ^* . 

''       P 
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The  length  of  an  arc  of  the  curve  measured  from  the  pole 
is  equal  to  the  portion  of  the  tangent  at  its  extremity  cut  oiF 
by  the  subtangent,  and  the  area  is  one  half  of  the  triangle 
contained  by  the  bounding  radius,  the  tangent  at  its  extremity, 
and  the  subtangent.  But  the  most  remarkable  properties  of 
this  curve  were  discovered  by  James  Bernoulli,  who  showed* 
that  this  spiral  can  be  made  to  reproduce  itself  in  many  ways. 
The  evolute  and  involute  of  this  curve  are  both  spirals  equal 
to  the  original  one,  find  differing  from  it  in  position  only ; 
its  caustics  both  by  reflexion  and  refraction  (the  pole  being 
the  origin  of  light)  are  also  spirals  equal  to  the  primary 
one ;  and  if  another  equal  spiral  be  made  to  roll  on  the 
first,  the  pole  of  the  rolling  spiral  will  trace  out  another 
spiral  equal  to  the  original.  This  property  of  the  logarithmic 
spiral  of  constantly  reproducing  itself  appeared  so  remark- 
able to  Bernoulli  that  he  called  it  sjdra  mirabUiSj  and  he  was 
pleased  to  see  in  it  a  type  of  constancy  amid  changes  and  in 
adversity,  and  a  symbol  of  the  resurrection.  As  a  specimen 
of  the  fanciful  light  in  which  he  viewed  the  properties  of  this 
curve,  I  add  the  concluding  paragraph  of  his  paper.  ^^  Cum 
autem  ob  proprietatem  tam  singularem  tamque  admirabilem 
mire  mihi  placeat  spira  hsec  mirabilis,  sic  ut  ejus  contempla- 
tione  satiari  vix  queam ;  cogitavi  illam  ad  res  varias  symbolice 
repnesentandas  non  inconcinne  adhiberi  posse.  Quoniam  enim 
semper  sibi  similem  et  eandem  spiram  gignit,  utcunque  volvatur, 
evolvatur,  radiet ;  hinc  poterit  esse  vel  sobolis  parentibus  per 
omnia  similis  Emblema  :  Simillima  Jilia  matri, . . .  Aut,  si 
mavis,  quia  curva  nostra  mirabilis  in  ipsa  mutatione  semper 
sibi  constantissime  manet  similis  et  numero  eadem,  poterit 
esse  vel  fortitudinis  et  constantise  in  adversitatibus ;  vel  etiam 
camis  nostra,  post  varias  alterationes  et  tandem  ipsam  quoque 
mortem,  ejusdem  numero  resurrecturse  symbolum;  adeo  quidem 
ut  si  Archimedem  imitandi  hodienum  consuetudo  obtineret  li- 
benter  spiram  hanc  tumulo  meo  juberem  incidi  cum  epigraphe: 
Eadem  mutaia  resurget*^ 

•  Opera^  p.  497. 


CHAPTER   IX. 


ON    THE   TANGENTS,    NORMALS  AND   ASYMPTOTES   TO   CURVES. 


Sect.  1.     Rectilinear  Co-ordinates. 
If  the  equation  to  the  curve  be  put  under  the  form 

the  equation  to  a  tangent  at  a  point  wy  is 

y  -y  rf^(^  ^^)^ 

of  and  y  being  the  current  co-ordinates  of  the  tangent. 
If  the  equation  to  the  curve  be  put  under  the  form 

the  equation  to  the  tangent  takes  the  more  symmetrical  form 

du  .  ,       .       du  ,  , 

If  t«  be  a  homogeneous  function  of  n  dimensions  in  w  and 
y^  by  a  well-known  property  of  such  functions 

du        du 
UD  —-  -^y  -—  ^nu  ts  nc, 
da        dy 

and  the  equation  to  the  tangent  becomes 

,  du        ,  du 
dof         dy 

The  equations  to  the  normal  are 

y  -y^  -  ;r-(^  -Of); 

dy 

du     ,  du 

or     _(y-y)-_(^'-,).o. 
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da 


The  length  of  the  subtangent  is   9  ,    • 

dy 
The  length  of   the  subnormal  is  y  — - . 

dx 


{        ldx\^\i 
The  length  of  the  tangent    is      V  {^  +  (t")  r 


The   length   of  the   normal   is       Vi^'^l^^/i' 

The  perpendicular  from  the  origin  on  the  tangent  is 

du         du 
ydof  —  wdy  dw         dy  nc 


if  u  be  a  homogeneous  function  of  n  dimensions  in  w  and  y. 

The  portion  of  the  tangent  intercepted  between  the  point 
of  contact  and  the  perpendicular  on  it  from  the  origin  is 

du         du 

w  —  —  y  — 

wdiV  +  ydy  dy         dx 

The  portions  of  the  axes  cut  off  between  the  origin  and 
the  tangent,  or  the  intercepts  of  the  tangent,  are 

dy 
y  -  ^  •--  along  the  axis  of  y, 
dx 

dx 
^  —  y  -—  along  the  axis  of  x, 
dy 

These  I  shall  call  y^^  Xq  respectively. 

Ex.  (l).     The  equation  to  the  hyperbola  referred  to  its 

asymptotes  is 

xy  =  m*. 

du  du 

Then  ---  »  y,  —  «  x,  and  the  equation  to  the  tangent  is 
dx  dy 

y  (a?'  -  0?)  +  a?  (y  -  y)  =  0 ; 

or   yx'  -¥  xy^Qxy  ^  2mK 
10 
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dy         m*  dx         w^y 

Since  t-  *= r  >   the  subtangent  «  v  -7- ?  «  -  or, 

dx  m*  o  ^  jy  ^8 

as  iV^  =  m*. 

The  perpendicular  on  the  tangent  p  ■  -r-g ^ . 

Also   y,,«=y  +  —  «=  2y,    and  ir^,«jf+  —  =  2». 

Hence  the  product  of  the  intercepts  of  the  tangent 

"^  ^0^0  =  ^^y  '^  ^^  ^^  constant ; 

and  the  triangle  contained  between  the  axes  and  the  tangent, 
being  proportional  to  this  product,  is  also  constant. 

(2)    The  equation  to  the  parabola  referred  to  two  tangents 
as  axes  is 


O^d)- 


Hence  the  equation  to  the  tangent  is 


(aar)i  "  (fry)* 
The  intercepts  are  dfo  «  (aa?)i,     y^  =  (6y)i ; 

or  co^y  yo  are  the  co-ordinates  of  the  chord  joining  the  points 
at  which  the  axes  touch  the  curve. 

(3)  The  equation  to  one  of  the  hypocycloids  referred 
to  rectangular  co-ordinates  is 

d^l  +  ^  =  ai 

The  equation  to  the  tangent  is 

^'    y'     « 

-r  +  -,  =  ail. 

.Ts        yt 

Therefore  a?o  =  a'a?i,  VQ^o^iy^;  and  the  portion  of  the 
tangent  intercepted  between  the  axes  «  (w^  +  yo')i  ■>  a ;  or  the 
hypocycloid  is  constantly  touched  by  a  straight  line  of  given 
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length  which  slides  between  two  rectangular  axes.  The  con« 
Yerse  of  this  proposition,  viz.  that  the  locus  of  the  ultimate 
intersections  of  a  line  of  given  length  sliding  between  rect- 
angular axes  is  this  hypocycloid,  was  first  shewn  hy  John 
Bernoulli.     (See  his  Works,  Vol.  iii.  p.  447.) 

For  the  perpendicular   from   the   origin  on  the  tangent 
we  find 

p  «  (aa?y)*. 

(4)     In  the  cissoid  of  Diodes, 

y* ; 


whence  the  sublangent 


Sa-^a 


a^  (3  a  —  d?) 

and  the  subnormal  «-7^^ r^* 

(2  a  -  wy 

(5)     In  tlie  logarithmic  curve 

* 

The  subtangent  s  a,  and  is  therefore  constant. 
The  tangent  =  (a^  +  y*)*. 

The  subnormal  =  - .      The  normal  =  -  (a*  +  y^)K 


y(a-^  Or)  y'  +  aw 


(6)     In  the  catenary 


c     ' 


y--(€'^+€  ^). 

c    iif      -—  y* 

The  subnormal  =-(€*—€    * ).     The  normal  =  —  • 

4  ^  ^  c 

The  subtangent  =^^^^.     The  tangent  «  j^^^ 

10—4 
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(7)  From  the  general  parabolic  equation 
we  find  the  equation  to  the  tangent  to  be 

mm  W  -y)^y  (^'  -  ^)- 

The  subtangent  »  mtv.     The  subnormal  «  -^—  a , 

fnw      my*" 

y  = y,  a?,=  -  (m  -  1)  a?, 

whence  wi"  y^^  **  ^  (m-l)""'  a"  '*  a?^,, 
(m  -  1)  ary  f?i«*  +  y* 

^  "  (m«/r«  +  y«)i '  "  (wV  +  y«)4  * 

(8)  In  the  curve  of  ^  e  ^    we  easily  find,  by  taking  the 
logarithmic  differential, 


X  y  -  0? 


a?'  a^o  a? 


Subtanirent  = =— y  —  ss-^To-. 


(9)     The  equation  to  the  cycloid  referred  to  its  vertex-  is 

dy       /2o-^\* 

dw       \     w     I  ^ 
AB  (fig.  19)  being  the  axis  of  w. 

If  Af  be  the  point  where  the  ordinate  meets  the  generating 
circle,  and  if  we  join  MA,  MB,  then 

MN      (^aw-a^i      dy 


tan  MAN 


AN  a  da 


That  is  to  say,  the  tangent  to  the  cycloid  is  parallel  to  the 
chord  of  the  generating  circle.  The  normal  is  evidently 
parallel  to  the  other  chord  MB,  Hence  also  the  angle  which 
two  tangents  make  with  each  other  is  equal  to  the  angle  between 
the  corresponding  chords  of  the  generating  circle. 

yo  -  y  -  (Sao;  -  or)*  =  PN -- MN  ^  PM. 

But  from  the  generation  of  the  curve,  PM  is  equal  to  the 
arc  of  the  circle  AM,  therefore  y^  «  arc  AM. 
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rfy\*li       /2«\^      (2a/p)4 


^  H%))-m 


w 
and  chord  JM  "(2  a iV)i.     Therefore 

normal  =  -  (2aw)^  = —  , 

iff  •         AN 

(2aar)i  chord -iJf 

(10)     If  p,  r,  be  the  perpendicular  on  the  tangent  and 

the  radius  vector  at  any  point  of  a  curve,  then  ^  will  be  the 

perpendicular  on  the  tangent  at  the  corresponding  point  of 
the  curve  which  is  the  locus  of  the  extremity  of  p. 

Let  Xj  y,  be  the  co-ordinates  of  the  first  curve,  a,  )3,  of 
the  second ;  then  p  being  the  perpendicular  on  the  tangent, 
its  equation  is 

aaf^Py^p*^a*  +  ^,  (l) 

since  o,  /3,  are  the  co-ordinates  of  the  extremity  of  p.  But 
the  line  being  a  tangent,  this  equation  will  hold  when  we  put 
»  ^dof  and  y  -Y  dw  for  w  and  y ;    we  then  have 

adat  '\'  fidy^^O.  (2) 

Now  if  F  s  0  be  the  equation  connecting  a  and  /3,  that  is 
to  say,  the  equation  to  the  locus  of  the  extremity  of  p,  and  if 
P  be  the  perpendicular  on  the  tangent  of  that  curve, 


da     ^  d^ 

Ta)  ■"  y } 

But  from  the  equation  to  the  curve 


—  <fa  +  ^rf^-0.  (8) 

Now  differentiating  (1)  considering  a,  y,  a,  )3,  as  variables, 
and  paying  attention  to  (i),  we  have 

(JB  -  2a)  da  +  (y  -  2/3)  d/3  «  0.  (4) 
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\  (3)  -  (4)  s  0  gives^  on  equating  to  zero  the  coefficients 
of  each  differential, 

dY  dV  ^ 

Substituting  these  values  of  —  and  -r^  in  the  expres- 
sion for  Py  it  becomes 

2(a»+/3')-(«»+/3y) 


which  by  (l)  is  reduced  to 

(tV*  +  y^)i       r  * 

(11)  To  find  the  least  polygon  of  a  given  number  of 
sides  which  will  circumscribe  a  given  oval  figure. 

Let  ABf  BCy  CDy  (fig.  26)  be  consecutive  sides  of  the 
polygon.  Produce  ABj  DC  to  meet  in  E^  which  take  as 
origin,  the  axes  being  EJ,  ED*  Then  the  position  of  BC 
must  be  such  as  to  make  BEC  a  maximum. 

Now  calling  as  before  the  intercepts  of  the  tangent  Wqj  y^y 

do6  dy 

X  and  y  being  the  co-ordinates  of  the  point  of  contact  P. 
The  area  BEC  -  ^oif^y^  sin  E^  therefore 

/  dai\   (  dy\       (  dy\^  dw 

is  to  be  a  maximum,  (neglecting  the  negative  sign). 
Differentiate  with  respect  to  d?, 

(dy\  d^y  dm ,  dx       ^ 

The  last  factor  alone  gives  a  solution.     From  it  we  have 
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That  is,  EM^\EB^MB,  and  hence  also  CP  ^  PB, 
or  CB  is  bisected  at  the  point  of  contact.  As  the  same  con- 
dition holds  for  every  side  of  the  polygon,  it  follows  that,  when 
the  polygon  circumscribing  an  oval  is  a  minimum,  each  side  is 
bisected  at  the  point  of  contact.  Hence  we  see  that  of  all  the 
parallelograms  which  circumscribe  an  ellipse,  those  are  least 
which  have  their  sides  parallel  to  conjugate  diameters. 

(12)  The  degree  of  a  curve  being  n,  there  cannot  be  more 
than  n(n  -  1)  tangents  drawn  to  it  from  one  point. 

Let  u  =iC  (1) 

be  the  equation  to  the  curve,  then  the  equation  to  th&  tan- 
gent is 

,du       ,du        du        du 
aof  ay         dx         dy 

and   the  condition   that   this    tangent    shall  pass  through   a 
given  point  a,  6,  is 

du      ,  du         du         du  ^  . 

doc         dy         dx         dy 

The  equations  (l)  and  (2)  being  combined  together  will 

give  the  values  of  a  and  y  at  the  points  of  contact ;  and  as 

both  equations  are  of  n  dimensions  in  w  and  y,  (since  u  is 

du  du 

of  n  dimensions  and   -—  and  — —  of   n  -  1,    and    therefore 

dx  dy 

du  du 
#  —  +  y  —  of  n  dimensions),  it  would  appear  that  the  re- 
sulting equation  is  of  the  degree  »%  and  therefore  that  there 
are  as  many  tangents  passing  through  the  point.  But  the 
degree  of  the  equation  can  always  be  reduced ;  for  we  may 
combine  (2)  with  any  multiple  of  (l),  and  the  result  of  the 
elimination  between  the  new  equation  and  either  of  the  others 
will  still  give  us  the  co-ordinates  of  the  point  of  contact. 
Multiply  (1)  by  n  and  subtract  it  from  (2),  then  we  have 

du      _  du  du        du  ,  . 

dx        dy  dx      ^  dy  ^  ^ 
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Now  by  a  property  of  homogeneous  functions,  if  o  be 
homogeneous  of  n  dimensions  in  w  and  y^ 

dv         dv 

djff        dy 

This  then  will  be  true  of  the  terms  of  n  dimensions  in  u^ 

and  they  will  therefore  disappear  from  the  second  side  of  the 

equation  (3),  which  will  thus  be  reduced  to  (n  ~  1)  dimensions, 

du  du 

since  -—  and  -;—  are  only  of  that  decree.     Hence  the  com- 
dio  dy,  ^  ^ 

bination  of  (1)  with  (S)  will  rise  only  to  the  degree  n{n  ^  1), 
which  therefore  represents  the  greatest  number  of  tangents 
which  can  be  drawn  from  a  given  point  to  a  curve  of  n  dimen- 
sions. Waring  had  fixed  the  limit  at  n%  as  it  at  first  sight 
appears  to  be ;  the  preceding  process  of  reduction  is  due  to 
Bobillier,  Annates  de  Gergonne^  Vol.  xix.  p.  106.  It  is  to  be 
observed  that  though  n  (n  -  l)  is  the  greatest  number  of  tan- 
gents which  can  be  drawn,  it  seldom  reaches  that  limit,  since 
the  final  equation  generally  involves  impossible  roots  which 
refer  to  tangents  drawn  to  the  branches  of  the  curve  which  do 
not  lie  in  the  plane  wy.  Since  n  (n  —  1)  is  essentially  even, 
it  may  happen  that  for  certain  positions  of  the  point  all  the 
roots  are  impossible;  a  result  which  is  geometrically  apparent, 
inasmuch  as  from  the  interior  of  an  oval  curve,  such  as  the 
ellipse,  no  tangents  can  be  drawn  to  the  part  of  the  curve 
which  lies  in  the  plane  of  wy. 

Asymptotes. 

As  an  asymptote  is  a  line  which,  intersecting  the  axes  at 
a  finite  distance  from  the  origin,  is  a  tangent  to  the  curve  at 
an  infinite  distance,  it  appears  that  if  <Vo  or  y^  remain  finite 
when  ^  or  y  are  infinite,  their  values  will  determine  the 
position  of  the  asymptote. 

A  more  convenient  method  however  is  that  first  given  by 
Stirling,  in  his  Linece  Tertii  ordinis  NewtoniancBy  p.  48. 

If  y^f{w)  be  the  equation  to  the  curve,  and  if  we  can 
expand  f{pB)  in  descending  powers  of  Wy  so  that 

y  »  o^a?"*  +  a^.n-r""*  +  &c.  +  a^w  +  a^  +  —  +  --v  +  &c. ; 

CB         or 
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then  when  o^ »  0Q9  the  terms  involving  negative  powers  of  w 
vanish,  and  the  equation  to  the  curve  coincides  with  that  to 
another  curve  the  equation  to  which  is 

This  then  is  the  general  equation  to  a  curvilinear  asymp- 
tote, the  nature  of  which  will  depend  on  the  degree  of  the 
highest  power  of  w  which  is  involved  in  it.  The  most  im< 
portant  case  is  that  in  which  the  equation  is  reduced  to 

that  is,  in  which  the  asymptote  is  a  straight  line. 

This  method  fails  when  the  asymptote  is  parallel  to  the 
axis  of  y,  as  in  that  case  the  coefficient  of  m  would  be  infinite : 
but  asymptotes  of  this  kind  are  visible  by  a  simple  inspection 
of  the  equation  to  the  curve  when  it  is  put  under  the  form 
y^fipr).  For  the  value  of  y  being  infinite  for  the  abscissa 
corresponding  to  the  asymptote,  we  have  only  to  find  what 
values  of  a  will  make  f(ai)  «  00,  or  to  make  the  denominator 
of  f  (of)  vanish,  since  no  finite  value  of  a  in  the  numerator  can 
make  f(ai)  a  co.  These  values  of  w  being  found,  the  ordi- 
nates  drawn  through  them  are  asymptotes  to  the  curve. 

(IS)     Let  the  equation  to  the  curve  be 

dy      2aw  +  SoF 


Then 


and    yo "  y  - 


dw  Sy"       ' 


But  from  the  equation  to  the  curve,  S{j^  —  sf)  ^  Saa^j 
therefore 

a  cf 

To  find  the  value  of  -r  when  w  and  v  are  infinite,  we  have 

f 
from  the  original  equation 

^r  s  -  4.  1  9  1  when  m  and  y  are  infinite. 

AT         tP 
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Therefore  also  ~  ■=  1  when  so  and  y  are  ipfiDite. 

and  hence    y^^  -> 

S 

Similarly^     ^^ «  or  - 


2a«»  +  S<r*  SacV  +  dj?* 


3 


Hence  the  asymptote  cuts  the  axis  of  j^  at  a  distance 
- ,  and  that  of  ^  at  a  distance   -*  -   from  the  origin,   and 

3  o 

as  it  is  therefore  inclined  at  an  angle  of  i5®  to  the  axis  of 

Wy  its  equation  is 

a 
y  9  a  +  -. 

(14)     Let  the  equation  to  the  curve  be 


y* 


w  —  a 

a 


Then 


\w  -^  al  \         a  I 

so 

=  flf  (1  +  —  +  -"7  +  &c.); 
w         or 

and     y«±a?(i  +  -.+  --  +  gfc). 

Of      or 

Therefore  y  b  db  (a?  +  a)  are  the  equations  to  two  asymp- 
totes at  right  angles  to  each  other. 

Another  asymptote  parallel  to  the  axis  of  y  is  given  by 
putting  Of  ma. 

(15)     Let  the  equation  to  the  curve  be 

afl  —  Saa^  +  a' 
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The  denominator  equated  to  0  gives  m^b^  of «  26;  there- 
fore the  corresponding ordinates  are  asymptotes,  since  for  w^h 
and  x^2b  y  is  infinite. 


Also 


\        Of       a?) 


Whence,  expanding  and  rejecting  the  terms  involving 
negative  powers  of  af,  we  have  y  a  a?  —  3  (a  -  6)  as  the 
equation  to  a  third  asymptote,  which  is  therefore  inclined 
at  an  angle  of  45^  to  the  axis  of  w. 

When  the  equation  cannot  be  solved  with  respect  to  y, 
we  are  sometimes  able  to  determine  the  asymptotes  by  as- 
suming y  «  wzy  and  then  by  means  of  the  equation  expressing 
9  and  y  in  terms  of  «.  If  the  same  value  of  z  which  renders 
x  and  y  infinite  give  a  finite  value  for  the  intercepts  of  the 
tangents,  then  these  determine  the  position  of  the  asymptotes. 

(16)     Let  ay'  -  haP  +  c^wy  =  0 

be  the  equation  to  the  curve :  then  assuming  y  s  wz^  we  find 


•-  c*«« 


crz 

w^- -%    y 


b  —  a«"*  b  -  aaf"* 

Now  m  and  y  are  both  infinite  when  iir «  (- J  ,  and  the 

intercept  of  the  tangent  on  the  axis  of  y  is 

—  <?3py  —  c*z 


6\4 


which  when'  «—  |-j  ,  and  consequently  «s  cs  becomes 


c» 


and  the  equation  to  the  asymptote  is 
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(17)  If  the  equation  to  the  curve  be 

y*  —  «*  +  2ba^y  s=  0, 

we  find  by  the  same  means  the  equations  to  two  asymptotes 
to  be 

y-^--5     and  y«-  ^  "^'i)' 

(18)  Find  the  asymptotes  of  the  curve 

JT*  -  ay  (ar  —  6)  =  0. 
As  this  equation  can  be  put  under  the  form 


oy 


«»  —  6* 


the  curve  has  a  rectilinear  asymptote  in  the  ordinate  at  a 
distance  b  from  the  origin.  It  has  also  a  parabolic  asymptote^ 
for  we  have 

and  therefore  for  the  asymptote 

ay  ■>  ^  —  6ir  +  6'; 
or     ay-f6»- (a?-^6)«; 

the  equation  to  a  common  parabola,  the  latus  rectum  of  which 
is  a,  and  the  axis  of  which  is  parallel  to  that  of  y. 

(19)     The  curve  whose  equation  is 

aV-26'y-^*«0i 
has  two  parabolic  asymptotes  whose  equations  are 

,..(,3,  .,..£,). 

Their  common  axis  is  therefore  the  axis  of  y,  and  their 
latent  recta  are  equal  to  a,  but  they  are  turned  in  opposite 
directions. 

It  sometimes  happens  that  we  obtain  an  equation  for  an 
asymptote  with  possible  coefficients,  though  for  large  values 
of  one  variable  in  the  equation  to  the  curve,  the  other  va-- 
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liable  becomes  impossible*  This  apparent  anomaly  has  been 
explained  by  Mr  Walton  *,  by  availing  himself  of  the  general 
interpretation  which  may  be  given  to  the  symbols  in  ana- 
lytical geometry.  The  impossibility  of  one  of  the  variables, 
when  certain  values  are  assigned  to  the  other,  may  be  in- 
terpreted as  signifying  that  the  curve  for  these  values  leaves 
the  plane  to  which  it  is  referred.  Now  when  by  assigning 
an  indefinitely  large  value  to  the  one  variable,  the  other 
tends  to  become  again  possible  and  to  assume  the  form  of 
the  equation  to  a  straight  line,  as  is  the  case  when  we  find 
a  possible  rectilinear  asymptote,  this  indicates  that  the  curve 
tends  to  return  to  the  plane  of  reference,  and  that  at  an 
infinite  distance  it  will  coincide  with  it  in  a  line,  the  equa- 
tion to  which  is  that  of  the  asymptote. 

(20)     As  an  example  of  a  curve  having  a  possible  asymp- 
tote to  an  impossible  branch  let  us  take  the  equation, 

w^  (y  -  cy  «  fe*  (a«  -  0^). 

When  <v  as  0,  y  s  oo  and  is  possible,  and  therefore  the  axis 
of  y  is  an  asymptote:  this  is  one  of  the  ordinary  kind.  But 
if  we  put  the  equation  under  the  form 

it  is  easily  seen  that  when  ^r  »  oo  ,  y  a  c.  On  the  other 
hand,  if  a?  >  a,  y  is  impossible.  Hence  the  line  whose  equa- 
tion h  y^e  is  an  asymptote  to  an^ impossible  branch  of  the 
curve ;  that  is  to  say,  a  branch  of  the  curve  leaves  the  plane 
of  reference  when  a? »  Ji  a,  but  tends  to  return  to  it  again 
when  ap»  sb  00,  coinciding  then  with  the  line  whose  equation  is 
y  asB  c.  The  form  of  the  curve  is  given  in  fig.  27,  where  the 
dotted  curve  represents  the  impossible  branches  of  the  curve 
lying  in  a  plane  at  right  angles  to  the  plane  of  the  paper. 

On  the  subject  of  asymptotes  to  curves,  the  reader  may 
consult  in  addition  to  the  work  of  Stirling  before  referred 
to,  Newton^s  Enumeratio  Linearum  Tertii  ordinis,  Cramer^s 
Anahfse  des  Lignea  CourbeSy  Chap.  viii.  and  a  paper  in  the 
Cambridge  Mathematical  Journal  for  November,  1843. 

*  Cambridge  MathemaHcal  Journal^  Vol.  ii.  p.  236. 


15ff  TANGENTS   TO    CURVBS: 


Sect.  2.     Polar  Co-ordinates. 

If  the  curve  be  expressed  by  a  relation  between  r  and 
Of  then  the  tangent  of  the  angle  (0)  between  the  radius  vector 

and   the  tangent   to  the   curve  is    r  —.     The  subtangent, 

which  is  the  portion  of  a  perpendicular  to  the  radius  vector 

at  the  origin  intercepted  by  the  tangent,  is  r*  — - ;  and  the 

dr 

perpendicular  from  the  origin  on  the  tangent  is 

If  the  curve  be  expressed  by  a  relation  between  u  and  0 

where  t«  »  - ,  the  subtangent  and  perpendicular  are  equal  to 
r 

—  -r-  and    ,  ■      .  i  respectively. 


{-^Qf 


Asymptotes    to  spirals  are    determined   by  finding  what 
value  of  0  makes  r  infinite;    and  if  the  same  value  of  0 

make  r*  -r-  either  iBnite  or  equal  to  zero,  a  line  drawn  through 
dr 

the  extremity  of  the  subtangent  parallel  to  r  is  an  asymptote 

to  the  curve. 

Spirals   may   have   asymptotic  circles:    these   are  found 

by  the  condition  that  an  infinite  value  of  0  gives  a  finite 

value  for  r. 

Ex.  1 .     The  equation  to  the  spiral  of  Archimedes  is 

r  =  aO. 

The  angle  between  the  radius  and  tangent  is 

d}  «  tan"'  r  —-^  tan~*  0, 

'  dr 

The  subtangent  =  — . 
^  a 
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The  equation  to  the  locus  of  the  extremity  of  the  subtangent 

is  evidently 

r* 

a 

0  being  measured  from  a  line  90^  distant  from  the  original 
axis  as  /  is  at  light  angles  to  r.  If  in  a  similar  way  we 
find  the  locus  of  the  extremity  of  the  subtangent  of  the 
curre  /sad^,  and  so  on  in  succession,  we  shall  have  a 
series  of  spirals,  the  equations  to  which  are 


//     ^^  ftf 


r<->» 


"1.2'      ^   ^'i.a.s ^     "l.2...(n- 1)' 

the  angle  Q  in  each  case  being  measured  from  a  line  ^ 
distant  from  that  in  the  preceding  curve. 

(2)  The  equation  to  the  hyperbolic  spiral  is 

a  9 

r-5,     or  w  =  -; 

69 
therefore  the  subtangent  =  —  =  a.    * 

The  locus  of  the  extremity  of  the  subtangent  is  evidently 
a  circle,  the  radius  of  which  is  a :  and  as  0  s  0  makes  r  s  00 
while  the  subtangent  remains  finite  and  equal  to  a,  it  appears 
that  a  line  drawn  parallel  to  the  axis  at  a  distance  a  is  an 
asymptote. 

(3)  The  equation  to  the  lituus  is 

4  9i 

r  =  -T  ,     or   ?^  «  — ; 
&9  a 

then     d)  «  tan"*  (-  20),     subtangent  «  2 afll ; 

and  as  9-0  makes  r  «  00  and  the  subtangent  «  0,  it  appears 
that  the  line  from  which  9  is  measured  is  an  asymptote  to  the 
curve. 

Also  since  ^9^ff  it  appears  that  if  a  circle  be  described 
with  radius  r,  the  sector  between  the  axis  and  the  radius  r 
is  of  constant  area. 

(4)  The  equation  to  the  Lemniscate  is 

r'-s  a*cos20. 


160  TANGENTS    TO    CURVES. 

The  perpei)4icular  on  the  tangent  is  -^ : 

d9  TT 

d>  =  tan-'  r   -  «  tan"*  (-  cot  2fl)  «  20  -  - . 
(5)     The  equation  to  the  logarithmic  spiral  is 

B 


r^ce"" 


Then  ^^tan'^oy  and  is  therefore  constant; 

Ta 
p-r8in(taa->a)-^^-j-^. 

The  subtangent  «  ra. 

The  locus   of  the   extremity  of  the   subtangent  is   the 

involute  of  the  curve,  the  equation  to  it  being 

$ 

and   therefore  a  similar  spiral. 

Also  if  r^  be  the  subnormal,  that  is,  the  portion  of  a 
perpendicular  to  the  radius  vector  at  the  origin  cut  off  by 
the  normal,  the  locus  of  the  extremity  of  r^  is  the  evolute 
of  the  spiral,  its  equation  being 

r      c    i 
r,  «  -  =  -  e*  . 
a      a 

(6)  The  equation  to  the  Cardioid  is 

r  »  a  (1  —  cosd). 

If  r'  be  a  radius  in  the  direction  of  r  produced  backwards, 
/  =  o  { 1  -  cos  (0  +  tt)  }  =  a  (1  +  cos  6). 

Therefore  r  +  r  a  209  or  the  chords  passing  through  the  pole 
are  of  constant  length. 

tan  ^  B  tan  j^  0 ;    therefore  0  b  ^  0. 

(7)  Let  the  equation  to  the  spiral  be 

r*  «  a"  sin  nd. 

Then  tan  (j)  s  tan  nd ;    and  <p  b  nd. 

If  ^1  be  the  value  of  0  corresponding  to  an  angle  O-hiri 
that  is,  to  a  tangent  at  the  other  extremity  of  the  chord  passing 
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through  the  origiu,  <pi^n{0  +  ir)  and  <^i  -  0  =  wtt.  There- 
fore the  angle  between  two  tangents  at  the  extremities  of  any 
chord  passing  through  the  origin  is  constant. 

(8)  Let  the  equation  to  a  spiral  be 

d  (2ar  -  r^)l  «  1. 

Then  when  0  «  oo,  (2ar- 1^)4  =  0  and  r«0,  r«2a. 

Therefore  the  circle,  the  radius  of  which  is  2a,  is  an 
asymptote  to  the  spiral.  The  pole  also,  for  which  r  »  0, 
may  also  be  considered  as  an  asymptotic  circle  the  radius 
of  which  is  scero,  as  the  curve  makes  an  infinite  number  of 
revolutions  before  it  reaches  it.  The  same  remark  applies 
to  the  logarithmic  spiral,  and  many  other  curves  for  which 
r  is  zero  when  9  is  infinite. 

(9)  The  curve  whose  equation  is 

qfl* 

offers  examples  of  both  rectilinear  and  circular  asymptotes. 

For  if  0  a  =fe  1,  r  a  oo,  and  as  r*  -—  « ,  the  sub- 

dr  2 

tangent  corresponding   to  0  =>  sk  i    is   ?  ^  a,    and   there  are 

therefore  two   rectilinear  asymptotes   inclined   at    angles    +  1 

and  —  1   to  the  axis. 

Also  since  ^  —  ^      ~^('^^)      ""^  when  0  s^  oo,  the 
circle  whose  radius  is  a  is  asymptotic  to  the  spiral. 
The  form  of  the  curve  is  given  in  fig.  28. 


11 


CHAPTER  X. 


SINGULAR    POINTS   OF    CURVES. 


By  the  Singular  Points  of  Curves  are  usually  meant  those 
for  which  any  of  the  differential  coefficients  of  the  one  variable 

with  respect  to  the  other  take  the  values  0,    oo  or  - .     We 

shall  confine  our  attention  to  the  first  and  second  di£FerentiaI 
coefficients  only;  and  of  these  the  first  is  the  more  important. 

dy 
When  — -  «  0,  the  curve  is  at  that  point  parallel  to  the 
dx 

axis  of  iT,  and  if  the  first  differential  coefficient  which  does  not 

vanish  along  with  -~  be  of  an  even  order,  the  ordinate  is  at 

dof 

that  point  a  maximum  or  a  minimum.  We  shall  not  here  con- 
sider any  examples  of  such  points,  as  the  subject  has  been 
already  sufficiently  illustrated  in  Chap.  vii. 

dy  dtV 

When  --^  K  00,  ~—  «  0.  and  the  abscissa  is  at  that  point 
dof  dy  ^ 

a  maximum  or  minimum. 

When  -—  e  0,  the  curve  coincides  at  that  point  with  a 
dor 

straight  line ;  for  as  y  ^  aa  +  b  is  the  equation  to  a  straight 

line,  it  follows  that  for  such  a  line  -—  »  o.     The  same  result 

may  be  deduced  from  the  consideration  that   when  — ^  s  o, 

da^ 

the  radius  of  curvature  is  infinite,  or  the  line  at  that  point 

has  no   curvature,  or   is    straight.      If  the  first   differential 

coefficient  which  does  not  vanish  along  with  --;:  be  of  an 

dor 
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odd   order^  then    -7-  is  a  maximum   or  minimum,  and  the 

ax 

curve  has  a  point  of  contrary  flexure.     Instead   of  finding 

what    differential   coeflicient    Tanishes,  it   is   generally   more 

coDvenient  to  try   whether    —^  change  sign  on  substituting 

dar 

in  it  values  of  «  a  little  greater  and  a  little  less  than  that 
which  makes  it  vanish.     If  it  do  diange  sign,  the  point  is 

one  of  contrary  flexure,  otherwise  not.     If  -j^  m  00 »  there 

dor 

may  be  a  point  of  contrary  flexure  provided  that  it  change 

sign   for  values  of  ^   a  little  greater   or  a  little  less   than 

that  which  makes  it  infinite. 

If  any  values  of  w  and  v  make  -7^  »  - ,  it  is  an  indica- 
^  ^  dw      0 

tion  generally  that  the  point  in  question  is  a  multiple  point, 

or  that  several  branches  of  the  curve  pass  through  it.     The 

dy 
multiplicity  may  be  of  different  kinds.     Ist.  If  -7—  is  found 

dcs 

by   the  usual  method  of  evaluating  vanishing  fractions,   to 

have    several  different   possible    values    there   are    as    many 

branches  of  the  curve  cutting  each  other  in  one  point.     2nd. 

If   — ^  is  found  to   have   two   or  more   equal   and  possible 

values,  there  are  two  or  more  branches  of  the  curve  touching 

each  other  in  one  point,  which  is  called  a  point  of  osculation, 

dy 
Srd.  If  all  the  values  of  ~-  are  found  to  be  impossible,  then 

dx 

the  point  in  question  is  an  isolated  or  conjugate  point,  that 

isy  one  through  which  there  passes  no  branch  in  the  plane 

of  the  co-ordinate  axes.     In  fact  the  point  is  that  in  which 

impossible  branches  of  the  curve  meet  the  plane  of  the  axes. 

With  respect  to  the  2nd  and  3rd  class  of  multiple  points  a 

few   more   remarks   are   necessary.      If  when    —   has    two 

equal  values   for   a  given  value  a  of  one   of  the  variables, 
we  find  that  for  a  value  a  +  A  the  other  variable  is  possible, 

11—2 
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and  for  a  value  a^-h  impossible,  or  vice  versa,  the  curve 
stops  short  at  the  point  in  question,  and  is  doubled  back 
on  itself,  forming  what  is  called  a  ctisp.  The  cusp  is  said 
to  be  of  the  ^rst  species  or  a  ceratoid*  when  the  branches 
touch  the  common  tangent  on  opposite  sides ;  and  of  the 
second  species  or  a  ramphoid-f  when  they  touch  on  the 
same  side.     These  may  be  distinguished  by  the  consideration 

that  in  the  first  the  values  of  -~^  are  of  opposite,  and  in  the 

dor 

second  of  the  same  signs.     It  is  to  be  observed  that  at  a 

cusp  the  two  branches  of  the  curve  never  make  with  each 

other  an  angle   the  trigonometrical  tangent  of  which  is  of 

finite   magnitde :    we   cannot    properly    say    that   the    angle 

itself  is  infinitely  small,  as  in  fact  it  is  equal  to  two  right 

angles,  the  inclination  of  the  one  branch  of  the  curve  being 

measured    in   a    direction    qpposite    to    that    of    the   other. 

Although  the  condition  of   -^  when  of  the  form  -  having 

dw  0 

impossible  values  always  indicates  a  conjugate  point,  yet  it 

may   happen    that    -j^  and  any  number  of  the  difierential 

dof 

coefiicients  are  possible  at  a  conjugate  point.     In  such  cases 

the  impossible  branch  of  the  curve  does  not  pierce  the  plane 

of  the  axes,  but  touches  it  at  the  conjugate  point,  the  order 

of  contact  being   that  of  the  highest  diflTerential  coefficient 

which  is  possible.     To  determine  with  certainty  whether  a 

point  be  or  be  not  a  conjugate  point  or  a  cusp,  it  is  always 

necessary  to   try    whether    the   equation   to  the  curve  gives 

possible  values  for  both  variables  on  each  side  of  the  point 

in  question. 

If  some  of  the  values  of  — ^  be  possible  and  some  im- 

dof 

possible  for  the  given  value  of  ^,  there  is  a  conjugate  point 

situate  on  the  curve ;    that  is,  a  branch  in   the  impossible 

plane  pierces  the  plane  of  reference  in  a  point  through  which 

there  passes  a  possible  branch  of  the  curve. 

*  Kepa^f  a  hom. 
f  "Pdfitpoif  a  beak. 
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For  a   fuller  development   of  the   relation   between  the 

various  kinds' of  points  indicated  by  the  condition  —  «b~, 

the  reader  is   referred   to   a  paper  by   Mr  Walton   in    the 
Cambridge  Mathematical  Jaumalf  Vol.  II.  p.  155. 

If  the   equation   to  the  curve   be  put  under   the    more 
symmetrical  form 

we  easily  obtain  analytical  conditions  for  distinguishing  be- 
tween   the   three  classes  of  double  points  indicated  by  the 

condition  ;t-  *"  ' »  ^iz.  true  double  points,  points  of  oscula« 

tion,  and  conjugate  points.     The  condition  --^  s  -  involves 

o«p      0 

the  two, 

du  du 

dof  dy 

Proceeding    to  the   differential  of  the   second  order,  we 
find  in  consequence  of  the  preceding  condition 

d^u  dPu    dy      d^u  fdy 

+  2 -+ ' 

da^        diVdy  dw      dy^ 

whence  we  find 


(s-»- 


dy      '    dwdy 


\xdy^  SSao!  dy)       \daf]  Vdy*// 


dw  d^u 

w 

Now  for  a  true  double  point  we  must  have  two  possible 

dv 
values  for  -~ ;  for  a  point  of  osculation  we  must  have  the 
dw 

two  values  equal ;  and  for  a  conjugate  point  we  must  have 
the  two  values  impossible.  Hence  we  have  the  three  con- 
ditions: 
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If  the  point  be  more  than  double,  it  is  necessary  to  pro- 
ceed to  higher  differentiations,  but  the  formulas  become  too 
complicated  to  be  of  much  use. 

The  second  of  the  preceding  conditions  furnishes  an  easy 
demonstration  of  the  following  general  property  of  curves  of 
the  third  order.  "  The  three  asymptotes  of  a  curve  of  the 
third  order  being  given,  the  locus  of  the  points  of  osculation  is 
the  maximum  ellipse  which  can  be  inscribed  in  the  triangle 
formed  by  the  asymptotes :  the  locus  of  the  conjugate  points  is 
within,  and  of  the  double  points  without  this  ellipse.^^ 

If  we  refer  a  curve  of  the  third  order  to  two  of  its 
asymptotes  as  axes,  their  intersection  being  the  origin,  its 
equation  must  evidently  be  of  the  form, 

aa^y  +  2bay  +  ca^^  «  h. 

du 
Hence  — -  =  2a«y  +  ^by  +  cy", 
dtV 

du 

—  -  aar  +  2ba  +  2c^y, 

dy 

dai^  dy*  dofdy 

Therefore  by  the  condition  for  a  point  of  osculation 

(aof  +  6  +  cyY  -  acwy  ■  0, 

or   (^^  +  acwy  +  (^y'  +  2abW'\-2bcy  +  V^0, 

which  is  the  equation  to  an  ellipse. 

That  this  ellipse  is  the  maximum  ellipse  inscribed  in 
the  triangle  formed  by  the  asymptotes  is  easily  shown»  The 
equations  to  the  three  asymptotes  are 

^bO^   yaO,   and   aa  +  oy  -{-^b^O. 
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From  the  last  it  appears  that  the  interceps  of  the  axes 

2b  2c 

cut  off  by  the  third   asymptote  are and .     Also 

a  a 

from  the  equation  to   the   ellipse  it  appears  that  it  touches 

be 

the  axes  at  distances  —  and from  the  origin,  or  that 

a  a 

the  points  of  contact  bisect  these  two  sides  of  the  triangle. 

If  in    the  value  of   -—   derived    from   the   equation  to  the 

b  b 

ellipse  we  substitute  the  values and  —  for  x  and  v, 

a  c 

dy         a 

we  find  -7-  » ,  which  is  the  same  as  that  derived  from 

dm         e 

the  equation  to  the  third  asymptote,  and  as  these  values 
of  w  and  y  satisfy  both  the  equation  to  the  ellipse  and 
that  to  the  asymptote,  it  appears  that  the  ellipse  touches  all 
the  three  sides  of  the  triangle  in  their  middle  points,  which 
by  Chap.  vii.  Ex.  19,  is  the  property  of  the  maximum  ellipse. 
The  latter  part  of  the  theorem  is  too  obvious  to  need  demon- 
stration. This  proposition  is  due  to  Plucker,  Journal  de 
MaOibnaHqueSy  {LwumUe)  Vol.  11.  p.  11. 


Points  of  Contrary  Flexure  or  of  Inflexion, 

Ex.   (1)     The  equation  to  the  Witch  of  Agnesi  is 

xy  =  2a(2ax  —  a;*)*; 


whence  we  find 


d^y  ^  2a*  (8a  ^  2x) 
da^      X  {2ax  —  ^r*)** 


d'y  ,  3a  2a  .  3a 

-— r  a  0   gives  X  's  —    and  y  «  *  — r »    and   as   —  +  h    and 

dtf  ^  2  ^  si  '  2 

3a  ,  rf*« 

—  —  A,  when  substituted  for  Xj  make  --~  change  sign,  there 

are   two  points  of  contrary  flexure    corresponding  to  these 
values  of  x  and  y. 
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d^y  dy 

-~  and  -^  both  become  infinite  when  47  =  0  and  when 

doB"  dw 

X  «  2a,  but  neither  of  those  values  gives  a  point  of  inflexion, 

since  y  is  impossible  when  w  is  negative  or  greater  than  2a. 

(2)  The  curve  whose  equation  is 

w^  ~Sba^  -^-a^y  «  0 
has  a  point  of  inflexion  the  co-ordinates  of  which  are 

or 

(3)  Let  the  equation  to  the  curve  be 

aa?  +  hy^  -  c*  =  0. 

There  are  two  points  of  inflexion,  the  co-ordinates  of  the 
one  being 

J?  =  0,    y  «  c  f  -  j  , 


those  of  the  other     a?  =  c 


S)*  ^"°- 


(4)  Let  the  equation  to  the  curve  be 

w^  —  a^a?  +  d^y  =  0. 

There  are  two  points  of  inflexion  corresponding  to 

a  5a 

6^       ^      36 

(5)  Let  the  equation  to  the  curve  be 

m 

y  =  6+(a?_o)", 
where  m  and  n  are  both  odd. 

If  —  >l,    w^a  gives  a  point  of  inflexion,  the  tangent 
being  parallel  to  the  axis  of  <r. 

If   —  <  1,  ^  =  a  gives  a  point  of  inflexion  corresponding 
to  —  -  =  00,  the  tangent  being  perpendicular  to  the  axis  of  j?. 
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(6)     In  the  curve  of  sines  the  equation  to  which  is 

y  as  c  sin  -  , 

there  is    a  point  of  inflexion  wherever  the   curve  cuts  the 
aids  of  w. 

In   polar    curves  points   of  inflexion   are  found  by  the 

dp 
conditions  that  at  such  points  ~—  s  0,  and  changes  sign  in 

Ay 

passing  through  zero. 


a» 


(7)  In  the  lituus  r*  =  •-  ;  whence  we  find 

When  r^^a9i^  or  ©=i,  -r^  =  0,  and  changes  sign  on  either 

side  of  the  point  corresponding  to  these  values :  the  point  is 
therefore  one  of  inflexion. 

(8)  In  the  Lemniscate  of  Bernoulli 

r*  =  a' cos  20, 

r*  dp      2r^ 

Hence  the  origin  is  a  point  of  inflexion  for  two  branches 
of  the  curve. 

(9)     The  equations  to  the  Trochoid  are 

^  =  o  (0  -  6  sin  0),    y  =a  a  (l  -  e  cos  0), 

whence  we  find 

d^y      e  (cos  d  -  c) 


dar      (1  -  c  cos  Q) 


8 


=  0; 


therefore  when  cos0»6  and  y^a(l^^   there  is  a  point 
of  inflexion. 

The  preceding  examples  are  taken  chiefly  from  Cramer^ 
Analyse  des  Lignea  CourbeSy  Chap.  xi. 
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Multiple  Points. 

Among   these  I  include   all   those    points    for  which  we 

dy      0     , 
find  —  B  ^ ,  including  points  where  several  branches  inter- 
sect,   or  nodes,    points  of  osculation,    cusps,    and  conjugate 
points. 

Let  f^  »  0  be  the  equation  to  a  curve  free  from  radicals 
and  negative  indices,  and  assume 

du  du 

da        ^  dy        ^ 

then  if  these  three  equations  be  satisfied  simultaneously  by 
w  ^ay  y  ^hj  (a,  b)  will  be  a  multiple  point.  In  order  to 
determine  its  nature,  suppose  that  the  lowest  partial  difierential 
coefficients  of  u,  of  which  at  any  rate  all  do  not  vanish  for 
these  particular  values  of  m  and  y,  are  of  the  n^  order^  then 
the  multiple  point  will  be  one  of  n  branches,  the  directions  of 
their  tangents  being  determined  by  the  equation 

n(»-l)       dru  n      d'u  - 

1.2       d»«dy-»  *      ^  1  d«dy"-'  ^ 

+  — cjy.o. 

By  ascertaining  every  pair  of  values  of  x  and  y  which  will 

du  du 

satisfy  the  equations  w  =  0,    ■—  =  0,   -—  «  0,   and  proceding 

dtV  dy 

in  the  same  way,  we  may  ascertain  the  positions  and  the  plu- 
rality of  all  the  multiple  points  of  the  curve. 

(l)     Let  the  equation  to  the  curve  be 

ay*  -  ar*  -  bai^  =  0. 

Here,  when  a?  =  0,  y  =  0, 

du 

—-  «  -  Sflf*  -  26^  =  -  0?  (3w  +  26)  s»  0, 
a«r 


Alscs 
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,  du 

and  —-  =  2ay  mi  o. 

dp 

adT 
d'u 


0, 


Hence,  by  the  general  formula,  we  have 

dPu  ,   -  dFu     -     ,       €Pu  _  ^ 

—V  dor  +  2  -— — -  dd?  dy  +  --r-r  dy"  «  0, 
dor  da'dy  dy* 

dv  /b\i 

or    -  26daf*  +  2adf^  -0,     -i  «  i  I  -  )  . 

dor  va/ 

Thus  we  see  that  there  is  a  double  point  at  the  origin,  its 
two  tangents  making  with  the  axis  of  <r  angles  the  tangents 

of  which  are  |-|    and  ~  (- )  • 

(2)      Let  the  equation  to  the  curve  be 

ai*  —  aa^y  +  fcy*  «  0. 

At  the  origin,  u  «  0, 

du  du 

dAT  dy 

<Pu  d^u  ffu 

d*ti  d'u  d'w  d'w      ^, 

djr  dardy  dwdt^  dt^ 

Hence  there  will  be  a  triple  point  at  the  origin,  the  direc-^ 
tions  of  its  branches  being  defined  by  the  equation 

€Pu  ^  ,  €Pu     ,  _  ,  d^u      ,     ,  ^     d?u  ,  , 

or     -  adw^dy  +  bdt^  m  0, 
or     dy  (bdf^  -  ada^  *  0 : 
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this  equation  is  satisfied  by  dy  » 0,   which  shews  that  one 
branch  touches  the  axis  of  w,  the  two  other  branches  being 

inclined  to  it  at  angles  of  which  the  tangents  are  [-|    and 
-  (^^  .     See  fig.  29. 

(3)  The  curve 

w*  -  Zaa^y  -  2d^^  +  ay'  +  y*  »  0 

has  at  the  origin  a  triple  point,  the  values  of  -7^  being  -^  9\ 
and  0.     The  form  of  the  curve  is  given  in  fig.  30. 

(4)  Let  the  curve  be 

^  -  Say*  -  Sat^  -  2aW  +  a*  =  0- 

__         du  ,  ,        ,   .  du  ^  r     9        o   V 

Here  -—  -  4  (ar  —  a*^),         — -  «=  -  6  (oy*  +  a  y)- 
otV  ay 

Both  of  these  vanish  when  y  »  0  and  w  m  Jka^  and  when 
y  B  —  a  and  or »  0,  There  are  three  double  points  corre- 
sponding to  these  values  of  w  and  y. 


For     y  =  0, 

07  s  4.  a, 

dot         \s}  * 

y«o, 

^8-  —  a, 

y«-«, 

^«  0, 

For  the  form 

of  the  curve 

see 

fig.  SI. 

(5)  In  the  curve 

^*  +  a^j^  -  Saa^y  +  a^  »  0 

—  J   «  0  at  the  origin,  or  two  branches  there  touch 
each  other  as  in  fig.  82. 

(6)  In  the  curve 


SINGULAR  POINTS    OF    CURVES^  173 


we  find  at  the  origin 


WJ   to;       \dwdy)  "    ' 


df^J       \dwdy, 

which  indicates  a  point  of  o$culation,  and  as  ^r-  «  0  at  the 

^  dx 

origin,  the  two  branches  touch  the  axis  of  x.     See  fig.  33. 

(7)  The  curve 

(6y  -  cxy  =  (a?  -  ay 

has  a   cusp  of  the  first  species  when   w  t^  a\    the  common 
tangent  is  parallel  to  the  axis  of  w.     See  fig.  34. 

(8)  The  curve 

a?*  —  aa^y  —  awt^  +  a'y*  =«  0 

has  at  the  origin  a  ramphoid  cusp,  the  axis  of  cV  being  the 
common  tangent.     See  fig.  35. 

(9)  The  curve 

has  at   the  origin  a  ceratoid   cusp  touching   the  axis  of  ac, 
and  also  a  branch  touching  the  axis  of  y.     See  fig.  S6. 

(10)  The  curve 

a^  —  zp^  +  hw^  s=  0 

has  a  conjugate  point  at  the  origin,  since  w  ^0,  y  ^0  satisfy 
the  equation,  but  w^  ^h  when  h  is  small  make  y  impossible. 

At  the  ori^n  -—  takes  the  form  - ,  and  its  true  value  is 

I  —  I  ,  which  indicates  that  there  are  two  impossible  branches 

passing  through  the  plane  of  the  axes  at  the  origin. 

(11)  The  curve  whose  equation  is 

(c'y  -  ary  «  (.r  -  6)'  {pe  -  a)%     a  <  6, 
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has  a  conjugate  point  whose  co-ordinates  are 


but  the  differential  coefficients  are  possible  till  we  come  to 
the  third,  showing  that  the  impossible  branch  has  a  contact 
of  the  second  order  with  the  plane  of  the  axes. 

(12)      In  the  curve 

ay  -  2afe<»'y  -  ^  «  o 

there  is  a  point  of  osculation  at  the  origin,  and  one  of  the 
branches  experiences  an  inflexion.  Such  a  point  is  called  one 
of  oscu-inflexion.     See  fig.  37- 

(IS)     The  curve 

has  a  ceratoid  cusp  at  the  origin  and  an  inflexion  in  another 
branch  at  the  same  point.  The  cusp  has  the  axis  of  w  as 
tangent,  and  the  inflected  branch  touches  the  axis  of  y.  The 
form  of  the  curve  is  that  of  the  letter  R.     See  fig.  38* 

(14)  The  curve 

(y  -  oy  =  (07  -  ay  (x  --  h)f      a>b^ 

has  an  oval  between  w  ^  a  and  w  »  b.  When  «r  «  a  and 
j^  8  c  there  is  a  point  of  osculation,  the  common  tangent 
being  parallel  to  the  axis  of  or.     See  fig.  39» 

(15)  The  curve 

(^  +  yy  •=  4aWy« 

has  at  the  origin  a  quadruple  point,  a  pair  of  branches 
touching  both  the  axes.  The  form  of  the  curve  is  best  seen 
by  transferring  the  equation  to  polar  co-ordinates,  when  it 
becomes 

r  a  a  sin  2d. 

The  greater  number  of  the  preceding  examples  are  taken 
from  Cramer^s  work,  Chap.  x.  and  Chap.  xiii. 


CHAPTER  XL 


OK    THE    TRACING    OF    CURVES   FROM    THEIR    EQUATIONS. 


Sect.  1.     Curves  referred  to  Rectangular  Coordinates. 

Before  proceeding  to  give  examples  of  the  application  of 
analysis  to  determine  the  form  of  curves  when  their  equations 
are  given,  I  shall  say  a  few  words  on  the  principles  of  the 
interpretation  of  symbols  in  analytical  geometry,  as  a  know- 
ledge of  these  is  requisite  for  the  understanding  of  the  views 
which  I  have  adopted  both  in  the  preceding  and  in  the  foU 
Io?m[]g  pages. 

By  the  principles  of  the  Geometry  of  Descartes,  the 
position  of  a  point  in  a  plane  is  known  when  its  distances 
from  two  axes  0<r,  Oy  intersecting  each  other  at  right  angles 
are  known :  and  a  curve  is  defined  as  a  series  of  points  for 
which  there  exists  the  same  relation  between  the  ordinate 
y  and  the  abscissa  a.  This  relation  is  expressed  by  means 
of  an  equation  /(^^  v)  ^^  between  /r,  y  and  constants,  which 
is  called  the  equation  to  the.  curve.  If  we  assign  a  series 
of  values  to  one  of  the  two  variables  a  and  y,  the  corre- 
sponding values  of  the  other  can  be  found  by  means  of  the 
equation  f(Wjy)=0:  now  so  long  as  we  consider  this  only 
as  an  arithmetical  equation,  the  only  values  of  w  and  y 
which  we  can  use  are  positive  numbers.  If  we  agree  that 
the  values  of  w  are  to  represent  lines  measured  from  O 
(fig.  40)  along  Oaf,  and  values  of  y  lines  measured  from  O 
along  Oy,  we  can  by  means  of  the  arithmetical  values  alone 
of  Of  and  y  determine  the  positions  of  all  points  within  the 
angle  aOy,  But  the  equation  /(^,  y)  ^0  for  any  value  of 
one  variable  will  frequently  give  an  expression  for  the  other 
variable  which  is  not  arithmetical,  such  as  —  o  or  (-  o*)i,  or 

snore  generally  (+  a")**.     Now  there  is  no  necessity  for  in- 


J 
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terpreting  these  expressions  which  are  uninterpretable  ia 
arithmetic;  but  it  is  clear  that  we  shall  gain  an  advantage 
in  the  generalization  of  our  results  if  we  are  able  to  interpret 
these  expressions  in  any  way  consistent  with  the  original 
definition  of  the  symbols  employed.  It  was  soon  seen  by 
the  early  cultivators  of  this  geometry  that  the  first  of  these 
expressions  (—  a)  could  receive  the  geometrical  interpretation 
that,  if  a  represented  a  line  measured  in  one  direction,  (—  a) 
represented  the  same  length  of  line  measured  in  the  opposite 
direction.  This  extension  of  the  interpretation  of  the  sym- 
bols is  of  great  importance,  since  it  enables  us  to  express 
by  the  one  equation,  /(^,  9)-0,  the  position  of  a  point  in 
all  parts  of  the  plane  in  which  the  axes  Ow  and  Oy  lie; 
and  no  curve  is  considered  to  be  completely  traced  unless 
the  negative,  as  well  as  the  positive,  values  of  the  variables 
be  taken  into  account.  This  however  is  merely  a  matter 
of  convention,  and  we  might,  if  it  were  thought  proper, 
restrict  ourselves  to  the  positive  values  of  the  variables  and 
confine  the  curve  to  the  angle  xOy*  If  instead  of  inter- 
preting (—a)  to  mean  the  measuring  of  the  length  a  in  a 
direction  opposite  to  that  originally  taken,  we  use  the  more 
general  definition  that  —  a  means  that  the  line  a  is  to  be 
turned  round  through   two  right  angles,    we  are  led  to  the 

general  interpretation  of  such  an  expression  as  (+a")",  viz. 
that  the  line  a  is  to  be  turned  round  through  the  ri^  part 
of  four  right  angles.  This  gives  us  a  farther  extension  of 
the  use  of  the  equation  /(<r,  y)=»0;  for,  as  the  turning  of  a 
line  through  a  given  angle  is  not  confined  to  any  one  plane, 
we  are  enabled  to  express  by  the  equation  to  the  curve  the 
position  of  a  point  situate  in  any  part  of  space.  To  explain 
this,  let  us  suppose  that  for  a  value  ^  =  a,  we  obtain  a  value 

m 

y^  (+)**&;  this  implies  that  the  length  h  is  to  be  measured 
not   along   the  axis  of  y,  but   along   a   line  inclined    to   it 

at  an  angle  —  27r:  but  as  the  axes  are  supposed  to  remain 

n 

perpendicular  to  each  other,  this  angle  must  be  taken  in  a 

plane  perpendicular  to  that  of  the  original  axes.      Hence,  if 

there  be  a  series  of   values   of  y   all    affected  by  the  same 
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quantity  (+)''9  they  will  give  rise  to  a  branch  of  the  curve 

lying  in  a  plane  inclined  at  an  angle  —  2ir  to  the  plane  of  the 

n 

original  axes.     If  for  different  values  of  a  the  index  of  + 

change  its  value,  the  branch  does  not  lie  in  one  plane,  but 

is  a  curve  of  double  curvature. 

This  use  of  the  interpretation  of  the  symbol  (+  a*)"  has 
not  been  generally  adopted,  but  it  is  quite  as  legitimate  an 
extension  as  that  of  the  negative  values  of  the  variables, 
and  for  the  thorough  understanding  of  the  course  of  a 
curve  it  is  quite  as  necessary.  For  all  the  ordinary  pur- 
poses however  of  the  equations  to  curves  it  is  sufficient  to 
use  only  the  positive  and  negative  values  of  the  variables, 
and  to  these  I  shall  restrict  myself,  only  observing,  that 
when  such  an  expression  as  (—  a')i  occurs,  it  is  not  to  be 
called  imaginary,  nor  is  the  curve  to  be  said  therefore  to 
have  no  existence  for  that  value ;  but  it  is  to  be  interpreted 
as  indicating  that  the  curve  there  leaves  the  plane  of  the  axes, 
which  for  convenience  I  shall  call  the  plane  of  reference. 

The  student  who  wishes  for  more  information  regarding 
the  general  interpretation  of  formulae  in  Analytical  Geometry 
is  referred  to  a  paper  by  the  Abb^  Bu^e  in  the  Pkilasophical 
TratuacHona  for  1806,  to  Mr  Warren^s  Trcust  on  the 
Geometrical  Interpretation  of  Imaginary  Quantities^  and 
to  the  Cambridge  Mathematical  Joumaly  Vol.  i.  p.  259,  and 
Vol.  II.  p.  103  and  p.  155 :  the  last  two  papers  being  by 
Mr  Walton. 

When  we  proceed  to  trace  a  curve  from  its  equation  it 
is  advisable  in  the  first  place  to  solve  the  equation  with 
respect  to  one  or  other  of  the  variables,  if  the  solution  be 
in  a  form  which  enables  us  to  determine  readily  its  value 
for  different  values  of  the  other  variable.  After  that  we 
nay  proceed  in  the  following  way. 

!•  If  j^  be  the  variable  which  is  expressed  in  terms 
of  a,  assign  to  a  all  positive  values  from  0  to  oo,  marking 
those  which  make  y  aO,  y»  009  or  y  impossible.  The  first 
gives  the  points  where  the  curve  cuts  the  axis  of  or,  the 
second  gives  the  infinite  branches,  and  the  third,  showing 
12 
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where  the  curve  quits  the  plane  of  reference,  gives  the  limits 
of  the  curve  in  that  plane. 

2.  Assign  to  oo  all  negative  values  from  0  to  0O9  pro- 
ceeding as  in  the  case  of  the  positive  values  of  a?.  In  both 
cases  attend  to  both  the  positive  and  negative  values  of  y,  so  as 
to  obtain  the  branches  on  both  sides  of  the  line  of  abscissas, 

3.  Find  whether  the  curve  have  asymptotes,  and  deter- 
mine them  if  they  exist* 

4.  Find  the  value  of  -~- ,  and  thence  deduce  the  maxi- 

dm 

mum  and  minimum  points  of  the  curve,  and  the  angles  at 
which  the  curve  cuts  the  axes. 

5.  Find  the  value  of  —-^  and  thence  deduce  the  nature 

do?* 

of  the  curvature  of  the  diiSerent  branches,  and  the  points  of 
contrary  flexure  if  such  exist. 

6.  Determine  the  existence  and  nature  of  the  singular 
points  by  the  usual  rules. 

Ex.  1.     Let  the  equation  to  be  discussed  be 


y^ 


0?  +  6 


From  its  form  we  see  at  once  that  there  are  always 
for  each  value  of  w  two  values  of  y  equal  but  of  opposite 
signs;  hence  the  curve  is  symmetrical  with  regard  to  the 
axis  of  07. 

Let  X  be  positive;  when  w  is  between  0  and  a,  y  is 
impossible,  and  the  curve  does  not  exist  in  the  plane  of 
reference :  when  w  ^  a^  y  «  0 :  when  af>ay  y  is  possible, 
and  increases  without  limit  as  or  so  increases. 

Let  w  be  negative;  when  w  is  between  0  and  fr,  y  is 
impossible,  and  there  is  no  branch  in  the  plane  of  refer- 
ence :  when  w  ^b,  y  is  infinite :  when  <r  >  6,  y  increases 
without  limit  as  <r  so  increases.  Hence  it  appears  that  the 
curve  has  six  infinite  branches. 

Since  w^-b  makes  y  infinite,  the  ordinate  at  that  point 
is  an  asymptote.     Also  since 
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on  expanding,  and  neglecting  negative  powers  of  x,  we  find 

as  the  equation  to  two  asymptotes  inclined  at  angles  +  45® 
and  —  45®  to  the  axis  of  w. 

On  combining  the  equation  of  this  asymptote  with  that 
of  the  curve,  we  find  that  there  is  a  value  of  w  correspond- 
ing to  an  intersection  of  the  curve  with  the  asymptote. 

Differentiating  the  equation  to  the  curve,  we  find    - 

dy        2^  +  S6«*+a^ 


2 


dx      {a^  -  a^)i  {a  +  6)*  * 


This  equated  to  zero  gives  a  cubic  equation,  which 
must  have  one  real  root  negative,  since  all  the  terms  of 
the  numerator  are  positive:  this  indicates  a  minimum  ordi- 
nate. The  course  of  the  curve  shows  that  the  other  two 
rcK>t8  of  the  cubic  must  be  impossible. 

When  or  8  a,  -~-  is  infinite,  or  the  curve  cuts  the  axis 

div 

at  right  angles. 

The  value  of  -r-z  shows  that  the  curve  is  always  con- 
cave to  the  axis  of  w  when  w  is  positive,  and  convex  when 
it  is  negative. 

The  form  of  the  curve  is  given  in  fig,  43,  where  OA  =  a, 
OB  B  6 ;  ON  is  the  abscissa  corresponding  to  the  intersection 
of  the  curve  with  the  asymptote;  and  OM  is  the  abscissa  of 
the  minimum  ordinate. 


(2)     Let  the  equation  to  the  curve  be 

if' 


off^  -  a^ai^ 


2.r  —  a 


This  curve,  see  fig.  44,  has  four  infinite  branches,  and 
the  equations  to  its  asymptotes  are 


a  1  f       a\ 


12—2 
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The  curve  cuts  the  axis  of  w  at  right  angles  at  the 
origin,  and  at  distances  +  a  and  -  a  from  the  origin :  at  the 
latter  two  points  there  are  points  of  contrary  flexure,  while 
the  origin  is  a  cusp.  There  is  a  maximum  value  of  y  cor- 
responding to  a  value  of  w  between  0  and  -  a. 

(S)  a?y*  +  2a'y  -  a?* ««  0. 

Solving  the  equation  with  respect  to  y,  we  find 


When  ^  B  0,  y  =  0,  and  y  =  —  oo  .     This  will  be  readily 
seen  by  putting  the  original  equation  under  the  form 


2a* 
which  when  a?  «a  o  gives  y  «  0,  and  y  +  —  «  0  or  y  «  -  oo. 

To  determine  the  effect  of  increasing  w  positively,  let  us 

consider  the  two  values  of  y  separately.     Taking  the  upper 

sign  and  expanding  the  radical  in  ascending  powers  of  or,  we 

have 

o*      o  V        la?*        1 . 1     ^      ^     \ 

y= +  —    1  + i  — +  &c.  I , 

^  m       ai\^d>      2«.  1.2  a^  /' 


\  OB^         1.1      w^ 
2  a'  "  2*.  1  . 2  a^ 


or   y  » ;  — '  +  &c. 


Now  when  ao  is  small,  the  first  term  gives  the  sign  to  the 
series,  and  y  is  therefore  positive ;  and  as  no  value  of  m  can 
make  y  «  0,  this  branch  of  the  curve  lies  always  in  the  first 
quadrant,  and  extends  to  infinity,  since  y  «  oo  ,  when  a?  «  oo  . 

Taking  the  lower  sign  and  expanding  the  radical  in 
descending  powers  of  ooy  we  have 

CO  \       2  /r*  / 

which  when  a?  s  oo    is   negative   and  infinite :   expanding  in 
ascending  powers  of  Wy  we  have 

2a*  ^  n  ^        1.1     «*  .\ 

''""T"  U  ^'■■iViT2  a«  ^""l' 
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which  when  a?  »  0  is  negative  and  infinite ;  hence  this  branch 
lies  wholly  in  the  fourth  quadrant. 

For  the  negative  values  of  x  it  is  sufficient  to  observe  that 
as  the  original  equation  remains  unchanged  when  —  x  and  —  y 
are  substituted  for  +  x  and  +  y,  it  follows  that  the  opposite 
quadrants  are  symmetrical,  and  we  need  therefore  only  investi- 
gate the  form  of  the  curve  in  the  first  and  fourth  quadrants. 

To  determine  the  asymptotes :  since  y  <»  —  oo  when  ^  «  0, 
the  axis  of  y  is  i^n  asymptote  to  the  branch  in  the  fourth 
quadrant:  also  by  expanding  the  value  of  y  in  descending 
powers  of  x  we  have,  neglecting  the  terms  involving  negative 
powers  of  Xy 

y^^x, 

as  the  equations  to  two  other  asymptotes. 

Difierentiating  the  value  of  y,  we  find  that  at  the  origin 

dy 

-7~  s  0,  and  therefore  that  the  curve  then  touches  the  axis  of  x, 
ax 

We  also  find  a  minimum  value  for  y  when  x  ^  ^S^a.     This 

minimum  value   of  y  belongs   only  to  the  branches  in    the 

second    and  fourth   quadrants,   and  not    to   the  branches   in 

the  first  and  third  quadrants. 

Without  proceeding  to  find  the  value  of  ——,  it  is  not 

dar 

difficult  to  see  that  at  the  origin  there  is  a  point  of  contrary 

flexure,  since  the  curve  there  both  touches  and  cuts  the  axis 

of  X.     The  form  of  the  curve  is  given  in  (fig.  45). 

When  the  equation  cannot  be  solved  with  respect  to  one 
or  other  of  the  variables,  it  is  necessary  to  have  recourse  to 
particular  artifices  suited  to  the  case  under  consideration. 

(4)      Let  the  equation  to  be  discussed  be 

a^  —  Saxy  +  y'as0. 

When  a?  =  0,  y* «  0 :    the  multiplicity  of  values  of  y  shows 

that  there  is  a  multiple  point  at  the  origin.     Difierentiating^ 

we  have 

dy      ay  --  X*      0     , 

-r.  «  -^ «  -  when  0?  =  0,   y  =  0. 

dtV      ff'-ax      0 
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To  find  the  true  value  of  this  fraction,  differentiate  its 
numerator  and  denominator  ;  then 

dy 
a  — ^  —  2^ 
dy         dof 

dm  dy- 

therefore  when  a? «  0, 

which  as  y  a  0  when  zp «  0,  gives 

dy  dy 

dtff  d*ff 

therefore  at  the  origin  one  branch  touches  the  axis  of  or  and 
the  other  that  of  y. 

To  find  the  points  where  the  tangent  is  parallel  to  the 

axis  of  Of  make  •—  »  0,    whence  ay  ^cf\    substituting  this 

dw 

value  in  the  equation  to  the  curve,  it  becomes 

afi  ^9.c?3f  ^  0; 
whence  a? «  0,       sf  ^  2a^. 

The  former  value  gives  the  origin;  the  latter  gives  one 
possible  value  m  s  gia,  to  which  corresponds  y  m  gia.  From 
the  symmetry  of  the  equation  it  is  easy  to  see  that  the 
curve  is  parallel  to  the  axis  of  y  when  ys^ia  and  ar-ad'a* 
Hence  it  appears  that  in  the  first  quadrant  there  is  a  closed 
curve  forming  a  loop  which  at  the  origin  touches  the  two 
axes. 

To  find  the  asymptotes  put  y  «  zm^  then  we  have 

Saz  Saz^ 

When  XT  s  —  1  both  x  and  y  are  infinite.  The  expression 
for  the  intercept  of  the  tangent  on  the  axis  of  tV  is 

K  ~  a   when  «  «  —  1. 

r^-2 
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Therefore  a  line  inclined  at  an  angle  of  135^  to  the  axis 
of  X,  and  cutting  it  at  a  distance  —  a  from  the  origin,  is  an 
aqrmptote  to  the  curve.  For  the  form  of  this  curve,  see 
(fig.  51). 

(5)     The  form  of  the  curve  whose  equation  is 
(a?  +  6)  y* »  (a?  +  a)  af\     6  >  a, 
is  given  in  (fig.  47),  where  OB  «  6,    OA  «  a. 

The  reader  will  find  a  great  variety  of  curves  discussed 
in  the  work  of  Cramer,  before  referred  to.  For  lines  of  the 
third  order  he  may  consult  Newton^s  Enumeratio  Linearum 
Tertii  OrdiniSy  and  Stirling's  Commentary  on  that  work 

Sect.  2.      Curves  referred  to  Polar  Coordinates. 
When  the  equation  to  a  curve  is  given  by  an  equation 

a  fixed  point  is  to  be  taken  as  origin,  and  a  fixed  line  passing 

through  it  as  the  axis  from  which  6  is  to  be  measured.     The 

values  of  0  which  make  /(0)  «  0  are  then  to  be  found ;  these 

give  the  angles  at  which   the  branches  of  the  curve  which 

pass  through  the  origin  cut  the  axis.     By  giving  to  9  the 

values  0  and  nv  we  find  the  values  of  r  when  the  curve  cuts 

the  axis;  and  by  giving  to  0  the  value  -^  (2n  +  l)  7r  we  find 

the  values  of  r  when  the  radius  is  perpendicular  to  the  axis. 

dr 
By  making  ;j^  =  ^  ^^  ^^^  ^^^  values  of  0,  for  which  r  is 

a  maximum  or  minimum.  After  determining  these  points  in 
the  curve,  the  asymptotes,  both  rectilinear  and  circular,  are 
to  be  sought  out;  and  when  these  are  known  there  will 
generally  be  little  difficulty  in  finding  the  form  of  the  curve, 
except  when  singular  points  occur;  and  these  are  to  be 
investigated  by  the  usual  process. 

It  is  to  be  observed  that  in  all  cases  we  must  substitute 
both  positive  and  negative  values  of  0,  and  that  when  the 
result  gives  a  negative  value  for  r,  it  is  to  be  measured  along 
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the  radius  vector  produced  backwarks :  if  this  be  not  attended 
to,  the  curve  will  want  branches  or  spires,  and  will  appear  to 
be  discontinuous.  Some  authors  neglect  the  negative  values 
of  r,  and  trace  the  spiral  only  with  the  positive  values  of  the 
radius  vector ;  that  this  is  an  incomplete  mode  of  tracing  the 
curve  may  easily  be  seen  by  transferring  the  equation  from 
polar  to  rectilinear  co-ordinates,  when  it  will  be  found  that, 
according  to  the  principles  of  interpretation  used  for  the  latter, 
the  tracing  of  the  curve  from  its  rectilinear  equation  will  give 
more  branches  than  that  from  the  polar  equation.  The  re- 
mark which  was  made  regarding  the  interpretation  of  the 
symbols  in  rectilinear  co-ordinates  applies  equally  to  polar: 
there  is  no  necessity  for  interpreting  all  the  symbols  which 
arise  in  our  operations,  but  we  gain  much  in  the  generality  of 
our  formulae  when  we  do  interpret  them,  and  we  should  sacrifice 
many  advantages  by  not  doing  so*. 

Ex.  (1)     Let  the  equation  to  the  curve  be 

r  =  o  cos  ©  +  6,     a>b. 
When  0bO,     rsa  +  6,  a  maximum. 

From  0sO  to  dBcos'M — ],   which   is  an   angle  in 

the  second  quadrant,  r  is  positive  and  continually  diminishing 

till  when  dacos"^  [ j  it  is  equal  to  0,  and  therefore  the 

curve  passes  through  the  pole  cutting  the  axis  at  an  angle 

.ho«  o<»toe  i.  -  5  . 

a 

From  ^mcos'M  — -]  to  d  «  w,  r  is  negative  and  in- 
creasing, and  being  measured  on  the  radius  vector  produced 
backwards  it  traces  out  the  portion  OEB  (fig.  42)  of  the 
curve ;  and  when  d  «  w,  r  «  -  (a  -  6)  «  OB. 

*  It  has  been  utiud  among  writen  on  this  subject  to  n^lect  the  negative  valvea 
of  r  and  so  to  deprive  the  cuires  of  their  due  allowance  of  branches :  a  marked 
instance  of  this  may  be  seen  in  the  spiral  of  Ardiimedes,  which,  as  usually  traced, 
appears  sham  of  one  half  of  its  length.  Professor  De  Morgan  is,  so  far  as  I  know, 
the  only  writer  who  has  insisted  on  the  interpretation  of  negative  values  of  r.  See 
his  Diff,  Cak,  p.  842. 
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From  0  c  fl-  to  fl  =  cos"*  [ j   in   the   third  quadrant 

r  is  still  negative  and  diminishing,  and  traces  out  the  portion 
BFO  of  the  curve. 

When    9  ■»  cos"*  [ 1,   r  «  0,    and  the    curve    passes 

again  through  the  pole,  cutting  the  axis  at  the  same  angle 
as  before,  but  measured  in  the  opposite  direction. 

From  0scos*M 1  in  the  third  quadrant  to  d»27r, 

T  is  positive  and  increasing,  till  it  again  reaches  the  maximum 
value  a  -f  6  or  OA^  after  tracing  the  portion  OGHA  of  the 
curve.  On  increasing  the  values  of  0  the  same  values  of  r 
recur,  showing  that  the  curve  is  complete ;  and  it  is  obviously 
unnecessary  to  give  to  0  negative  values,  since  these  will  give 
the  same  values  for  r  as  the  positive  values  ^nr  —  d  have  done. 

When  a  s  fr  the  smaller  oval  OEBF  vanishes,  and  the 
point  O  is  a  cusp ;  the  curve  then  becomes  the  common  car- 
dioid. 

(2)     Let  r  B  a  sin  30  be  the  equation  to  the  curve. 

IT  2  TT 

TmO  when  Sd «  nir ;  that  is  for  0 s  0,  0 «  ~ ,  0  ^  —  , 
4  5  S3 

3  3 

When  0  8  Stt  or  upwards  the  same  series  of  values  again 
recur.  The  curve  therefore  passes  six  times  through  the  pole, 
and  as  r  never  becomes  infinite,  it  must  consist  of  six  equal 
loops  arranged  symmetrically  round  that  point.  A  little  con- 
sideration will  show  that  the  form  of  the  curve  is  that  given  in 
fig-  49. 

This  curve  belongs  to  a  class  represented  by  the  general 
equation  r  »  a  AnmOy  the  properties  of  which  have  been  very 
elaborately  treated  of  by  the  Abb^  Grandi,  in  a  paper  in  the 
Philosophical  Transactions  for  1723,  and  in  a  book  called 
)rather  quaintly  Flores  Geometrici.  From  a  fanciful  notion 
that  these  curves  resembled  the  petals  of  roses,  he  gave  them 
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the  name  of  ^^  Rhodoneae,^^  and  endeavoured  to  trace  analogies 
between  them  and  the  flowers  after  which  he  had  named  them. 
The  first  paragraph  of  his  paper  in  the  Philosophical  Trans* 
actions  will  give  an  idea  of  his  way  of  treating  the  subject : 
^^  Suos  Geometria  hortos  habet  in  quibus,  ssmula  (an  potius 
magistra  ?)  naturse,  ludere  solet,  sua  ipsius  manu  flores  elegan- 
tissimos  serens  irrigans  enutriens ;  quorum  contemplatione 
cultores  suos  quandoque  recreat  ac  summa  voluptate  per- 
fundit.*" 

(S)     Let  the  curve  be 

r  sa  a  (sin  20  —  sin  6)  »  a  sin  6  (2  cos 0  —  1), 
r  is  equal  to  0  when  sin d  «  0  and  cos d^^9  or  when 

^  ^  yi      T        ^      Sir 

0«O,      0  =  7r,      d=-,      0=—. 

The  values  of  r  recur  when  0  ^Qw;  and  as  r  never 
becomes  infinite,  it  appears  that  there  are  four  loops  arranged 
round  the  pole,  one  pair  being  smaller  than  the  other. 

From  ^«=Oto0  =  ^7r,  ris  positive. 

From  ©ss-Jtt  to  0  =  7r,  r  is  negative  as  2cosd— 1  is 
negative,  and  sind  is  positive. 

From  0  =  TT  to  0  =  — ,  r  is  positive,  since  both  factors 

3 

are  negative. 

From  0= —  to  ^bsStt,  r  is  negative. 

The  form  of  the  curve  is  easily  seen  to  be  that  in  (fig.  50). 

(4)     Let  the  equation  to  the  curve  be 

r-o(tan0-  1)  (fig.  48). 

When  0  =  0,  re  -o«  OB  if  OA  be  measured  in  the 
positive  direction. 

From  0«!  0  to  0»^7r,  r  is  negative  and  decreasing,  and 
traces  out  the  portion  BDO  of  the  curve. 

When  0  a  ^TT,  r »  0,  and  the  curve  passes  through  the 
pole,  cutting  the  axis  at  an  angle  of  45^ 

From  0*^-^tr  to  0  =  ^-ir,  r  is  positive  and  increasing,  and 
traces  out  the  portion  OEL. 
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When  9  « -^ir,  r  a  oo.     To  see  whether  this  corresponds 

d0 
to  an  asymptote  ve  must  find  r*  —• 

dr 

Now  33  "  ^  (^  +  tan'd) ; 

du 

^      ^  .d0      a»(tand-lV      fl(sine-cosdV 

therefore    r*  --  «  —^ — r-^  «    .  .  ^^ r-r^  «  a, 

dr      o  (1  +  tan*  0)        (sin*0  +  cos'  6) 

when  d  cs  ^TT.  Therefore  AL  drawn  perpendicular  to  the  axis 
at  a  distance  OA  «  a  is  an  asymptote  to  the  curve. 

From  0B~toda  — ,  ris  negative  and  diminishing, 

and  it  traces  out  the  portion  KHACO :  the  prolongation  AK 
of  AL  being  an  asymptote  to  this  branch. 

When  0  s=  — ,  r  Es  0,  and  the  curve  again  passes  through 
the  pole,,  cutting  the  axis  at  an  angle  of  45^ 

From  9  ^  —  to©—  — ,ris  positive,  and  traces  out  the 

portion  OFN\  and  when  0  a  ^tt,  r  «>  oo,  and  it  is  seen  as 
before  that  a  line  BN  perpendicular  to  the  axis  is  an  asymp- 
tote. 

Sir 
From  0  8  —  to  9^^ir^  r  is  negative  and  diminishing, 

and  traces  out  the  portion  MGB, 

When  9  ^27r  the  curve  joins  on  to  the  first  portion,  and 
is  therefore  complete.  It  is  obviously  unnecessary  to  consider 
negative  values  of  0  as  they  are  included  in  what  has  already 
been  done. 

(5)     Let  the  equation  to  the  curve  be 

,       ,  sin  39 

COS0 

The  form  of  this  curve  is  given  in  fig.  46. 


CHAPTER  XII. 


ON   THE    CURVATURE    OF    CURVED    LINES. 


Sect.  1.     Radius  of  Curvature. 

When  the  curve  is  referred  to  rectangular  co-ordinates^ 
i{  p  he  the  radius  of  curvature 

S>8 


w  being  made  the  independent  variable;  and 
j^  being  made  the  independent  variable;  and 

j^ "  te j  "*■  \d?} ' 

the  arc  being  made  the  independent  variable. 

If  0,  a  quantity  of  which  both  w  and  y  are  functional,  be 
taken  as  the  independent  variable, 

'*       Idx  tPy      dy  d»«\* 

\idW~de  W') 
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If  t«  B  0  be  the  equation  to  the  curve,  the  following 
expression  for  the  radius  of  curvature  is  frequently  convenient, 
viz. 

J/d«\*  d^u        du  du    (Fu        f^^V  d*ttl* 
1       \\dy)    da^        dx  dy  dxdy       \dw)    df^f 

lU)  *  U)  I 

or,  if  u  consist  of  the  sum  of  two  parts,  the  one  involving  of 
alone  and  the  other  y  alone, 

d^j    d^  "^  [dij    d^j 


m*  ®T 


(l)     In  the  parabola,  the  equation  to  which  is 

.     4  (f»  +  aif 
"^  m 

of      v^ 
(«)     In  the  ellipse  —  +  ^  =  1, 

fr« a,^    ■    ,    where  e^ '—. 

(S)     In  the  rectangular  hyperbola  referred  to  its  asymp- 
totes 

wy  «  «i*, 

and  p'^<J^±^. 

(4)     In  all  the  curves  of  the  second  order  the  radius  of 
curvature  varies  as  the  cube  of  the  normal. 

If  iV'  be  the  length  of  the  normal^  AT^ «:  y*  1 1  +  l-^  \  ; 
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and  therefore 


All  the  curves  of  the  second  order  are  included  in  the 

equation 

dy 
therefore     y  —  =  p  +  qwj 


Therefore 


(5)  In  the  cubical  parabola  Sa*y  »  .r', 

»     (°*  +  ^)* 

(6)  In  the  semi-cubical  parabola  Sat^  =  9,sfy 

,  _  (2o  +  8ar)'a7 


f>'  =  0-. 


(7)     In  the  cycloid  ^-^^"y-^^ 


c     ' 


(8)     In  the  catenary  y  =  -  (e"  +  e  *), 

^J.    It;'    -'c^     f[!»_y  if 
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(9)  In  the  tractory  y  +  (o*  -  y*)*  --^  «  0. 

dx 

Taking  the  expression  for  p  in  which  y  is  the  independent 
variable  we  find, 

(10)  In  the  hypocycloid  «*  +  y'  =«  a*,     f)*  «  9  («^y)*- 

If  the  curve  be  referred  to  polar  co-ordinates  r  and  0, 
then 

or,  if  it  be  expressed  by  the  relation  between  r  and  the 
perpendicular  on  the  tangent  (/>), 

dr 
dp' 


p^r 


(11)     In  the  cardioid  r  =>  a  (1  -  cosd), 

(8or)i 

(18)     In  the  lemniscate  of  Bernoulli  r's>a*co8  2d, 

dr_      (o*-r*)J  /*'''\'    ^*      t 

dd  r        '  Kde]"?'^' 

d*r  o*  d*r         a*  +  r* 

(IS)     In  the  spiral  of  Archimedes  r  «  a^, 

(g*  +  »»)t 
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d 

(14)  In  the  hyperbolic  spiral  ^  »  3 » 

r(a«  +  r*)t 
P  ^ 8 • 

(15)  The  equation  to  the  lit u us  being  r's  _, 

u 

_  r  (4a*  +  r*)t 
'*"  £a*(4a*-r^)* 

(16)  The  equation  to  the  trisectrix  beingrad(2co8dskl), 

(5  =b  4  cos  0)t 
^         S(S±2cose) 

(17)  In  the  logarithmic  spiral  when  referred  to  p  and  r, 

r       p 
'^     m      nr 

(18)  In  the  involute  of  the  circle  p*«a  r*  -  ©S  and  p«^p. 

br 

(19)  The  equation  to  Cotes'  spirals  is  p  —  -— — -^ , 

r  (g»  -h  r')t 
^  ~         a«6 
(so)     In  the  epicycloid 

3     c^  (r*  -  gQ 

Th»efo«    ,.,^.'''-'')'C-°'>'. 

•^  c*  c 

Sect.  2.     Evolutes  of  Curves. 

When  a  curve  is  referred  to  rectanglar  co-ordinates,  the 
co-ordinates  (a,  (3i)  of  its  centre  of  curvature  are  given  by  the 
equations 

\daf)     dy         ^  \dw) 

d*y         da  d*y 

da^  do?* 
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or,  if  tt  s  0  be  the  equation  to  the  curve, 


du  du  tdu\*  d'u         du  du    d'u       idus^  d^u' 

dw         dy  \dyj   dx*        da  dy  dwdy     \dw}   dy^ 

To  determine  the  equation  to  the  evolute  it  is  necessary 
to  eliminate  a  and  y  between  these  equations  and  that  of  the 
given  curve;  but  the  complication  of  the  formulae  renders 
*  this  elimination  always  very  troublesome,  and  most  frequently 
impracticable.  The  few  cases  in  which  it  can  be  eflTected  we 
shall  give. 

(1)  In  the  parabola  y*=>4aaf,  whence 

a  «  S<r  +  2a,       /3  «  -  -^; 

therefore    w  « ,      y  =  (-  4o*/3)*. 

Substituting  these  values  in  the  equation  to  the  parabola, 

we  find 

4fl 
(4a»/3)«-  — (a-2a), 

or     27o)y=  4(a- 2a)\ 
the  equation  to  the  semi-cubical  parabola. 

(2)  In  the  rectangular  hyperbola  referred  to  its  asymp- 
totes 

xy  =  m\ 

whence     2a  =  Sj?  +  —  ,       2p  ^  Sy  •\-  —  , 

.»  y 


s 


Adding 

2  (a  +  ^)  -  3  (07  +  y)  +  ? =  ^-^ ^-^ , 

^  xy  wr 

or  2m*  (a  +  /3)  »  (or  +  y)\     or  a  +  y  =  (2fn')*  (a  +  /3)*. 

Similarly,  subtracting 

2iii»  (a  -  /3)  «  (o?  -  y)^     or  ^  -  y  -  (2iii*)i  (a  -  ^)i. 
13 
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Adding  and  Bubtracting, 

^w  -  (2fii«)*  {(a  +  /3)i  +  (a  -  /3)4{, 

2y  -  (2iii')i  U«  +  /3)i-  (a  -i3)i}. 

Multiplying  these  together,  and  observing  that  wy  >-  m% 
the  equation  to  the  evolute  is  found  to  be 

(a  +  /3)i  -  (a  -  /3)«  -  (4m)i 

(3)     The  equation  to  the  evolute  of  the  ellipse  may  be^ 
found  in  the  same  manner,  but  it  is  obtained  more  readily 
by  considering  it  as  the  locus  of  the  ultimate  intersections  of 
consecutive  normals,  as  follows: 

Let  a,  i3,  be  the  current  co-ordinates  of  the  normal,  a,  y 
of  the  curve;  then  if 

»^*^-'         <■> 

be  the  equation  to  the  ellipse,  the  equation  to  a  normal  passing 
through  the  point  zr,  y  is 

?-  «  o*  -  ft».  (2) 

w  y 

Differentiating  (2)  and  (l)  with  respect  to  w  any  y, 

a^a  .        VQ  ,  wdw      ydy 

whence    X  -5  -  --p,        X  ^  = '- . 

or       or  6"  y' 

Multiply  by  «,  y  and  add,  then 

{x"      y^      a^a      6'i8 

Therefore    «»-^"*."^,     S^""^. 

and  substituting  the  values  of  m  and  y  in  (1),  we  find 

(oa)»  +  (6/3)»  -  (o»  -  6»)!. 
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(4,)     The  equation  to  the  aemi-cubical  pari^la  is 

whence     a--^ar  +  ^j,      ^-4(a  +  af)  ^^j  ; 

and  eliminating  a^  we  obtain  for  the  equation  to  the  e volute 
81a/y  «  16  {2a  A  (a«-  &aa)iy  {*  (a«-  6aa)*-  o{- 

(5)     In  the  hypocycloid,  the  equation  to  which  is 

afi-i-  yi  m  oJ, 

a  «  ^  +  Sa^yiy      fii^  y  ^  Sxiy^. 

Adding  these 

«  (ari  +  yi)  {^t  +  2  (a?y)*  +yi{  «  (or*  +  y*)». 

Subtracting 

a  —  ^^  X  --  y  —  S (try)i  (»i/*  —  yi)  —  (.r*  - y*)'. 

Whence 

»*  +  y*  =  (a  +  |3)*,      «*  -  yi  «  (a  -  /3)*. 
Adding  and  subtracting,  these  equations 

2.i?i-(a  +  /3)4  +  (a-/3)*, 

Substituting  in  the  equation  to  the  hypocycloid 
{{a  +  i3)*  +  (a  -  ^)ip  +  {(a  +  /3)*  -  (a  -  i3)i}«  -  4a«, 

or     (a  +  i3)J+(a-/3)«  =  2o*, 
which  is  the  equation  to  the  evolute. 

The  following  method  sometimes  allows   us   to   find   at 
least  the  diflFerential    equation   of   the   evolute    when   direct 

•  ^y 

elimination  would  be  impracticable.     If  we  can  express    — 

and  ---4  in  terms  of  one  of  the  variables  onlVf  we  can  some- 
d9 
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times  express  y  or  4?  in  terms  fi  or  a:    then  without  find- 
ing the  other  variable  it  is  sufficient  to  substitute  the  values 

of  V  or   ^v  in   the  equation    -—  «=  — —- ,   and    we  have  a 
^  ^  da  dy 

difierential  equation  in  a  or  /3t  which  is  the  differential  equa- 
tion to  the  evolute. 

(6)     In  the  cycloid  ^.<?^?^:il^*. 

dw  y 

\dal       y  '       dof^  y-* 

whence    y  -  /3  =  2y,   or  y  =  -  /3. 

Substituting  this  value  in  -~  —  — —- ,  we  have   . 

da  dy 

d  (-  ^)  (-  ^) 


da  |2a(-i3)-(-/3r}i* 

which  is  the  equation  to  an  equal  and  similar  cycloid,  but  in 
an  inverted  position. 

(7)     The  equation  to  the  tractory  is 

^^ y 

dw  {or  -  y')i ' 

whence     &  =  — ,     y  «=  -;r  • 

d3  da 

Substituting  this  value  in   -r-  = we  find 

®  da  dy 

da  a 


which  is  the  differential  equation  to  the  catenary. 

(8)     The  equation  to  the  catenary  is 

dy  c 

dw      (2ca?  -h  a?')i ' 
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whence  w^a^  -  (c  +  ^)   aod  x  » , 

substituting  m  -;    * » 

da         dy 

da 
which  is  therefore  the  differential  equation  to  the  evolute. 

(9)  The  equation  to  the  Ic^arithmic  curve  is  y  «  a^\ 
whence     y  -  ^  « ,        or    y»-^y  +  --  =  0. 

Froo.  this  y^^±^Ezl^, 

and     4a-j^  +  /3±(/y-8£i»)*-0 
op 

is  the  equation  to  the  evolute. 

In  curves  referred  to  polar  OMirdinates  the  most  convenient 
mode  of  finding  the  equation  to  the  evolute  is  by  the  relation 
between  p  and  r. 

If  p  and  r  be  the  co-ordinates  of  the  curve, 

p^  and  r^ evolute, 

p  be  the  radius  of  curvature;  then  p  ^f{r)  being  the 
equation  to  the  curve, 

r/«r«  +  p«-2pp, 

dr 

Between  these  four  equations  we  can  eliminate  p,  r,  p, 
and  so  find  a  relation  between  p^  and  r^,  which  is  the  equation 
to  the  evolute. 

(10)  Let  p*  -  r«  -  a\ 
Then    /»  =  p,      rf  ^  t^  -k-  p*  -^  2p^ 

^r^p^^a\ 
and  p  *  =s  r^  -  p^  es  a*. 
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Hence  p   and  r   being  both  constants,   the  evolute  is  a 
circle 

(11)     In  the  logarithmic  spiral  p^mvy 

r 
whence     p  «  —  ,     P  *  -  ^  (1  -  wi*), 
'^      m 

•       ,      r«  ,       e  (1  - 1»') 

'  mr  m- 

and    p^-wi^^> 
the  equation  to  a  similar  logarithmic  spiral. 

The  logarithmic  spiral  may  even  be  its  own  evolute ;  that 

is,  one  convolution  of  the  curve  may  be  the  evolute  of  another 

convolution.     To  find  the  condition  that  this  should  be  the 

case,  let  £ 

r  =  €« 

be  the  equation  to  the  curve.  Let  P  (fig.  52)  be  a  point  in 
the  curve,  PN  the  normal  at  that  point  touching  a  point  Q 
in  the  convolution  which  is  the  evolute  of  the  convolution  AP^ 
Then  since  the  curve  makes  a  constant  angle  with  its  radius 
vector,  the  angle  SPT  must  be  equal  to  the  angle  SQPi 
that  is,  PSQ  must  be  a  right  angle.  Hence  the  radius  SQ 
is  separated  from  the  radius  SP  by  some  whole  number  of 
circumferences  together  with  three  right  angles,  or  if 

ASP^e,     ^*yQ-e-  (4r  +  8)-. 

2 

If  SP^T,    and   SQ^r^, 

0  6     4r+3 w 

But  Q  being  a  point  in  the  evolutCi  r  »  af^^,  so  that 

6  6     4r+a w 

c"  ■  a  e"       «     * ; 

4r  +  3  IT 

whence     a  -  €   *•      * , 

or     o"  s  e  «  , 
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which  is  the  condition  that  the  parameter  a  must  satisfy  in 

e 

order  that  the  spiral   whose  equation  is  ttm^  may  be  its 
own  evolute. 

(12)     In  the  Epicycloid    p«  »  — ^ —  ^  ^  , 
r/-r«  +  ?— ^p^.2— — 


r«  + 


(^-,)  (,.-., 


Substituting  for  e*  -  r*  its  value  in  terms  of  p^. 


.    -('.-^ 


'hich  is  also  the  equation  to  an  epicycloid. 


CHAPTER  XIII. 


APPLICATIONS     OF    THE    DIFFERENTIAL    CALCULUS     TO    GEOMETRY 

OF    THREE    DIMENSIONS. 


Sect.  1.      Tangencies. 

If  F(af,  y,  «)  =  0 

be    the  equation   to  a  curved   surface,   the   equation   to  the 
tangent  plane  at  a  point  w^  y^  x  is 

where  a/^  y\  z    are  the  current  co-ordinates  of  the  tangent 
plane,  <r,  y,  %  those  of  the  point  of  contact. 

If  the  equation  to  the  surface  consist  of  a  function 
homogeneous  of  n  dimensions  in  w^  y^  x  equated  to  a  con- 
stant, the  equation  to  the  tangent  plane  becomes 

,dF       ,dF       ,dF 
dw  dy  dx 

F  {w,  y,  x)stc  being  the  equation  to  the  surface. 

If  p  he  the  perpendicular  from  the  origin  on  the  tangent 
plane, 

dF        dF        dF 

dx         dy  dx 

pm  ^ 


ifdF\'     ldF\*     idF^^i' 

\[r.)^U)^[-dx)] 

and  if  the  function  be  homogeneous  of  n  dimensions, 

nc 

^"^  ildF\''     idF\*     idFx'^i' 
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The  equations  to  a  normal  at  a  point  Wy  y,  x  are 

iff-ic     y-y     ^-g 
dF   ''^dWlF' 


dx  dy  dx 

Ex.    (1)     The  equation  to  the  Ellipsoid  being 

^      »*      «' 

that   to  the  tangent  plane  is 

^^'     yi/     ^^ 

or        h'        & 

The  perpendicular  on  the  tangent  plane  from  the  origin 
is  given  by  the  equation 

p  "  W  "^  6*  "^  ?  j  ' 

If  we  wish  to  find  the  locus  of  the  intersection  of  the 
tangent  plane  with  the  perpendicular  on  it  from  the  centre, 
we  have  to  combine  the  equation  to  the  tangent  plane, 

wx      yy       xx' 

a*        o'        c* 

with  the  equations  of  a  line  perpendicular  to  it,  and  passing 
through  the  origin 

oV      &V      ^' 

X  y         X    ' 

These  last  may  be  put  under  the  form 

f         ?         f 
a         b        c 

X*      ^      x'* 

since   -  +n+3  '^  ^• 
a"      Ir      cr 

Multiplying  each  term  of  the  equation  to  the  tangent  plane 
by  the  corresponding  member  in  these  last  expressions,  x^  y^  x 
are  eliminated,  and  we  have  for  the  locus  of  the  intersections 
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This  is  the  equation  to  the  surface  of  elasticity  io  the 
wave  Theory  of  Light. 

(2)  Let  the  equation  to  the  surface  be 

The  equation  to  the  tangent  plane  is 

a      V       X 

-  +  -  +  -  «  3. 

w      y      X 

The  intercepts  on  the  ImgvBts  are 

and  the  volume  of  the  pyramid  included  between  the  tangent 
plane  and  the  co-ordinate  planes  is =  — . 

The  volume  of  this  pyramid  is  smaller  than  that  of  any 
other  pyramid  formed  with  the  co-ordinate  planes  by  a  plane 
passing  through  the  point  w^  y,  «. 

The  length  of  the  perpendicular  from  the  origin  is 
given  by 

1       1/1         1        l\i 

(3)  The  equation  to  the  Cono-C  uncus  of  Wallis  is 

{n^  -  a?')  y»  -  c*«*  =  0, 

and  the  equation  to  the  tangent  plane  is  therefore 

y'«r.i?'  -  («•  -  cf)  yy  +  c^xx  =  /p*y*. 

(4)  The  equation  to  the  hilifoich  gattche  is 

and  the  equation  to  the  tangent  plane  is 

A  (ory  -  ya')  +  2^  (a?*  +  y*)  »-  2ir«  (»*  +  y')  ; 

and  the  perpendicular  on  it  is 

^irrx 


tVCOS 


(A*  +  47r*r*)4 


;   where  r»«a^+y*. 
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(5)    The  equatioo  of  the  hiUfoide  diveloppable  is 

.    f2«-«      («»+y«-o*)ll              fair*      (»*+«*-a»)»l 
•""{-A a r»*^{^ a }-"• 

The  cosine  of  the  angle  which  the  tangent  plane  makes 
with  the  plane  of  a>y  is 

dF 

d^ 


KdF\*     (dF\*     (dPs'li' 
di)^[Ty)''[di)] 

Let    !^-<fl±t^-^,     then 

dF  y  (<r  C06  0  -  y  sin  0) 

djP      2ir  ,  ^  .    >|. 

——  a     -  (j7  cos  0  -  y  sin  0). 
ax        h 

Noir  (arcosi9  -y  sind)'«  jt'cos'O +  y'sin*0- 2/i^y  sindcos^, 
and  from  the  equation  to  the  surface 

2d?y  sin d  COS0  e  a*  -  j;* sin*0  —  y*cos*0;    therefore 

{»coB0  ^  y  sin  0)*  —  «*  +  y*  -  a*.     Hence 

dF      .   ^     w  dF  y 

~r~  «  Sin  0 ,  -——  «  COS  0 , 

dw  a  dy  a 

From  these  expressions  the  cosine  of  the  inclination  of  the 
tangent  plane  to  the  plane  of  wy  is  found  to  be 

%ira 

The  inclination  is  therefore  constant,  and  equal  to  that  of  the 
helix,  which  is  the  directrix  of  the  surface. 
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(6)  Let  the  surface  be  FresnePs  surface  of  elasticity,  the 
equation  to  which  is 

aV  +  6y  +  cV  =  (^*  +y«  +  z'y. 
The  equation  to  the  tangent  plane  is 

where     r*  =  jt*  +  y*  +  «*. 

The  perpendicular  from  the  centre  on  the  tangent  plane  is 

When  a  curved  line  in  space  is  given  by   the  equations 
of  two  of  its  projections, 

'^  »  0  («)»  y  =  >/^  {«), 

the  equations  to  a  tangent  at  the  point  x^  y,  z  are 

.  dio  ,  ,       ^  ,  dy  ^  , 

Of  ^  a;  :=—■(%  -X),  y  -y^  /  {ss  -z). 

az  ax 

The  direction  cosines  of  the  tangent  are 

dof  dy  dz 

da  *         ds^         da 

The  equation  to  the  normal  plane  is 

{w  -  ic)  dx  +  iy' "  y)  dy  +  {z  -^  z)dz^  0. 

The  equation  to  the  osculating  plane  is 

(x  -  ai)  (dyd^z  -  dzd^y)  +  {y  -  y)  {dzd^a  -  dxfPz) 
+  («' -  z)  (dxd^y  -  dyd^x)  =  0. 

(7)  Let  the   given    curve   be   the   helix,    the   equations 
to  which  are 

z  z 

.r  =  a  cos  7  ,  y  =  a  sin  7 . 

h  h 

The  equations  to  the  tangent  are 

h  (tV  -  a?)  +  y  («r'  -  «)  a  0,        h  {%{  -  y)  -  x  {z  -  ar)  «  o. 
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If  Q  be  the  angle  which  the  tangent  makes  with  the 
plane  of  wy<,  « 

tan  d  »  - »  and  is  therefore  constant. 
a 

The  equation  to  the  normal  plane  is 

In  finding  the  equation  to  the  osculating  plane  we  may 
for  simplicity  assume  d^z  »  0,  that  is,  make  x  the  independent 
▼ariable.  This  assumption  readily  gives  us  as  the  equation 
to  the  osculating  plane, 

h  {wy  —  yof)  +  a*  (z  -  *)  •  0. 

In  both  of  these  equations  if  we  make  a/  «  0,  y'  m  o,  we 
find  z'  ^  z\  that  is,  both  planes  cut  the  axis  of  z  at  the 
same  point,  which  is  the  corresponding  co-ordinate  of  the 
point  in  the  curve. 

(8)  Let  a  curve  of  double  curvature  be  formed  by  the 
intersection  of  two  cylinders,  the  axes  of  which  cut  each  other 
at  right  angles. 

The  equations  to  the  curve  are 

d?'  H-  «•  SB  a*,     y*  +  «^  =a  6-, 

the  point  of  intersection  of  the  axes  of  the  cylinders  being 
taken  as  origin,  and  the  axes  as  the  axes  of  *r  and  y. 

The  equations  to  the  tangent  are 

WW  -^  zz  ^  a  J     yy  -^  zz  s»  6\ 

The  equation  to  the  normal  plane  is 

/        /        / 
w      y      z 

a       y       z 

The  equation  to  the  osculating  plane  is,  making  z  the 
independent  variable,  and  therefore  d^z  ^  0^ 

When  a  curved  line  in  space  is  not  given  by  the  equa- 
tions to  its  projections,  but  by  the  equations  to  any  two 
surfaces, 

F(w,  y,  z)  «  0,      F|  (r,  y,  z)  =  0, 


\ 
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we  have 

dF  ^        dF  ^        dF  . 

—  dx  +  —  dy  +  -J—  dx  =  0, 

dw  dy  dx 

dF,  _,        dF|  ^        dF,  ,       ^ 
-7~  dof  +  --—  dy  +  -T—  a»  «  0, 
dof  dy  dx 

dw      dy  . 
from  which  equations   we  can  determine  T~'    T~  ^"  terms 

of  ^,  y,  «:  and  these  values  are  then  to  be  substituted  in 
the  equations  to  the  tangent,  and  to  the  normal  and  oscu- 
lating planes. 

(9)  Let  the  curve  be  that  formed  by  the  intersection  of 
a  sphere  and  an  ellipsoid.     It  is  determined  by  the  equations 

x*      y^      x^  «       o       «       « 

a       tr      c 

From  these  we  find 

dx      a"  h^^c'  X         dy      6«  c^-a^  « , 
Tx^^  a«-6*  w'      dx'^  c^  a^-fr  y' 

therefore  the  equations  to  the  tangent  are 

ajof'^w)       y  (y  -  y)        »  i^'  -  ») 

The  equation  to  the  normal  plane  is 

^  w  y  * 

This  curve  is  the  spherical  ellipse;  that  is,  it  is  a  curve 
described  on  the  surface  of  a  sphere  such  that  the  sum  of 
the  arcs  of  great  circles  drawn  from  any  point  in  the  curve 
to  two  fixed  points  on  the  surface  of  the  sphere  is  constant. 

(10)  Let  the  curve  of  double  curvature  be  the  equable 
spherical  spiral.  This  is  formed  by  the  iQtersection  of  a 
sphere  with  a  right  cylinder  the  radius  of  whose  base  is 
one  half  of  that  of  the  sphere,  and  which  passes  through 
the  centre  of  the  sphere.     The  equations  to  the  curve  are 

therefore 

^*  +  y*  +  »'  «  4r*,     y*  +  ar'  =  2r/r, 
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the  axis  of  x  being  taken  parallel  to  the  axis  of  the  cylinder^ 
and  the  axis  c^  w  passing  through  the  centre  of  the  base  of 
the  cylinder.     The  equations  to  the  tangent  are 

y  (y'  -  y)  ■  (^  -  ^)  (*'  -  *)»    »(»-*)«  r  (*'  -  «) . 

Sect.  2.     Curoature, 
If  a  curved  surface  be  given  by  an  equation  of  the  form 

^^^     di^^'     dy"^'     I +P*+ ?*-**, 

d/v^        *      dwdy       *      dy* 

the  greatest  and  least  radii  of  curvature  of  die  normal  sections 
passing  through  a  point  Wj  y^  x  are  given  by  the  equation 

where  p  is  the  radius  of  curvature.  * 

If  the  surface  be  given  by  an  equation  of  the  form 

F  («»>  y » *)  -  0, 

and  if  we  put 

dF  dF  dF  l^^\^     /^^\*     l^^\'       i 

dm  ^     dy        *    d«  '     \daf}       \dy  I       \dx)  ' 

d^F  d'F  d^F 

dor*         '      dy''         •      d«« 

d^F        ,       d'F        ,       d^'F 
dydz  dzda  dxdy 

the  equation  for  determining  the  radii  of  maximum  and  mini- 
mum curvature  is 

-(-?)(-7)^-("-7)(»-7)*-(-')(«-^) 

-iu'VW  (»--)-  iv'UW  («--)-  ivo'UV  («»  -  ^ 
-  ir*«'»-  Po'"-  »^w'»+  ZVWv'w'+  2  »rt7er'?/+2?7FM'*)'=  0. 


208       APPLICATION    TO   GEOMETRY    OF    THREE    DIMENSIONS. 

This  equation  is  much  longer  than  the  preceding,  but 
from  its  symmetry  it  is  more  useful  in  practice,  and  is  very 
frequently  much  simplified  by  the  vanishing  of  some  of  the 
quantities  which  it  contains*, 

(l)     Let  the  given  surface  be  the  Ellipsoid, 

^     ft      ^ 
a*      Ir     c* 

2w  2f/  2» 

Here  t7-— ,       r= -|,       >F- ^, 

a*  b*  & 

S  2  2 

v!  «  0,        «' «  0,         w  «  0. 

Also  p«2         +?.  +  -     „-, 

\a*      b*      cV       p 

where  />  is  the  perpendicular  from  the  centre  on  the  tangent 
plane.     Hence  the  equation  becomes 

a^  y  SI? 


d'ipp-a-)  "6»(P/t»-  6")      e"(P/»-«0 


0, 


a*lfe' 


or    ^-{a»+6»+c»-(«»  +  y«+«»)jC+ y- -  0. 

From  the  last  term  of  this  it  appears  that  the  product 
of  the  greatest  and  least  radii  of  curvature  of  normal  sections 
is  constant  for  all  points  for  which  the  perpendicular  on  the 
tangent  plane  is  constant. 

(2)  Let  the  surface  be  the  paraboloid,  the  equation  to 
which  is 

-  +  —  «  a?. 
a      a 

In  this  case 

f7--i,    F=?^,    »r=^, 

a  a 

*  For  a  demonstration  of  this  equation  see  Cambridge  Maihematieai  Joumai^ 
Vol.  I.  p.  137.  The  reader  is  referred  also  to  Gregory's  Solid  Gsomeirpy  where 
the  same  equation  is  presented  under  a  more  simple  and  elegant  form. 
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f^  2 

U«0,  ©»-,  w-->, 

a  a 

U  =  0,  t>'-sO,  it'-bO,  P« -, 

p  having  the  same  meaning  as  before.  Then  the  equation 
for  determining  the  radii  of  maximum  and  minimum  curvature 
becomes 

(3)  ^  Let  the  equation  to  the  surface  be 

wy»  «>  fit'. 

Here     Umyz^  V^za^  W^mwy^ 

u^Oj  t>  —  0,  tr  e  0, 

u'^Wf  t>'«y,  w'^x. 

Substituting  these  values  in  the  general  equation  for  the 
radii  of  curvature,  it  becomes 


• 


o»  +  «(«»  +  y«  +  «*)  L.  +  —r-  m  0. 

P        P 

(i)     The  equation  to  the  hilifoide  gattehe  is 

w  cos  nz  —  y  sin  nz  «  0. 
Urn  cos  nzy     F—  —  sinwar,     W^s  ^n{tc  sin  nz-i-y  cosn^ir), 

fi'"> -ncosfiiir,     v' a  -  n  sin n/v,     fi?'«0. 
The  equation  for  determining  p  is  reduced  to 

or  the  two  radii  of  curvature  are  equal,  but  of  opposite  signs. 

In  a  curv|  of  double  curvature  the  radius  of   absolute 
curvature  is  given  by  the  formula 


P 
9  being  the  arc. 

14 


\-m*[%)'<M 
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(5)  Let  the  curve  be  the  helix,  the  equations  to  which  are 

w  ^a  cos  - ,     y  B  a  sin  - . 

From  these  we  find 
da  y  dy  a  d«  h 

„„  d"^  a  d^y  y  d*» 

Whence     ^^r  «  -  -r — n  »     T:J  "  •  "1 — U »     TT  "  ^» 

and  p  a ,  and  is  therefore  constant. 

'  a 

(6)  Let  the  curve  be  the  equable  spherical  spiral,  the 
equations  to  which  are 

j^  +  y*  +  «•  =  4r%     rt?"  +  y*  «  zrw. 

From  these  we  find 

d^a      ^t{t -- ai) -nf       d^y         y    Sr-^-w 
d?  *     r  (2r  +  a?)*     '     d?*""r(i7+^' 

d*y  jy 

d7"  ""(2r  +  ^)«' 

Substituting  these  values  in  the  expression  for  the  radius 
of  curvature,  we  find  after  certain  reductions 

1       (lOr  +  Sw)l 
p       (2r  +  a)i 

The  lines  of  curvature  at  any  point  of  a  surface  are  found 
bj  combining  the  equation  to  the  surface  with  the  equation 

U{dVd«^dWdy)  +  V{dWdw-dUdx)  +  W{dUdy  -  dVdx)  «  0, 

U^  r,  fF  having  the  same  meanings  as  before. 

Between  this  equation  and  the  equation  to  the  surface  and 
its  difierential  we  can  eliminate  each  of  the  variables  and  its 
differential  in  succession,  and  thus  obtain  the  differential 
equations  to  the  projections  of  the  lines  of  curvature  on  the 
co-ordinate  planes. 


APPUCATION    TO   OBOMBTRY    OF    THKBB    DIMBNSIOMS.       211 

(7)     Let  the  surface  be  the  ellipsoid 

df      ^      sf 

The  lines  of  curvature  are  determined  by  combining  this 
with  the  equation 

(6*  -  4f)  wdydx  +  (c*  -  «■)  ydxda  +  (a*  -  6")  xdwdy  «  0.     (2) 

To  eliminate  z  and  dzj  multiply  by  --r ,  and  substitute 

the  values 

^  ^'      y*       zdx         mdm      ydy 

when  we  obtain 

as  the  differential  equation  of  the  projection  of  the  lines  of 
curvature  on  the  plane  of  xy. 

Mr  Leslie  EUis*  has  found  a  symmetrical  integral  of  the 
equation  representing  the  lines  of  curvature  in  an  ellipsoid, 
which  I  shall  introduce  in  this  place,  though  it  more  properly 
belongs  to  another  branch  of  our  subject. 

If  in  equation  (2)  we  put 

^  »•  «* 

we  find,  after  changing  the  differentials  and  multiplying  by 

; — —^  that  it  becomes 

abc 

(&•  -c*)  udvdw  +  (c*  -  o*)  vdtodu  +  (o*  -  6")  wdudv^s  o,       (3) 

with  the  relation 

t*  +  t)  +  w  «  J .  (4) 

Differentiating  (3),  and  observing  that 

6*  -  c*  +  c*  -  a*  +  a*  -  fc*  «  0,  we  get 

(ft*-c")«d(d«d«)+(c«-a>d(dwdtt)+(a«-y)fi?d(diidc)-a   (5) 

■  Cambridge  MaihenuUieal  Jaumaiy  Vol.  ii.  p.  183.     See  aUo  on  this  subject 
a  pftpcr  bj  Mr  Thomson  in  the  same  Joonal,  Vol.  it.  p.  W» 
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This  18  satisfied  by 

dvdu='-f     dwdu's-f     dudv^-^  (6) 

/»  g9  h  being  constants.      But  from  (4)  we  have 

du  +  c^t?  +  dw  s  0 ;    and  from  (6) 

du  '^fdudvdWf     dv  ^gdudvdw,     dw  -^  hdudvdw. 

Hence  /  +  5'  +  A*0, 

establishing  a  relation  between  /,  ^,  h. 

Now  equation  (6)  implies  two  linear  equations  connecting 
Uf  Vj  w.  Therefore  a  particular  solution  of  (d)  is  two  linear 
equations  connecting  the  three  variables,  but  the  given  equa- 
tion (4)  is  linear,  and  therefore  the  solution  in  question  is  the 
one  congruent  to  the  problem.  The  other  linear  equation  is 
found  by  eliminating  the  differentials  from  (3)  by  means  of 
(6).     The  result  is 

f  g  f^ 

or,  putting  for  u^  t?,  w  their  values, 

This  is  evidently  the  equation  to  a  cone  of  the  second 
degree,  having  its  vertex  in  the  centre  of  the  ellipsoid ;  and 
the  lines  of  curvature  are  determined  by  the  intersection  of 
this  cone  with  the  ellipsoid. 

(8)     Let  the  surface  be  the  paraboloid 

-  +  ^  -  ^  =  0. 
a      a 

The  general  differential  equation  to  the  lines  of  curvature 
will  be  found  by  combining  this  with 

(a^-  a)  dxdy  -^  ^ydwdx  -  2zdyda  s  0. 

Multiplying  by  x  and  eliminating  that  variable  and  its 
differential,  we  obtain  for  the  differential  equation  of  the 
projections  of  the  lines  of  curvature  on  the  plane  of  ory, 
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a^a     (dy\^     /^„      o--a\dy 

dao 


The  equation  to  the  projection  on  yz  is 

a    \dy)       V     4  a       a)  dx      a' 

(9)  Let  the  equation  to  the  surface  be 

Then  U  —  y »,      V «  xa^      W «  wy. 

Substituting  these  values  in  the  general  equation  to  lines 
of  curvature,  we  find  after  some  reductions, 

j^  (y^  -  «*)  dydx  +  y  («*  -  ^*)  dxdcB  ^  z(/b*  —  y*)  dady  «  o, 

which  combined  with  the  equation  to  the  surface  gives   the 
lines  of  curvature. 

(10)  Dupin  in  his  l)iveloppemeni8  de  Geomitrie^  p.  322, 
has  demonstrated  the  following  very  remarkable  theorem 
relative  to  the  lines  of  curvature  on  surfaces :  **  If  there  be 
three  systems  of  surfaces  which  intersect  each  other  at  right 
angles,  any  two  of  them  will  trace  on  the  third  its  lines  of 
curvature." 

Let  the  three  systems  of  surfaces  be  represented  by  the 
equations 

/(^,y,«)«<?j  (1)    /i(^,y,«)=ci,  (2)    /«(^,y,»)«c8,    (s) 

c,  C],  C{  being  the  variable  parameters  by  which  each  individual 
in  each  system  is  distinguished. 

If  we  represent  the  differentials  of  these  equations  taken 
with  respect  to  d?,  y,  x  by  If,  F,  W,  the  conditions  for  the 
surfaces  intersecting  at  right  angles  are 

'  UU,  +  Vr,  +  WW^  =  0,  (4) 

f^if^2+  F,F, +  fr,fry«o,  (5) 

UM-hV.V  +  W.W^O.  (6) 
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Eliminating   17%^    Fs,    W^  in   turn    between   (5)   and  (6) 
we  get 

u,mk{yw,-vjv), 

where  k  is  an  unknown  multiplier.     Hence,  as 

U^dw  +  Fady  +  W^dx 

is  a  perfect  differential  function,  it  follows  that 

(VW,  -  r,W)  dw  +  {WU,  -  W^U)  dy  +  {UV,  -  f7,F)  dzy 

may  be  integrated  by  means  of  a  factor;  and  this  is  all  the 
information  which  the  equations  (5)  and  (6)  give  with  respect 
to  the  intersection  of  the  surfaces  (l)  and  (2). 

By  the   ordinary  condition   of  integrability  by  a  factor, 
we  have 

dU 
The  coefficient  of  -j-  in  this  equation  is  - f7i( FfF,-  ViW^j 

/■  dw 

and  that  of -^  is     U(rW,-Vtir). 

dOB 

But  since  Udw  +  Vdy  +  Wd«  is  a  complete  difFerential 
function  we  have 

dU     dV       dU     dW       dV     dW 

dy      da  *      d«       dw  ^     d«       dy  * 

and  similarly  for  t7i,  F,,  Wi\  therefore  the  equation  may 
be  put  under  the  form 
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Again,  as  (4)  is  identicaliy  true  we  may  differentiate  it 
with  respect  to  w^  y,  x  separately,  when  we  have 

^dU,     ^dV,     ^dFT^^  ^^     Y  ^^    TV—' 

dx  dx  dx  dx  dx  dx 

and  similarly  for  the  others.     Hence  equation  (7)  becomes 

(       dx  dx  dx] 

{dU         dV  dW\ 

/rr.r  rr  wrx    f  rr    ^  ^^         rr    <*  ^^         .^    <*  ^^i  /«x 

{UV,  .  f7iF)  Jtr,_  +  r,  —  +  W^i-^}  -  0.      (8) 

Tbe  curve  which  is  the  intersection  of  any  surface  of  (l) 
with  any  surface  of  (2)  satisfies  the  equations 

U  dX'\'Vdy  -k-WdxmO^  (9) 

U^dx  +  F,dy  +  W^dz  =  0.  (10) 

By  comlnning  these  we  have 

FIF;-F,FF=\d^,      WUx^UW^^Xdy,      UV,^U,V»\dx\ 

X  being  an  unknown  quantity :   and  by  combining  (10)  with 
(4)  we  have  also 

U^'^niVdZ'-Wdy),  V,^y.{Wdx-'Ud«),  W.^fiiUdy-Ydx), 

Ik  being  an  unknown  quantity.     Hence  equation  (8)  becomes 

C^,dO'+ Fidr+ fTidTF-O,  or 
(Fdi^-fFdy)  di7+ (FFd^- f7d«)  dr+ (f7dy-Fd^)  d»F«  0. 

But  this  is  the  equation  to  the  lines  of  curvature  on  the 
surface  (l),  and  from  the  symmetry  of  the  equations  (4), 
(5),  (6)  it  is  clear  that  a  similar  result  may  be  obtained  for 
the  surfaces  (2)  and  (3).  Hence  the  three  systems  of  surfaces 
intersect  each  other  in  their  lines  of  curvature*. 

*  This  demonstntion  of  I>apm*t  Theorem  was  commtinicated  to  me  by  Mr 
Leslie  EUis.  Another  demonstration  of  Dupin*8  Theorem,  of  great  simplicity,  has 
been  given  by  Mr  Thomson  in  the  CawJbridge  MaihemaHoai  Journal  for  February , 
1844. 
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In  Liouville^s  Journal  de  MathinuMqueSf  Vol.  v.  p.  313, 
the  reader  will  find  a  memoir  on  Curvilinear  Co-ordinates  by 
Lam^,  in  which  are  demonstrated  many  very  curious  Theorems 
respiting  the  curvature  of  orthotomic  surfaces. 

Sect.  3.     Singular  points  and  lines  in  Surfaces. 

Let  F  (a?,  y,  ;«f)  =  0,  (l) 

be  the  equation  to  a  surface ;  then  the  direction  cosines  of  the 
tangent  plane  at  a  point  x^  y^  x  are 

dF                                             dF 
da dy 

ite)  nd^)  ^[d^]  f  lU)  "[dy)  ^U)  1 

dF 
dx 


{{^hi^hi^)) 


If  now  we  can  find  values  of  /r,  yy  x  which,  satisfying^ 
equation  (l),  also  make  at  the  same  time 

dF  dF  dF 

dm        ^       dy        ^       dx        ^ 

the  position  of  the  tangent  plane  at  the  point  in  question 
will  become   indeterminate,   since    the    direction-cosines   then 

take  the  form   ~.     At  such  a  singular  point  we  shall  then 

have  generally  not  a  single  tangent  plane  but  many,  even 
an  infinite  number,  in  which  case  their  ultimate  intersections 
will  form  a  tangent  cone,  the  vertex  of  which  will  be  the 
singular  point  in  question.  If  the  three  equations  (2)  are 
satisfied  by  assigning  certain  relations  between  the  variables, 
then  the  curve  formed  by  the  intersection  of  the  surface  (1) 
with  that  indicated  by  the  relation  between  the  variables 
which  satisfies  equations  (i)  is  a  locus  of  singular  points, 
that  is  to  say,  it  is  a  line  in  which  two  or  more  sheets  of 
the  surface  intersect. 
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If  for  possible  values  of  two  of  the  variables  on  one  side 
of  the  singular  point  we  find  impossible  values  of  the  third 
variable,  that  point  is  a  cusp.  If  the  same  occur  at  every 
point  of  the  singular  line,  it  is  called  an  edge  of  regression 
{ariie  de  rebroussement).  Such  for  examples  are  the  curves 
which  are  the  loci  of  the  ultimate  intersections  of  the  gene- 
rating lines  of  developable  surfaces. 

To  determine  the  equation  to  the  tangent  cone  (if  there 
be  one)  at  a  singular  point,  or  the  angle  made  by  the  tangent 
planes  at  the  same  point  of  a  singular  line,  we  proceed  as 
follows.  Giving  the  same  designations  as  before  to  17,  F,  W, 
u,  Vj  to  J  u\  v\  fc\  we  have,  by  differentiating  equation  (l), 

Udw  +  Vdy  +  Wdz  -  0. 
Differentiating  again,  we  have 

Udfx  +  VdPy  +  WdPz  +  uda^  +  vd^-^wds? 
+  %u  dy  dx  -k-  ^v  dz  dw  +  ^w'dxdy  s  0. 

Now  at  a  singular  point,  £7 «  0,  F  »  0,  IF «  0,  and  this 
equation  is  reduced  to 

(tt)  da^  +  (tj)  dy*  +  (w)  d«*  +  2  {u)  dy  dz 

+  2  («')  dzdx  -^^  {w)  dx  dy  «  0,         (3) 

the  bracketed  letters  indicating  the  values  they  take  when  we 
substitute  for  .v,  5^,  z  their  values  at  the  point  in  question. 

If  all  the  quantities  u^  t?,  w^  u\  Vy  to'  vanish,  we  must 
proceed  to  another  differentiation,  but  in  the  examples  which 
we  shall  adduce  this  will  not  be  necessary.  Now  the  equation 
(3)  gives  a  relation  subsisting  between  the  increments  d<T,  dy^ 
dz  in  the  surface  at  the  singular  point.  These  are  the  same 
for  the  surface  and  for  a  straight  line  touching  it  at  the  point; 
and  therefore  equation  (3)  gives  a  relation  between  the  incre- 
ments dcT,  dy^  dz  on  the  tangent  lines  at  the  singular  points, 
or  since  this  relation  is  the  same  for  all  points  of  these  lines, 
we  may  substitute  /r,  y,  z  for  dfjr,  dy,  dz  in  (3),  and  we  find 

(«)a?*+ (tj)y*+  (ti?)«*+2(tt')y)jf  +  2(tj')»4r-f 2(w')a?y«0,    (4) 

as  the  equation  to  the  locus  of  the  tangent  lines  at  the  singular 
point  which  is  taken  as  the  origin  of  co-ordinates. 
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This  equation,  unless  for  particular  values  of  the  co- 
efficients, is  that  to  a  cone  of  the  second  degree.  If  we  had 
proceeded  to  the  third  differentials  we  should  have  found  the 
equation  to  a  cone  of  the  third  degree,  and  so  oh  in  succession. 
It  may  happen  that  the  equation  (4)  may  be  decomposed  into 
two  factors  of  the  first  degree,  and  then  it  will  represent  two 
planes.     The  condition  that  this  may  be  the  case  is 

(u)  (v)  (w)  .  {u)  (uy-  (v)  (0«-  itv)  (wy+  2  iu')  {v')  {to')  -  0. 

Ex.  (1)  Find  the  nature  of  the  point  at  the  origin  in 
the  surface 

Here  f7=  2^?  (2r*  -  o«), 

r  =  2y(2r»-ft^), 

fr«2»(2r*+c'), 

M  «  2  (2r*  -  a*)  +  8^, 

tj«2(2r*- 6*)  +  8y*, 

tt?  =  2  (2r*  +  c*)  +  Sx\ 

u  «  8y«,     fj'  ■»  8«a?,     w  =»  8.i?y. 

Now  when  a?  =  0,  y  «  0,  »  «  0,  f7,  F,  W  all  vanish,  while 
tt  a=  -  2o%  u  e  -  26",  IT  «  2c",  tt'  as  0,  «'  »  0,  ti?'  «  0,  SO  that 
the  equation  to  the  tangent  cone  at  the  origin  is 

«*«*  +  6"»»  -  c"«"  =  0. 

(2)  The  equation  to  FresneVs  wave-surface  in  biaxal 
crystals  is 

(^  +  y"  +  i»")  (aV+  6^y"  +  c*«")  -  a»  (fe«  +  c")  <»" -  6"  (0"+  o")  »* 

-c*(a"+6«)»'^+a«6*c"«0; 

find  whether  it  has  any  singular  points,  and  their  nature. 

Here      U^  2a;  {a"(r«"  fe«- c*)  +  a"^+  fe"y*+c"«»}, 
F=  2y  {6«(r»-.  a"- c«)  +  a"ar"+ 6"y"+ c^«"}, 

FT «  2;5f  {c»  (r«  -  a« -  6")  +  a^oli^  +  6V  +  c"af«} , 
where     r"  =  .r"  +  y"  +  «^ 
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Now  if  we  anume  y»0,  f^mlf  which  involve 

these  values  will  satisfy  the  equation  to  the  surface,  and  will 
also  make  Uy  F,  and  W  vanish :  hence,  as  the  double  signs  of 
X  and  z  may  be  combined  in  four  different  ways,  there  are 
four  singular  points  on  the  surface.  To  obtain  the  equation 
to  the  tangent  cone  we  must  find  the  values  of  Uy  v,  w^ 
u\  v\  fo\  at  the  singular  points.  These  are  readily  seen 
to  be 

a  —  c  o  —  <r 

u'~0,     e'-4ac{(o*-6«)(6»-<0}J^^,     w'-O. 

Substituting  these  values,  and  dividing  the  whole  by 
we  find  as  the  equation  to  the  cone 


The  existence  of  these  singular  points  in  the  wave-surface 
was  first  pointed  out  by  Sir  W.  Hamilton. 

(3)     Let  the  equation  to  the  surface  be 

«  (d^  +  y*  +  «*)  +  ai»^  +  6y^  -  0, 
f7«2ar(af +  a),     F-2y(2f+fe),     FT- ^^^  y*+ S«*. 

At  the  origin  where  «  «  0,  y  «  0,  «  »  0^  these  three 
quantities  vanish,  therefore  there  is  a  singular  point  at  the 
origin :   also 

«*'  ■  2^5  t>'  M  2tt?,  it'  —  0, 

(tt)«2o,     (v)«2&,     (fc)«0,      (tt)-O,     (v')-0,     (ii;')-0. 

The  equation  to  the  locus  of  the  tangent  lines  becomes 
then 

aa^  +  fey*  «  0, 
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which,  a  and  b  being  supposed  to  be  both  positive,  can  only 
represent  the  axis  of  x.  The  cone  in  this  case  degenerates 
into  a  straight  Une;  and  as  «  can  never  be  positive,  since 
that  renders  ^  and  y  impossible,  it  appears  that  the  point 
under  consideration  is  a  cusp.  The  surface  surrounds  the 
negative  axis  of  Zy  which  it  touches  at  the  origin,  so  that 
its  form  resembles  the  shape  of  the  flower  of  the  convol- 
vulus. 

If  a  and  b  be  of  contrary  signs  the  equation  to  the 
locus  of  the  tangent  lines  is 

ajc*  -  6j^  s  0, 
which  represents  two  planes  perpendicular  to  the  plane  of 

^>  y- 

(4)  Let  the  surface  be  the  cono-cuneus  of  Wallis,  the 
equation  to  which  is 

Here      t^- -2^(0*- A      V=^a%      W^2a?z. 

These  all  vanish  when  ^  =  0,  y  =  0  independently  of  the 
value  of  X ;  hence  the  axis  of  iv  is  a  locus  of  singular  points 
or  a  singular  line. 

u  ^  -  2  (c^  -  «*),        V  =  2o\        w  =  2a^f 

u  B  0,  «'  ■=  4i17»,      w'  —  0. 

The  equation  to  the  tangent  lines  becomes  in  this  case 

where  ai\  y'  are  accentuated  to  distinguish  them  from  x^  the 
undetermined  co-ordinate  of  the  point  of  contact.  The  pre- 
ceding equation  is  equivalent  to  those  of  two  planes  per- 
pendicular to  the  plane  of  asyy 

ay  +  (c*  -  «•)*  0?'  «  0, 
ay  -  (c>  -  »»)1  0?' «  0. 

By  assigning  diflerent  values  to  x  we  obtain  diflerent 
equations  corresponding  to  successive  points  taken  along  the 
axis  of  X, 


«S1D 
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(5)     The  equation  to  the  hHifmde  dfvelopable  is 


Putting  — r ^  «  0,  we  find  as  in  a  previous 


example 


wT       '    ix      0?  («  COS  0  -  y  sin  0) 
y(^cosa-ysine) 

r  =»  cos  17 73 5 j-T—  ; 

a  (or  +  y*  -  a*)* 

FT  =  —-  (a;  cos  d  -  y  sin  d). 
h 

But  we  found  before  that 

w  cos  0-ysinde(a^  +  y"-  a*)J ; 

therefore  if  we  assume 


w  ^  asm  -- — ,     y  ^u  cos 


the  preceding  expressions  will  vanish,  and  therefore  the  line  ' 
determined  by  these  equations,  and  the  equation  to  the  surface 
is  a  locus  of  singular  points. 

This  line  is  the  intersection  of  the  surface  by  the  cylinder 

ai^  +  y*  -  a*, 

and  is  evidently  the  generating  helix.  Since  in  the  equation 
to  the  surface  ii^+y*  can  never  be  less  than  a%  it  appears 
that  no  part  of  the  surface  lies  within  the  helix,  which  is 
therefore  truly  an  edge  of  regression. 

On  proceeding  to  the  second  differential  coefficients,  and 
substituting  in  them  the  critical  values  of  at  and  y  we  find, 
retaining  only  the  terms  which  become  infinite  from  involving 
(«^  +  y^  —  a*)i  in  the  denominator, 

,  ^  .    2ir»       2w«       .  ^  .    27r«        Zirx       ,    .      ^ 

(w)  a  -  2  Sin  — —  COS—— ,   («)  «  2  sin  — --  cos——  ,    («;)  «  o, 

h  h  A  A 

,  ,.    2ir  2nx    ,  ,.   .27r      .    27r»     ,    ,.       .  ,27r«        j2flr« 

(u)«.^acos— — 9  (©)a-7-asin— — ,  (trjasm*-- — coaT  — -; 
h  h  h  h  A  A 
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SO  that  the  equation  to  the  locus  of  the  tangent  lines  is 

(y'»  -  w^)  ay  +  a'y  {a^^f^+2irj»  {xw  +  yy)  -  O, 

where  the  accentuated  letters  are  the  current  co-ordinates  of 
the  tangents,  and  the  unaccentuated  the  undetermined  co^ 
ordinates  of  the  point  of  contact.  This  equation  may  be 
decomposed  into  two  factors, 

h 
WW  +  yy  «  0, 
which  are  the  equations  to  two  planes. 

UnibUuA^.  These  are  points  at  which  the  two  principal 
radii  of  curvature  are  equal.  The  conditions  for  determining 
them  are 

1  -Hp*      pq      1  '¥(f 
r  8  t     ' 

(6)  In  the  ellipsoid 

c^w       c^y 

c'(b^-!^  (^wy  &{a^^a^) 

Substituting  these  values  in  the  conditions  for  an  umbilicus, 
we  have 

^     a's^  -h  cV  ^         ^    feV  +  cV 

these  are  satisfied  by 

which  are  therefore  the  co-ordinates  of  four  umbilici. 

(7)  Let  the  surface  be  the  paraboloid 

a      a 

2w  2y  ^  2 

P-— >     9-—.     ^«-,     «-0,     ^--7. 
a  a  a  a 

*  The  reader  it  referred  to  Gregory**  SoHd  Geometry  for  a  lymmetrical  method 
of  determining  Umbilici. 


p____,     9--^, 
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Hence  we  have 

€?  +  ^nf      aa       a*'+  4y* 
2a       *     0    "       2a' 

In  order  that  these  equations  may  hold  we  must  have 
either  ^  »  0,  or  y  «  0.     Taking  the  former  we  find 

^^      a      a  1   f   /  ^  /x  >  1  ,  a  -  a' 

~r» >    or  y  «*  ia  (a  -  a)>«,    and  «  •■ . 

a.22  i^^iv  ^5»  4 

Now  if  a^a  the  value  of  y  is  possible,  and  there  are  two 
umbilici,  the  coordinates  of  which  are 

jy«0,     y«  A^  {a'(a-a')}i,     x^—- — . 

If  a  <  a'  we  must  take  y  «  0,  and  then  we  find 
^=  ±^|a(a'-.a)}*,     » 


/ 
a  "-a 


(8)     In  the  surface,  the  equation  to  which  is 

wyz  "■  m', 
there  is  an  umbilicus  at  the  point 

w  ^  tn^     y  ■*  III,     X  «B  III, 


CHAPTER  XIV. 


ENVELOPS    TO    LINES    AND    SURFACES. 


The  earliest  questions  the  solutions  of  which  involved  the 
Theory  of  Envelops  or  Ultimate  Intersections  were  those  which 
related  to  evolutes  of  curves,  investigated  by  Huyghens*,  and 
those  relating  to  Caustics,  a  subject  introduced  by  Tschimhau- 
sen-f*;  but  these  authors  did  not  follow  any  general  analytical 
method  for  the  solution  of  such  problems.  Leibnitz  was  the 
first  who  considered  the  general  theory  of  questions  of  this 
kind,  so  well  adapted  for  exemplifying  the  utility  of  his  Cal- 
culus ;  and  in  two  memoirs  in  the  Acta  Eruditorumlj  he  gave  a 
general  process  for  the  solution  of  all  problems  which  depended 
on  the  successive  intersections  of  lines  whether  straight  or 
curved,  the  position  or  magnitude  of  which  were  changed  ac- 
cording to  some  law.  This  method  is  the  same  as  that  usually 
employed,  no  important  modification  having  been  subsequently 
introduced,  and  may  be  stated  in  the  following  manner. 

If  u^f{ws  y,  ^9  a,  6,  c...)eO  be  the  equation  to  a 
surface,  a,  6,  c ...  being  parameters  determining  its  position 
and  magnitude,  the  envelop  of  all  the  surfaces  formed  by 
the  variation  of  a,  6,  c ...  is  found  by  eliminating  these 
quantities  between  the  equations 

du  du  du 

da  ao  ac 

When,  as  is  often  the  case,  there  are  one  or  more  equa- 
tions of  condition  between  the  parameters,  the  method  of 
indeterminate  multipliers  may  frequently  be  conveniently 
employed.  The  same  method  of  course  applies  to  lines  in 
two  dimensions. 


•  opera.  Vol,  I.  p. 

t  Acta  Erwiitorum,  1682.  X  1692,  p.  168,  and  1694,  p.  311. 
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Ex.  (1)     Find  the  equation  to  the  curve  which  touches 
all  the  straight  lines  determined  by  the  equation 

m 
a 


where  a  is  supposed  to  vary. 


m 


Here  umy^a» «0, 

a 

du  m 

d—  ^  —  or  -t-  ~  B  Uj 
a  a 

whence  a' « ^  >  and  substituting  this  value  we  have 

y'^2(mw)i,     or   f^^^mof^ 
the  equation  to  a  parabola. 

(2)     Find  the  equation  to  the  curve  which  touches  all 
the  lines  determined  by  the  equation 

when  a  is  supposed  to  vary. 

Here  uey-a«-r(l+  a*)*, 

du         I  ra     \ 

Multiply  by  a  and  add  to  the  original  equation. 
Then    ,..{0^.„^l-^}.^-J_; 

therefore   j^« 5;     also  cf 


1  +  a*  1  +  a' 

Adding,  we  have  ot*  +  y^  s  r* ;  the  equation  to  a  circle. 

(3)     Find  the  envelop  of  the  series  of  parabolas  whose 
equation  is 

»«-o(a,-a), 

a  being  the  variable  parameter. 

du  w 

Here     -— sO   gives  fta^afeaO,    or  acs-; 
da  S 

15 
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^  9 

whence    ^*— >     ory«i-, 

the  equations  to  two  straight  lines. 

(4)     To  find  the  envelop  of  the  series  of  ellipses  defined 
by  the  equation 

o«      (Ar  -  ay 

du  .        cf  ^ 

Here         t-  =  0  gives  —  -       "       «  0 ; 

whence     a  «  — = 5 ,      *  —  o  - 


and  on  substituting  these  values  in  the  original  equation  we 
find  as  the  equation  to  the  envelop 

(5)  The  straight  line  PQ  (fig.  41)  slides  between  the 
rectangular  axes  Am^  Ay;  find  the  locus  of  its  ultimate 
intersections. 

Let  AP  B  Cy  AQ  «  &,  PQ  a  e ;  tbm  the  equation  to  PQ  is 

OS      y 

-  +  I-1. 

a     0 

a,  ft  being  subject  to  the  condition 

a'  +  6'  a  c*. 

Difierentiating  with  respect  to  a  and  h^ 
ada      ydb 


o« 


0     (1),  ada  +  bd&  » 0     (2), 


X  (1)  ^  (2)  »  0  gives  on  equating   to  zero  the  coefficients  ef 

each  difi^erential. 

w  y 

X^-«,     X--*. 

Multiply  by  a,  6,  respectively,  and  add;    then  by  the 
first  two  equations. 


^(M)-^-«'+*'-''" 
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therefore    a'  m  e*^,     V  >■  c'y^ 

andy    substituting   these  values  of  a  and  6  in  the  equation 
of  condition,  we  obtain 

as  the  locus  of  ultimate  intersections  of  PQ. 
(6)     If  the  equation  to  a  straight  line  be 

a      0 
a  and  ft  being  subject  to  the  condition 

a      b 

-  +  --1, 
m     n 

the  locus  of  its  ultimate  intersections  is 

which  is  the  equation  to  a  parabola  referred  to  two  tangents 


(7)  Find  the   envelop   to  the   series  of  parabolas   de- 
by  the  equation 

4c 
where  a  is  the  variable  parameter. 

The  result  is  a  parabola,  the  equation  to  which  is 

a^  as  4c(c  —  y). 

This  is  the  equation  to  the  curve  touched  by  the  parabolas 
described  by  projectiles  discharged  from  a  given  point  with  a 
constant  velocity,  but  at  different  inclinations  to  the  horizon. 
The  problem  was  proposed  by  Fatio  to  John  Bernoulli,  who 
solved  it,  but  not  by  any  general  method :  it  was  the  first  case 
which  was  brought  forward  of  the  locus  of  the  ultimate 
intersections  of  curved  lines. — Commercium  Hpistolicum  of 
Leibnitx  and  Bernoulli^  Vol.  i.  p..  17* 

(8)  Find  the  curve  which  is  constantly  touched  by  the 
circles  determined  by  the  equation 
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a  and  6  being  the  co-ordinates  of  a  parabola,  so  that 

V  s  4ma. 

The  resulting  equation  is 

which  is  the  equation  to  an  equal  parabola,  the  vertex  of  which 
is  shifted  through  a  distance  —  m. 

(9)  Find  the  envelop  of  the  series  of  ellipses  defined  by 
the  equations 

a'      6*  fir     tr 

The  resulting  equation  is 

±  -±i:  -  1. 
HI      n 

The  equations  to  four  straight  lines  in  the  space  contained 
by  which  all  the  ellipses  lie. 

(10)  Find  the  locus  of  the  ultimate  inters^tions  of  chords 
joining  the  extremities  of  conjugate  diameters  of  an  ellipse 
the  axes  of  which  are  a  and  b. 

If  w\  f/  be  the  co-ordinates  of  the  extremity  of  a  dia- 

d              I) 
meter,    -  y , o/  are  the  co-ordinates  of  the  extremity  of 

its  conjugate.     Hence  the  equation  to  the  line  joining  their 
extremities  is 

^'  (y  -  -  ^)  -  y  U  +  -  j  y  +  aft  -  0, 
w  and  y'  being  connected  by  the  equation  to  the  ellipse 

rf^  ■*■  fe*  "  ^• 

The  resulting  equation  of  the  locus  of  the  ultimate  inter- 
sections is 

the  equation  to  an  ellipse,  the  axes  of  which  are  -r ,   -i . 
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(ll)  If  from  every  point  in  a  curve  of  the  second  order 
pairs  of  tangents  be  drawn  to  another  curve  of  the  second 
order,  find  the  curve  which  is  constantly  touched  by  the  chord 
of  contact. 

LfCt  us  suppose  for  simplicity  that  the  second  curve  is 
ah  ellipse  referred  to  its  centre,  its  equation  being 

^  ■*■  6^  "  ^'  ^• 

Let  the  co-ordinates  of  a  point  from  which  a  pair  of 
tangents  to  (I)  is  drawn  be  a,  /3,  then  the  equation  to  the 
chord  of  contact  is 

cr,  j3  are  supposed  to  be  the  co-ordinates  of  a  point  which 
is  always  in  a  curve  of  the  second  order :  they  are  therefore 
connected  by  the  equation 

Ja»  +  2J?a^  +  C/?  +  2Da  +  2jB/3  +  1  =  0,  III. 

Now  to  find  the  curve  which  is  constantly  touched  by  (II) 
differentiate  (II)  and  (III)  with  respect  to  a  and  /3. 

wda      ydfi 

(ufa  +  5i3  +  D)da  +  (Ba  +  C/J  +  £)dj3  =  0:  (?) 

X  (1)  +  (2)  «  0  gives  us 

\  ^  +  Ba  +  C/8  +  J5  =  0. 
6 

Multiply  by  a,  j3  and  add,  then  by  (II)  and  (III) 

X«2)a  +  £/3  +  l. 
Substituting  in  the  preceding  equations  we  have 

(-Do  +  i;/3  +  1)  —  +  iia  +  5/3  +  2>  -  0,  (3) 

a* 

(Do  +  ^/3  +  1)  ^  +  fia  +  C/S  +  ^=  0.  (4) 
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Between  (II),  (3),  and  (4)  we  can  eliminate  a,  /3»  and  we 
obtain  the  final  equation 

((7-l?)^-8(l?-Z)JEJ)^,  +  (^-D0^ 

+  9{CD-BH!)-,  +  SiJE-BD)^,  +  AC'-B*~0.       IV. 

a  Ir 

This  being  of  the  second  order,  it  appears  that  the  locus 
of  the  ultimate  intersections  of  (I)  is  a  conic  section.  This 
is  a  case  of  the  general  problem  of  reeiproeal  polars.  The 
curve  (I)  is  called  the  directrix,  the  point  a,  /3  its  pole; 
and  the  line  (II)  the  polar  with  reference  to  (a,  /3).  The 
curves  (III),  (IV)  are  the  i^ciprocal  polars,  and  possess  a 
great  number  of  corresponding  properties  of  considerable  in- 
terest, but  the  nature  of  this  work  precludes  us  from  entering 
on  that  subject.  The  reader  who  is  curious  in  such  matters 
will  find  memoirs  on  these  related  curves  by  Poncelet,  in 
the  Annates  de  Gergonne^  Vol.  viii.  p.  201,  and  Bobillier, 
lb.  Vol.  XIX.  p.  106,  and  p.  302.  He  will  «lso  find  these 
questions  along  with  others  of  a  similar  kind  very  ingeni- 
ously treated,  in  a  short  tract  on  *<  Tangential  Co-ordinates,^ 
by  J.  Booth  of  Trinity  CoUegSj  Dublin.  The  method  em- 
ployed by  that  author  does  not  come  within  the  scope  of 
the  present  work,  but  it  merits  attention,  as  affording  a 
ready  solution  of  many  curious  problems  which  yield  with 
difficulty  to  the  power  of  ordinary  analysis. 

(12)  A  plane  whose  equation  is 

w     a      X 

-  +  |  +  -  =  1, 

a      0      c 
a,  ft,  c  being  subject  to  the  condition 

abc  «  m% 
will  always  touch  the  surface  whose  equation  is 

^        27 

(13)  To  find   the   envelop   of    the   system   of    spheres 
determined  by  the  equations 

(^  -  a)*  +  (y  -  6)»  +  «*  -  f»,       a«  +  6«  -  c«. 
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DijBtoeDtiating  with  respect  to  a  and  b, 
(#-a)da+(y-6)d&-sO   (1),  ada  +  bdbmo  (2); 

X  (2)  +  (1)  "  0  P^^  on  equating  to  sero  the  coefficients  of 
each  differential, 

Xa  +  (jr-a)-0    («),         x6  +  (y-.ft)-o    (4). 

whence  ay  ■>  ft«f,    or  *-  «  r « 

a      6 


«  (S)  ■!>  i 

•(*) 

gives 

Xc*  +  a^  -f-  6y 

-c»-a 

But 

as 

aa  -^by 

C 

whence 

X.'" 

(^  +  »0* 

Substituting  this  value  of  X  In  (3)  and  (4)»  squaring  and 
adding, 

bj  the  original  equation;    and   this  is  the  equation  to  the 
envelop. 

(14)  To  find  the  surface  always  touched  by  a  plane 
which  cuts  off  from  a  right  cone  an  oblique  cone  of  constant 
volume. 

Taking  the  vertex  of  the  cone  as  origin,  and  its  axis  as  the 
axis  of  «,  the  equation  to  the  cone  is 

a;*  +  y«  -  c*»«  (1) 

f 

where  c  is  the  tangent  of  the  half  angle  of  the  cone. 

The  equation  to  the  cutting  plane  is 

lw  +  my  +  n«*iVy  (2) 

/,  m,  n  being  the  cosines  of  the  angles  which  it  makes  with 
the  co-ordinate  planes,  so  that 

and  V  being  the  perpendicular  from  the  origin  on  the  plane. 
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Extracting  the  square  root  of  (l)  and  substituting  in  it 
the  value  of  x  from  (2),  we  have 

which  is  the  equation  to  the  projection  on  (wy)  of  the  sectioa 
of  (l)  by  (2) ;  and  as  the  radius  vector  is  a  rational  function 
of  a  and  y^  the  origin,  that  is,  the  vertex  of  the  cone,  must  be 
the  focus  of  the  projection.  Comparing  it  with  the  general 
equation  to  a  conic  section  referred  to  its  focus 

^  wm ^^ ~ 

1  +  6  cos  (0  -  a)  * 
or   (^*  +  y*) J  as  a  (l  -  e')  —  e  cos  a^  -  e  sin  ay» 
we  find 

n  » 

whence  the  area  of  the  projection  is 


and  the  area  of  the  section  is  therefore 


c^«* 


{n»-cU^ +  «»")}*' 
The  volume  of  the  oblique  cone  cut  off  is 


irc*  «* 


8     |n»-c»(P  +  fii«)}t' 

which  is  to  be  constant.     Neglecting  the  constant  multiplier 
and  extracting  the  cube  root,  we  may  put 

^^-^^,^^-j^-a,    or  «-«{«•-*«(?  +  »«)}».      (♦) 

We  therefore  have  the  equation 

Im  +  my  +  »« «  a  Jn*  -  c* {p  +  !»*)}*, 
{,  ffi>  n  being  connected  by  the  equation 

?  +  m*  +  n*  «  1. 
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The  result  of  the  eliminatioD  of  I,  m^  n  is 

The  factor     ae  +  Jc*«*  -  K  +  y^}*  -  0, 
is  the  equation  to  the  required  envelop. 
Transposing  and  squaring,  this  becomes 

{be  equation  to  a  hyperboloid  of  revolution  of  two  sheets,  the 
possible  axis  of  which  coincides  with  the  axis  of  «. 

If  the  theory  of  reciprocal  polars  given  in  Ex.  11,  be  ap* 
plied  to  the  surfaces  of  the  second  order,  it  will  be  found  that 
the  reciprocal  polar  of  a  surface  of  the  second  order  is  also 
a  surface  of  the  second  order ;  and  that  when  the  one  surface 
can  be  generated  by  the  motion  of  a  straight  line,  the  other 
can  be  so  generated  also.  For  the  properties  of  reciprocal 
polars  in  surfaces  the  reader  may  consult  the  memoirs  indi- 
cated in  Ex.  11,  and  also  one  by  Brianchon,  Journal  de 
TEcole  Polytechnique,  Vol.  vi.  p.  d08. 

(15)  Find  the  surface  traced  out  by  the  ultimate  inter- 
sections of  the  planes  which  touch  the  ellipsoid 

^      »*      «* 

a' ■*■  V  "^  ?  "  ^' 

along  the  curve  made  by  its  intersection  with  the  plane 

Iw  +  my  +  nz  »  ^. 

If  w\  y\  X  be  the  current  co-ordinates  of  the  tangent 
plane,  its  equation  is 

wx'      yy      XX 

where  m,  y,  x  are  supposed  to  vary  subject  to  the  previous 
conditions.     Differentiating  we  have 

wdw      ydy      xdx 

Idw  +  mdy  +  ndx «»  o,         (2) 
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oiAm     y'dy     x'dx 

X  (1)  +  fA  (3)  +  (2)  B  0  gives,  on  equating  to  zero  the  coeffi* 
cients  of  each  differential, 

«        ^'     .  ^  y        y' 

Xuf         $i 

Multiply  by  m^  y,  «,  and  add,  then  by  the  equations  of 
condition,  X  +  m  +  ^  *"  ^* 

Substituting  for  X  in  the  preceding  equations  they  become 

whence 

a  ^at         y  --y  «  '-  z' 

Now  multiplying  numerator  and  denominator  of  these 
fractions  by  —  ,  rj,  ~  respectively,  and  adding  together 
the  numerators  and  the  denominators, 

^      Iw  ^  my  +  nz'  --  d 

But  on  multiplying  the  numerator  and  denominator  of 
these  fractions  by  /,  m,  n  respectively,  and  adding  the 
numerators  and  the  denominators,  we  also  have 

_  5  -  (Iw'  +  my'  +  nz') 

Therefore  equating  the  two  values  of  p  we  have 
i^     y^     s/^  {S  '  jlw' +  my' +  nz')y 

a»  "*■  6»  ■*■  c*  ""^^    o«/«  +  6»m*  +  c*n«  -  S*""  • 
as  the  required  equation  to  the  surface. 

(16)  Find  the  equation  to  the  surface  which  is  constantly 
touched  by  the  plane 

la  +  my  -{•  nir  •>  v, 
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ty  jfty  n,  V  being  connected  by  the  equations 

P  +  «*•  +  n«  -  1, 

P  m*  n* 

+  -: — ^  +  -z 1  -  0. 


Differentiating  with  respect  to  /,  m,  n,  v  we  hare, 

(1)  jfdl  +  ydm  H-  «cfn  «  dv. 

(2)  Idl-i-mdm +ndn»0. 

'  /d/         mdm        ndn 


X  (l)  I-  /£  (2)  +  (d)  gives,  on  equating  the  coefficients  of  each 
differential, 

(4)     Xcv  -  m'  +  -i i . 

(5)    ^»-f*»*  +  ^rrfti- 

(6)     Xjf«^n  +  ^j^. 

/  (4)  +  III  (5)  +  n  (6)  gives  by  the  conditions, 

(8)    X«  « /li, 
*(*)  +y (5)  +  « (6)  gives 


Iw  my  nx 


Xr*  w  At)  + h —  + * 


whence    (9)    X(r«- .')  -  ^  +  ^ +  ^; 
(4y  +  (5)«  +  (6)«  gives 
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whence  (10)  \»  (r«  - 1?*)  «  -  by  (7)  and  (8)  ; 
and  therefore  X  =  ■ — -  ,     and  /i 


Substituting  these  values  in  (4)  we  have 


whence 


Similarly 


and 


iir  vn 


Multiply  by  Wy  y,  ;v  and  add,  then  by  (9)  and  (10) 

a^  ^  Sf? 


f^^^^^^y^-^  f^^^ 


1. 


This  is  the  equation  to  the  surface  of  a  wave  of  light 
propagated  through  a  crystalline  medium.  See  Fresnel, 
MSmaires  de  V  Institutf  Vol.  vii.  p.  136;  Ampere,  Annales 
de  Chimie  ei  de  Physique^  Vol*  xxxix.  p.  113;  and  Smitli^ 
Cambridge  Transactions^  Vol.  vi.  p.  85. 

If  from  the  above  equation  we  subtract 

+  »*  +  «* 


and  reduce,  we  find 

€fa^  6^y»  c^i^ 


which  is  the  form  of  the  equation  given  by  Fresnel. 


CHAPTER   XV. 


6BNBRAL    THEOREMS   IN    THE    DIFFERENTIAL    CALCULUS. 


In  this  chapter  I  shall  collect  those  Theorems  in  the 
Differential  Calculus  which,  depending  only  on  the  laws  of 
combination  of  the  symbols  of  differentiation,  and  not  on 
the  functions  which  are  operated  on  by  these  symbols,  may 
be  proved  by  the  method  of  the  separation  of  the  symbols: 
but  as  the  principles  of  this  method  have  not  as  yet  found 
a  place  in  the  elementary  works  on  the  Calculus,  I  shall  first 
state  briefly  the  theory  on  which  it  is  founded. 

There  are  a  number  of  theorems  in  ordinary  algebra, 
which,  though  apparently  proved  to  be  true  only  for  sym- 
bols representing  numbers,  admit  of  a  much  more  extended 
application.  Such  theorems  depend  only  on  the  laws  of 
combination  to  which  the  symbols  are  subject,  and  are  there** 
fore  true  for  all  symbols,  whatever  their  nature  may  be, 
which  are  subject  to  the  same  laws  of  combination.  The 
laws  with  which  we  have  here  concern  are  few  in  number, 
and  may  be  stated  in  the  following  manner.  Let  a,  b 
represent  two  operations,  u,  v  two  subjects  on  which  they 
operate,  then  the  laws  are 

(1)  ab  (u)  «  ba  (w), 

(2)  o  (w  +  t?)  =  a  (u)  +  a  (tj), 
(5)        a".o".w  =  a"+".w. 

The  first  of  these  laws  is  called  the  commutative  laWf 
and  symbols  which  are  subject  to  it  are  called  commutative 
^mbols.  The  second  law  is  called  distributive^  and  the 
symbols  subject  to  it  distributive  symbols.  The  third  law 
is  not  80  much  a  law  of  combination  of  the  operation  denoted 
by  a,  but  rather  of  the  operation  performed  on  a,  which  is 
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indicated  by  the  index  affixed  to  a.  It  may  be  conveniently 
called  the  law  of  repetition,  since  the  most  obvious  and  im- 
portant case  of  it  is  that  in  which  m  and  n  are  integers, 
and  a*  therefore  indicates  the  repetition  m  times  of  the 
operation  a.  That  these  are  the  laws  employed  in  the 
demonstration  of  the  principal  theorems  in  Algebra,  a  slight 
examination  of  the  processes  will  easily  shew ;  but  they  are 
not  confined  to  s3rmbols  of  numbers;  they  apply  also  to  the 
symbol  used  to  denote  differentiation.  For  if  u  be  a  func- 
tion of  two  variables  w  and  y,  we  have  by  known  theorems 
in  the  Differential  Calculus, 

d     d  d     d 

d*v  dy  dy  da 

Also  considering  u  and  v  as  functions  of  /v  only. 


and  besides 


d  d  d 

—  (w  +  t>)  -  —  (u)  +  —  (v), 
dm  dcB  dm^ 


(i^)"'(^)"-(^)"'(~>- 


The  principal  theorems  in  Algebra  which  depend  on  these 
laws,  and  which  have  therefore  analogues  in  the  Differential 
Calculus,  are  the  Binomial  Theorem  with  the  great  number 
of  theorems — Exponential,  Logarithmic,  and  others— which 
are  derived  from  it;  and  the  theorem  of  the  decomposition 
of  a  multinomial  of  any  order  into  simple  factors  with  the 
various  consequences  which  are  deduced  from  it. 

It  is  to  be  observed  that  in  all  the  applications  of  this 
method  to  the  Differential  Calculus^  a  constant  has  the  same 
laws  of  combination  with  the  differentials  that  they  have  with 
each  other,  and  therefore  the  theorems  are  true  for  complex 
symbols  involving  constants  and  symbols  of  differentiation. 
Also,  there  are  two  ways  in  which  symbols  of  differentiation 
may  differ  from  each  other,  either  by  having  reference  to 
different  variables  in  the  same  function,  or  by  having  re- 
ference to  different  functions  of  the  same  variable,  and  this 
difference  gives  rise  to  two  totally  distinct  series  of  theorems, 
as  will  be  seen  in  the  following  examples. 
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It  is  worthy  of  remark,  that  the  indices  in  the  greater 
number  of  these  theorems  may  be  any  whatever:  I  shall 
not  however  make  any  use  of  the  interpretation  of  the  for<- 
malae  when  the  indices  of  differentiation  are  fractional.  It  is 
easy  to  see  that  when  they  are  negative  they  are  equivalent 
to  integrals  of  a  corresponding  positive  degree :  for  by  the 
law  of  indices, 

\daf}        \da)  \dw/ 

and  therefore 

this  interpretation  1  shall  frequently  have  occasion  to  use. 

The  principle  of  the  method  of  the  separation  of  sym- 
bols of  operation  from  their  subjects  was  first  correctly  given 
by  Servois,  in  the  Annates  des  MathSmatiques^  Vol.  v.  p.  93. 
Some  very  valuable  researches  on  this  subject  by  Mr  Murphy 
will  be  found  in  the  PkUosophical  Transactions  for  1857. 

(1)  Tayhr^s  Theorem.  This  theorem  may  be  reduced 
into  a  very  convenient  shape  by  the  separation  of  the  sym- 
bols: for  as 

^^       f  dV    ^ 


we  have,  by  placing  the  function  outside, 

Now  it  is  easily  seen  that  the  series  of  operations  on 
tbe  second  side  of  the  equation  follows  the  law  of  the  ex- 
pansion of  the  exponential  6*'  in  terms  of  ha,  and  as  the 

d 
symbol  — -  is  subject  to  the   same  laws  of  combination  as 
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the  symbol  m  is  supposed  to  be  subject  to  in  the  demoDstra- 
tion  of  the  exponential  Theorem,  we  may  consistently  write 
the  preceding  equation  under  the  form 

/Cr  +  A)«6'V(^)- 

As  we  shall  have  frequent  occasion  to  speak  of  this  opera- 
tion  of  converting  f{w)  into  /(a?  +  A)  it  will  be  convenient 
to  denote  it  by  a  single  symbol,  and  that  which,  following 
M.  Servois,  we  shall  employ  is  U;  but  as  it  is  necessary  to 
distinguish  the  value  of  the  increment,  we  must  attach  to 
the  symbol  E  the  letter  A.     We  might* write  therefore 

/(a?  +  A)-£,/Or)«/^V(^)- 
Farther  consideration,   however,   shews  us   that  the  symbol 
A  is  subject  to  the  index  law,  and  may  therefore  be  written 
as  indices  usually  are.     For  as 

if  A;  be  another  increment 

which  is  the  index  law.     We  may,  therefore,  put 

and  throughout  our  operations  consider  A  as  an  index. 

(2)  Binomial  Theorem  for  differentials  with  respect  to 
different  variables* 

If  t«  be  a  function  of  two  variables  a  and  y,  we  have 

du  ^       du 

d  (u)  -» —  daf  H dff ; 

^^      daf  dy^" 

or,  separating  the  symbol  of  operation  from  the  subject. 

Affixing  the  general  symbol  n  as  an  index  to  the  operations 
on  both  sides  of  the  equation,  we  have 

(  d  d       \" 
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Expanding  the  operatioo  oo  the  second  side  by  the  Binomial 
Theorem,  since  the  demonstration  of  that  theorem  supposes 
only  that  the  symbols  are  subject  to  the  laws  of  combination 
before  laid  down,  there  results 

1.2     d«"  *djr 

(5)  In  the  same  way,  by  means  of  the  Multinomial 
Theorem,  we  may  shew  that  if  «  be  a  function  of  any  number 
of  yariables  w^  y,  «... 

doB^d^dsff..^   1.2...a.l.2...)3.1.2...7...  ' 
where  a  +  /3  +  7  +  &c.  »  n. 

(4)  By  the  Theory  of  Equations  it  is  shewn  that  the 
expression 

«*  + Jjar*-*+ J,«"-*  +  &c.  +  ^,.10?  +  A^ 

is  equivalent  to 

{m  -  ai)  (m  -  a.)  ...  (a?  -  a.)  ♦ 

o,,   Ot, ...  a.  being  the  roots  of  the  expression  equated  to 
zero.     It  follows  therefore  that 

cPtt  d*ti  cfu  cPw 

ddf        ^  d^^dff  daf  ^  df^  dy^ 

is  equal  to 

/d  ^\   (  ^  ^\        (  ^  ^\ 

\da        '  dyl   \da         dy)  **'  Vd^       "  dy) 

aij  Of^Of^  having  the  same  meanings  as  before. 

In  this  theorem  it  is  necessary  that  none  of  the  quantities 
Aim:  Af^  should  contain  11,  w  or  y. 

(5)  If  tt  be  a  function  of  one  variable  jp  only,  the 
preceding  theorem  becomes 

16 
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(6)     By   the   theory   of    the   decomposition   of   rational 
fractions,  we  know  that 

{^■>-J.^-U&c.-hJ,}-'-^^^^^,,^^^^„_^^^ 

i^^|        Jv;        jv,                J^, 
+ + + + » 


when  ai»  Off  Of^a.  are  the  roots  (supposed  all  unequal)  of 

^  +  Al  flf  "*  +  &C.  +  J^mOj 
and  JVi  «  r r— ; r 7 r  » 

with  similar  expressions  for  iV|,  iVsy  &c«...JV,|. 
It  foUows  therefore  that 

Or  if  u  be  a  function  of  two  variables,  w  and  jr, 

'^'  (^) "'"'  (I?  -«'  i) '  «+^'(;^)  '"'(;^  -«•  ^) " «+ - 


^^-y  u-«-d^)  "• 


If  we  suppose  r  of  the  quantities  a  to  be  equal  to  each 
other,  they  will  give  rise  to  a  series  of  p  terms  of  the  form 
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Mf  (^ ^'T\     **  ^^^"^  V  receives  all  integer  values  from 

1  to  r.     The  value  of  the  coeiBcient  M^  is  easily  found. 
For  if  we  put 

/(«)-(«- a)' ^(«), 

The  results  contained  in  the  preceding  four  Examples  are 
of  great  use  in  the  Integration  of  Linear  Differential  Equa- 
tions, and  in  the  sequel  I  shall  have  frequent  occasion  to 
employ  them.  The  theorem  in  Ex.  6  was  first  given  by 
Mr  George  Boole  of  Lincoln,  in  the  Cambridge  Mathematical 
JourfuUj  Vol.  II.  p.  114. 

(7)  Binomial  Theorem  for  differentials  with  respect  to 
different  functions. 

If  u  and  V  be  two  functions  of  .r,  then 

rf  du         dff 

div  dw         ds 

Now  if  we  accentuate  the  symbol  of  differentiation  which 
applies  to  o  to  distinguish  it  from  that  which  applies  to  u^  we 
may  write 

dof  \dx      dw) 

Affixing  the  index  n  to  the  symbols  of  operation  on  both 
sides, 

\da)  \dm      dcs) 

or  expanding  the  binomial  on  the  second  side  by  the  theorem 
of  Newton,  we  have 

(dy,     ^        d'^u        di)  d"-»tt         (»-0  d*«  d*-*a     „ 
rfW  ^      ^        da^         dSf  daf"''  1.2      dw^  dd;»-» 

This  is  the  theorem  of  Leibnitz,  who  arrived  at  it  by 
induction  for  integer  indices;  but  it  is  true  whether  n  be 
integer  or  fractional,  positive  or  negative. 

16 — 2 
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(8)  This  theorem  may  be  extended  to  the  product  of  any 
number  of  functions  by  means  of  the  multinomial  theorem,  so 
that  we  have 


where   o  +  )8  +  7  +  ...  «  n. 

(9)  If    n   be    negative    in    the    theorem   of    Leibnitc, 

(  — J     (uv)  ^  f*da^{ufj)9  and  therefore 

dv 
f^ds^(uv)  =  tf^'dai^u  -n  3-  f*-^daf'-^u 

dw 

which  is  the  general  formula  for  integration  by  parts. 

(10)  In  the  last  expression  let  u  «  ) ;  then 

and 

^         ^  ^     1.2...n-l  \n       n+l  dx      1.2  n+2  d.r«  y 

or  if  n  =  1, 

a^    dv         w^      d*v 
J  da  (v)  ^wv —  + —-Z  -  &c. 

which  is  the  series  of  Bernoulli. 

(1 1)  In   the    theorem  of  Leibnitz  let  v » e"',    then  as 

dv  d! 

•—  e  ae^'  «  a«,   we  have  ---  «  o,  and  therefore 

dw  dw 


1.2  ...  n' 


(^)'<-""'-( 


o  +  -r-|   tt.€*'; 


dx) 
dv  f  d 


whence   la  +  — j   u  =  €""' ( — )  €*"w. 
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This  result  is  of  great  use  in  the  integration  of  linear 
differential  equations. 


(IS)      If  we  assume  as  before 
we  have  JB"*/(^)  -/(^  +  ♦»*)• 

-Now  !;-»_, -.^y_(i;»-,)--^5^(,  «"-!); 

or  expanding  the  exponential 

Apply  these  equivalent  operations  to  f(af)y  and  indicate 
the  successive  differentials  by  accents  aifixed  to  the/;  then 

/(#+fiA)-/(«)-  ^^  !*/(*)+ ^/»+  t;^/»+&c-  } 

But     5s— ^  "  ^*"""*+  ^<-»>*+  £<-«*+  &c.  +  1. 

Therefore,  writing  these  in  an  inverse  order  and  effecting 
the  operations  indicated,  we  find 

/(^  +  nA)-/(a^)»A[/(/p)+/X^+A)  +  &c.+/{a?  +  (n-l)A}] 

+  &c.  +  8rc. 

(13)     Since  we  have 

1  +E^  +  E'^+  &c.  +  £<«-')*-~'^"'     -  (£"*-  l)(e  "-  1)"', 

we  may  expand  the  factor  (c  ^  -  1)~'  by  means  of  Ber- 
noulli's Numberp;  (see  Chap.  V.  Sect.  iv.  Ex.  9)  when  it 
becomes 

1    /d\-'     1       5.       d  Bt        ^.  /  d\" 

r  (—-I     --+  — Lft..^ »       AM-—    +&c. 
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Applying  these  equivalent  operations  to  -j-fi*)  or  /*(*)» 
multiplying  by  h  and  transposing,  we  have 
(£-»  -  !)/(«)  -  A  {i  +  £»  +  &c.  +  £<-'>*  +  i  £"*}  /'(«) 

-  ^  A»(i;"*-  !)/"(*)  +  — ^ —  A*  (i?"*-  l)/'^(«)  '  &c. 

That  is 
/(*  +  nA)  -/(«)  -  A  [i/'(«)  +/'(.«  +  A)  +  &c.  + 

/{«  +  (n  -  1)  A}  -I-  \f{x  +  nA)] 

<-  &C.       &€. 

The  results  in  the  two  preceding  examples  are  of  great  use 
in  the  approximate  evaluation  of  definite  integrals. 

Poisson,  MSmaires  de  rinstUtU,  1823. 
(14)     Having  given  the  transcendental  equation 

we  can  expand  tV  in  terms  of  c  by  means  of  the  logarith- 
mic method  of  solving  equations:  for  the  root  of  the  pre- 
ceding equation  is  the  coeiBcient  of  -   in  the  expansion  of 

-  log  f  1 j .     This  is  easily  found  to  be 

2A     .       (3*)'   ^         (*A)'       ,      . 
c  4-  — r  c^  +  -^ — ~  f?  +  — ^^ — - —  c*  +  &c. 
l.«  1.2.3  1.2.3.4 

d  hf  d 

Instead  of  w  substitute  -— ;  then  t     =  Z7*  and  c  =  —  jB'*. 

doD  dw 

Hence  we  have 

^        rf^»      2A/d\*      «^      {Shy  i  dV 
dx      diV  1.2  \dwJ  1.2.3  \dw/ 
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Applying  these  equivalent  operationfl  to  fdmf(m)  we  find 
/(*)-/(.,- A)  +  li/>  -  a  A)  +  i?^/>  -  8A)  +  &c. 

This  very  remarkable  theorem  is  given  by  Mr  Murphy  in 
the  Philosophical  Transtzctions. 

(15)  In  a  similar  manner  we  may  prove  the  more  general 
theorem, 

/(*)  -/(^  -  n A)  +  nhf  {07  -  (n  +  1)  A} 

+n(n+2);^/''{a;-(n+2)A}+n(n+S)»--^/'''{df.(n+8)A}+&^^ 

!•%  1 •2*0 

(16)  We  know  by  the  Calculus  of  angular  functions  that 

IT  11 

-  d  a  sin  0 1  rin  80  -I-  —  sin  5©  -  &c. 

4  S«  5* 

Putting  for  the  sines  their  exponential  values  and  replacing 
(-)id  by   [A  — j  we  have 

Applying  these  equivaloit  operations  to  0  (or),  we  find 

w       d 

-  A  -—  0  (a?)  =■  0  (of  +  A)  -  0  (a?  -  A) 

2       do7 

-  -J  {0  (flf  +  8A)  -  0  (d?  -  SA)}  +  &c. 
Fran9ai8,  Annates  des  MathimoHques^  VoL  iii.  p.  252. 

(17)  In  the  same  manner  from  the  equation 

^  ts  cos  0  -  cos  2d  +  cos  sO  -  &c., 
we  obtain  the  theorem, 

0  (^)  ss  0 (or  +  A)  -  0(07  +  2A)  +  0 (07  +  SA)  -  &c. 
+  0  (a?  -  A)  -  0  (»?  -  2A)  +  ip(w  -  3h)  -  &c. 
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(18)     Likewise  by  means  of  the  equation 


-  a  sin  9  -  1  sin  S0  -I- 1  sin  8d  -  &c. 

2  X  9 

we  find  that 

A  —  0 (^)  «  0(Ar  +  A)  - i0(«  +  2A)  +  i0 («  +  Sh)  -  kc. 

-  {^(«- A)  - i0(a;  * 2A)  +  ^Kpiw  -  SA)  -  &c.} 


r 


INTEGRAL  CALCULUS. 


CHAPTER  I. 


INTBORATION   OF   FtmCTIOMS   OF    ONB    VARIABLB. 


The   fundamental  formulae   to    which   all   integrals  are 
reduced  are  the  following. 

(a)     /d«^.^, 

except  when  !»»—],  in  which  case 

(6)      f — -loga^, 

ic)     /l^.itan-.f.     (d)/--^--LlogffZ^^ 


rfar  .     .  >»  ,     r    ~  dai  w 


'^*>  /(Sr::!^  "''""'«•  ""^ /csrr^  "  ~'"' = 


(t)      fdaar^' ,     or  /dare"-— , 

^  ^     "^  logo  a 

(Xp)    fdatsinma^ cosfiiiV,  and  fdwcosmofsa—  sinntjr, 

fn  tn 

(/ )     /diV  (sec  aiy  e  tan  d^. 
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By  simple  algebraic  transformations  we  may  frequently 
put  an  integral  into  a  shape  in  which  one  or  other  of  the 
preceding  fbrmule  is  at  once  applicable. 

/dd?^*^       1      rdwnbcf^^       I 
a  +  fear      nb  J    a  +  ba^        nb     ^^  ^ 

a  —  «v  a 

—  cos"* =  vers"*  -  . 

a  a 

,^r        d^  1      ffa;* +  2aar)J  +  «  + al 

{(«»-c»)(6» -«*)}*  °^  }6«-o»-(«»-a»)|* 


/diT  1     /" 

a  +  6«  +  ca^      c  J 


dx 


(-^) 


6\*    4ac  — 6* 

+ 


4c» 


which  is  integrated  by  (c)  or  by  (d)  according  as  4ac-i^>0 
or  <0.     Hence  we  have 

da^ 


«  tan"*  (2a?  -  1). 

f         dw  J  2a;  <f  1  1 

^     '    w/  1  +  Sar  +  2<ir'  "*  ^^  12  (.r  +  1) j  " 
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7 r — .  ■  ^a  is  reduced  to 


If  dw  If 


according  as  the  upper  or  lower  sign  of  c  is  taken ;  and  these 
are  of  the  forms  (/)  or  {e)  respectively.     Hence 

/vLw 

^">  y(i-^-^i"""'-ir'- 

The  integral    /  --p-^^ ^  may  be  spht  into 

(       ap\     f        dw  a    r  (2d?  +  p)  rfo? 

the  first  of  which  is  integrable  by  (c)  and  the  second  by  (6). 
Hence 

/wdx 

h  ,,  f    ay  +  6    1 

^  /.v       r  (2^-1)  do?      ,      ^«  V       5  ,«+l 

.(l-.cosg)da.  /g^^v 

^    ^     ^  l-8«cosd  +  a?*  V    sind    / 

—  cos  0  log  (1  -  2a?  cos  d  +  a;*)i 

In  this  example  the  numerator  may  be  readily  split  by 
observing  that    1  s  cos'0  +  sin'0. 
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( 


■"  /^^^^•-F'"-m-'<«<—- ^- 


By  multiplying  the  numerator  and  denominator  of  a 
fraction  by  the  same  quantity  it  may  frequently  be  split 
into  integrable  parts  or  reduced  to  an  integrable  shape. 


(19 


(20 


(21 


(22 


(23 


(24 


(25 


(26 


(27 


(28 


sec 

a 


/i«if:i:^_(^_a«)j-« 

— 7 rr-sec~*  -  +log  { >. 

w(w  —  ap  a  \  a  J 


da 


/dd?  /•    w"^  dw  X 

(1  -t/yk"  J  (»-•  - 1)1 "  (1  -  «»)*  ■ 


r^ 

J  (a  +  6»»)«      o  (a  +  6«»)i 

/d«  /•    a'*  da  (!—«*)* 


/ 


n+J  "  1  • 


(a  +  6dr)"  "        a{a^^  hoTf 


''•^"-'^'-"fw^-lw^* 


^  a'  sin"*  -  +  ^  a;  («•  -  ^)i. 
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(29)       f  ^^  .   f  ^^  ^"' 

d  Or-0 


which  is  of  the  same  form  as  / -— : — ; ::;-y.     Therefore 

J  (a  +  0.V  + 


J  {ax'""  +  ha-'  +  c)»  • 
da 


(SO 


(SI 


(32 


(35 


(34 


J  a(l  +  a  +  a^)i^  *^^  |2  +  .»  +  2  (l  +  4?  +  ««)*/  ' 


/*————  -  sin-*  (^"^^ 

(for  2  (2cj7  +  6) 


(a  +  ba-^- 


(a  +  &«  + 


ca?*)*      (4ac  -  6*)  (a  +  6^7  +  c«*)l  * 
a7(f«  2  (2a  +  6^) 


c j;*)*         (4ac  -  6^  (a  +  6^  +  cai^)i  ' 


The  integral  fda -^  can  be  split  into 


^'''•'{rr^-oT^}' 


and  as  the  second  term  within  the  brackets  is  the  differential 

r       d           1 
of  the  first,  it  is  equivalent  to  fda  -—  €*. ;  and  therefore 

da       1  +  ^ 

fda 


(1  +  a;)*      1+37 
(35)     In  the  same  way  we  shall  find 

■'        (I  +  «)4  (1  -  m)i  Vl  -  .r) 

(86)     (d»^- Ti-e'    7    • 
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(38)  fdm  tan  « 1-  fdm -  log  (cos/p)  =  log  (sec  »). 

(39)  fdw  cot  ^  B  (d»  -i B  loff  (sin  w). 

'       sin  ^         o  V        / 

(40)  Since  ^^- (sec  *)«, 

dm 

/dm            .      (sec  or)*     _ 
-: ^  [am ss  log  (tan  m\ 
Bin  9  cos  m     ^         tan  m  ®  ^        ' 

(41)  Hence  also  as  sin  d? «  2  sin  ^of  cos ^«,  we  have 

/ -^ — "log  (tan  -)  ,     and  as 
^  sin »        *^  V       2/ 

cos  ^  B  sin  (i  •»•  -  ^)  =  sin  (^  «■  +  a?), 

(42)  As     1  +  (tan  mY  «  (sec  «?)% 

Idm (tan  a?)*  «  /do?  {(sec  a?)*  -  1}  «  tan  .r  -  x, 
(4S)     As     (sin  m)^  +  (cos  cv)'  «  i, 

d^J - .    (sin  ^)*  +  (cos  47)' 

(sin  a?)' (cos  ar)*"''         (sin  a?)' (cos  a?)* 

*■  Z*'^  171171^  +  7-^^ — Tif  =  tan  4f  -  cot  tr  a  -  2  cot  2a?. 
((cos  07)"      (sina7)'J 

•^  a  (1  +  cos/r)      a  ./  (cos  ^  ar)       a         * 

iA^\      r  da  Bin  m  1  , 

^*^'      /  TTTZ «  -  7  log  (a  +  6  cosa?). 

J  a  -^  h  cos  mo  ' 

The  integral   / may  be  reduced  to  the  form 

(c);  for  as 

cos»-(cos^ar)'»-(sinj^ar)S    and  l  «  (cos  ^  ar)«  +  (sin  j^  a?)', 


or 
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it  is  equivalent  to 

f dw .  (sec  l^y 

J  (a+6)(co6i#)«+(a-6)(8ini«)*  *•'      a+6+(a-6)(tani/p)« ' 

which  if  tan  ^of^z  takes  the  form 

/d« 
a  +  6  +  (o-6)««' 
and  may  therefore  be  integrated  by  (c).     The  result  is 

1  ,  /6  +  a  cos  A7\ 

a rcos"    I I  ; 

(a*  -  fiO*  \o  +  fr  cos  ^/ 

f       d.v  1  r(ft  4.  a)>  -H  (ft  -  a)i  tan  |a?l 

J  a  +  6cos«  *  (6^  -  a*)*  *^^  \(ft  +  a)*  -  (6  -  a)»  tan  ^^r 
according  as  a>  or  <ft. 

(46)      r    ^^      .  i  tan->  f ^?^1  -  -  cos-»  f  1±!^2?1^) 
•/ 2+C08ar      S*  \    si    J     si  V2+COSJ?/ 

/    \      r      ^^  ^1       /S*  +  tan  J^/r\ 

^    J  r+Tcos*  " i*  ^^  \si  -  tan ^) ' 

In  the  same  way  we  find 

/dw  2  ,  f  a  tan  1«  +  ftl     ,  . 
r-: —  "T-^ — nntan"*{-7-r-2L___i  when  a>6, 
a  +  ftsintf      (a«-ft^*           \  (a* -6*)*   j 

J  1         ,      fa  tanlo;  +  ft  -  (6»  -  a«)Jl     _ 

*>^"     "  m n  log  { ? 1 — ^rr rh  J  whcn  a  <  6. 

(ft^  -  a«)»     *^  \a  tan|4?  +  ft  ^.  (ft»  -  a«)*j 

r    V      r       d^  11      /2  tan  4^  + 1\ 

/•  d«  /»  <l<p  (see  ^)* 

^^'    y  a(co8«)*  +  6(8in«)*  "  J  a  +  b  (tan«)* 


tan~'<l-i  tan» 


(a6)l  \\o, 


}• 
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(38)  fda  tan  Of  -I  fda -  log  (cosa)  =  log  (sec  *). 

X      ^         r  *  r ,      COS  W        . 

(39)  fda  cot «  «  J  da  -r —  s  log  (sin  ^). 
•^  "^       sin  07        ®^        -^ 

•    V     *N«        d  tan  4V     ^ 

(40)  Since  — ; «  (sec  ar)*, 

dm  ^ 


C       ^^  rjM    (sec  a?)*     ,      , 

/  -: ^\dw  \ «  log(tan or). 

J  Bin  m  cos  so     ^         tan  j?  **  ^         ' 


(41)  Hence  also  as  sin  <v  »  2  sin  ^df  cos ^o^,  we  have 

/dw      1      /       ^\ 
-i « log  I  tan  -    ,     and  as 
8in«        ®  V        2/ 

cos  J?  a  sin  (^  TT  -  0?)  «  sin  (^  tt  +  ct?), 

(42)  As     1  +  (tan  of  »  (sec  «?)% 

jdas (tan  or)'  »  /rfo?  {(sec  a?)*  -  l}  «  tan  .r  -  w, 

(43)  As     (sin  »f  +  (cos  a?)*  «  l, 

drn^ ^      (sin^)'  +  (cos^)' 

(sin  xf  (cos  (sf  "*  •'         (sin  a?)*  (cos  xf 

=  /^^  17 ^  +  7"^ — Ti?  «  tan  flf  -  cot  a?  «  -  2  cot  2  j:. 

l(cosa?)*      (8ina?)*J 

(44)  /  -_ >  «  -    /       ^«    ;    =  -  tan  ia?. 

•/  a(l  +cosAf)      a  J  {cosj^wy      a        * 

/•  d/v  sin  ^  1  .      , 

(45)  / cs  -.  -  log  (a  +  6  cos  w). 

The  integral    / may  be  reduced  to  the  form 

•/  a  +  6  cos  X       '^ 

(e);  for  as 

cos  ^  -  (cos  ^  xy  -  (sin  ^  a)\    and   1  «  (cos  \  wf  +  (sin  j^  /r)», 
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it  18  equivalent  to 

dw -  (sec^o?)* 

(a+6)(co84^)»+(a-6)(8iniiry  "•'  ^a+6+(a-fe)(tani^)*' 

which  if  tan  ^w  « ;ir  takes  the  form 

/dx 

and  may  therefore  be  integrated  by  (c).     The  result  is 

1  ,  /6  +  a  COS  d^\ 

m  J  COS"     I I  ; 

(a*  —  6")*  \a  +  6  cos  j?/ 

/■       d.r  1  f(ft  +  g)*  +  (ft  -  g)*  tan  ^jyl 

^'^^a  + 6  cos 07*  (6» -  a»)*  ^^  \(6  +  a)i  -  (6  -  a)J  tan^j' 

according  as  a  >  or  <  6. 

i'.^       /•    do7          2          ,/tan^a7\      1          ,/l+2cosAr\ 
(46)      / m  -rtan-M — r-l-H^^o*"  I • 

.  /•      da  I  /S^  +  tan  ^o?\ 

^    ^    J  r+Tcos^  "  ii  ^^  \3*  -  tan  ^w)  * 

Id  the  same  way  we  find 

/dw  2  ,  (a  tan  ia-^  b]     ^  ^ 

a  +  0  sm  or      (a*  -  6*)*  J  (a"  -  o*)«   J 

,  1         ,      (a  tan4o^  +  ft  -  (6»  -  a«)ll 

and     e  — .  \oa  I 1 f- -^>  when  a<b. 

(V^a*)i     *^  latan^^H-  fc  +  (6«  -  a^)*j 

^    V      r       rf^  •  1  «      /2  tan  io7  + 1\ 

div  /*  dof  (sec  or)* 


^    *     J  a  (cos  a?)*  +  6  (sin  i»y^  J  a^h  (tan  o?)^ 


tan"*l(-i  tan* 


(a6)J  IVa. 


}• 
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^^^^     J  l+a«(co8^)«  "  a?  7  1  +a*(cQSxy 

1    .  -      .  I     r     dw  sin  Of 

a*  a"  •/  1  +  <r  (cos  «»)• 

008  tf         I 

■■ -r—  +  —  tan"'  (a  cos  a?). 


a' 


.     ^         /•  clzr  r         dw  COBW 

(53)      I -  / — — . 

•/  a  +  6  tan  w      J  a  cos  w  ■{•  osinof 

Adding  and  subtracting  -^ — —  this  becomes 

b        rdw  (6  cos  07  -  a  sin  J?)  a        ., 

/ ; + jdw  V 

o'*  +  V  J      a  cos  07  +  6  sin  07  a*  -hb^ 

and  therefore 

' »-— — -  {ao7H-ftloff(acos«4  &sino7)L 

a  +  fttano7a^  +  6' 

/*        da  tan  w  r  dw  sin  or 

^^*^     7  {a  +  6(tano7)'|i  "  J  |a  (cos 07)»+ 6  (sin or)«}* 

/do7  sin  or  1  i  (/^'~'^\^         \ 

By  means  of  the  formula?  for  expressing  the  products  of 
sines  and  cosines  of  angles,  in  terms  of  sums  and  differences 
of  sines  and  cosines  of  angles,  we  easily  find 

rnK\     CA^ain^^nr^^^       ,  Jco8(m+n)o7      cos(m-n)o7\ 

(55)  Jawsinfnw  co8nw^-^'k< + >. 

.  ^,      /..     .  -  f sin  (m+n) 07      8infm-n)o7l 

(56)  Jdwsinmw  sinfi07e-l{ — ^^ ^^ '—}. 

•^  *[      fii+n  m-^n      J 

rdn(m+n)o?      sin  (m^-n)  or) 

(57)  Jdw  cosmw  cosnw ^    *< +  >. 

*  J      iii+fi  HI— n      I 

X      V        r,       .  .  1  f        ^  CO8407        C0S6«) 

(58)  /ao7smo76m2o7sinSo7B~^/cos2o7+ — >. 


INTEGBATION    OF    FUNCTIONS   OF    ONE    VARIABLE.  257 

.    ^      ^,                                    I  fsinfiv    sin4af    slnis      \ 
(59)     Jdxcosa  coH2wcos3af  »^l — - —  + + +^> . 

,-,  .      r,  .  .  ,  f       sinSar    8in4ar     8in6j?l 

{60)    jaaco&afSkn2afSin3wmMJ^Iaf'h >. 

I  2  4  ^1 


Integration  by  Parts. 

Integration  by  parts  often  decomposes  a  function  into  an 

intqprated  part  and  one  easily  integrated.     The  general  for* 

mula  is 

dv  f,        du 

[dw  «  -p-  «  MO  -  idx  V  — - . 
'^  daf  ''         dx 

{.)  /....".."g-i,). 

(2)  fdw  \ogw  =  Si  (log  w  -  1). 

(3)  fdw  w  log  /r  =  —  (log  d7  -  j^). 

(4)  /rf*«.logj,-^(^loga,-^-j-^j. 

(5)  /rfof  sin"^  fl?  as  j^  sin"*  ^  +  (1  -  af)^. 

fdxw  sin"*  4;  ,  •  '    .     , 

<'^>     /     (l-^i     -  .r  -  (1  -  ^)»  8.n-' ^. 

(8)    ida,  8in->  (^)  *-  {a,  +  «)  dn-  (^)  -  (a.r)l. 

17 
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(10)  fda  tan"^  af  =  a?  tan"'  a?  —  log  (1  +  a?")i. 

(11)  f ^tan"*a?  =  (tV-^tan-*a?)tan"*«-log(l+«^i. 

By  two  integrations  by  parts  we  find 

^*^^    J    (l+a^)i    "(1  +  a«)(l  +  a^)r 

rdw  a^^^'''      6^<^'^(a^-l) 
^*^^     •/     (1  +  a^)»~  "  (1  +  o«)(l  +  0^)4 ' 

Also  by  a  double  integration  by  parts  we  obtain 

(a  cosTicV  +  n  sitknaf\ 

(14)       /d^€"C0S«^«€"^^^^  ^ 


a*  +  n* 


(15)     fdw  6"  sin  «^  «  €*'  -5^ 5 5 ' . 

On  comparing  these  expressions  with  the  formulas  in 
Ex.  (10)  of  Chap.  II.  Sec.  1,  of  the  Diff.  Calc.  it  will  be  seen 
that  they  may  be  deduced  from  the  latter  by  making  r*  —  1. 

Rational  Fractions. 

If  -^  be  a  rational  fraction,  in  which  the  numenitor  is 

of  lower  dimensions  than  the  denominator,  it  may  always  be 
decomposed  into  a  sum  of  simpler  fractions  differing  according 
to  the  form  of  F. 

V  may  consist  of  factors  of  the  forms 
I.         «r  -  a,  II.      (d7  -  a)", 

III.     ^'  +  aa?  +  6,  IV.    {a^'i-aw'^  by. 

I.     To  every  factor  of  the  form  /r  —  a  corresponds  a 

M 

partial  fraction  of  the  form  ,  where 

/r  -  a 

M  =  -7—  when  a?  =  a. 
dV 

dof 


i 
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II.    To  every  factor  of  the  form  {w  —  a)"  corresponds 
a  series  of  partial  fractions  of  the  form 

—J  +  &c.  + 


(a  —  ay      {w  —  a)*"*  «  —  a 

Any  one  of  the  coefficients  as  Mp  is  given  by  the  equation 

V 
V 


Jlf  « (— -|    (--)  when  ^  =  o, 


where  Q 


(a  -  ay 


III.  To  every   factor  of  the  form  a^  +  aw  -^^  b  corre- 
sponds a  fraction  -r .     To  determine  the  constants 

ar+  aar  +  b 

M  and  i^T,  the  expression 

(2#  +  a)  -  (JJifa?  +  iV)  -7— «  O 

is  reduced  by  successive  substitutions  of  -  (a«  +  6)  for  ai^ 
to  the  form 

Aof  +  B^Oj 

and  from  the  conditions  ^  «  0,  J9  »  o,  Jlf  and  iV  are  found. 

IV.  To   every  factor  of  the  form   (a^  -^aw  +  by  cor- 
responds a  series  of  fractions  of  the  form 


{^-haw  +  by      (a?*+ ao?  +  6)"~*  a?*+a^+6 

To  determine  M  and  JNT  let  Fs  Q(^+ ao^  +  &)";  then 
if  by  the  successive  substitutions  of  —  (a<v  +  b)  for  a^  the 
equation 

be  reduced  to  the  form 

the  equations  ^4  «  0,  £  a  0  are  conditions  for  finding  M  and 
iV.     If  now  we  put 

t7-(Jlfa?  +  JV)Q 


.tr+a.T  +  o 


17—2 
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where   Ui  is  necessarily  an  integral  function,  we  can,  from 
the  equation 

determine  Mi  and  Nj  as  before,  and  so   in   succession  for 
all  the  other  partial  fractions. 

The  fraction  having  been  thus,  by  one  or  other  of  these 
methods,  decomposed  into  a  sum  of  simpler  fractions,  each 
of  them  may  be  integrated  separately  by  known  processes, 
and  so  the  whole  integral  is  found. 

If  the  partial  fraction  be  of  the  form  ,  we  have 


M 


a  -a 

/ «  M  log  (a?  -  o)  «  log  (w  -  a)". 

J  w  ^  a 


M 

If  the  partial  fraction  be  of  the  form ,  we  have 

(a?  —  ay 

If  the  partial  fraction  be  of  the  form — — ^ ,  we 

^  (ar-a)«+/3» 

have 

If  the  partial  fraction  be  of  the  form  -rz ^i: — T^i^TZ't 

r  dw  (Mx  +  N)    _       M  1 

The  expression  for  the  last  integral  will   be  found   in 
the  following  Chapter  on  formulae  of  reduction. 

(1)     Let 


In  this  case  the  factors  of  V  are  or,  ^  —  1,  or  +  S^  and  as 

dV 
dw 
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the  coefficient  corresponding  to  ^         is     -^^ 

Of  -  1  is  1^, 

^  +  2  is     -|^. 

'  U     5      1  1       1  S  I 

Hence  —  » , 

V      3  J7-  1      6  Of  +  ft      ^  m 

.       r  (2w  +  3)  d^       ,         (a?  -  1)1 
and      /  ^T r-^ «  loff  -^ ^  . 

/(d7  -  1)  do;  (or  +  4)J 

a;*  +  6a7  +  8  "  ^^  (a?  +  2)* ' 

(3)  Let  i7--i i ,    then 

J     a/''-5a^^A^     ^     *  |(^  -  i)  (a?  +  2)^}  * 

(4)  Let  the  fraction  be  of  the  form 


or 


{a  -  a,)  {sc  -  a,)  ...  (a^  -  a,)  ' 
where  r  <  n ;   then 

/af^  dw  ax  log  {is  —  a,) 

(ar  -  a,)  (a?  -  a,)...(<v  -  a.)  "  (a,  -  a^)  (ai  -  03)-. .(oi  -  «») 

^            o,Mog  (ar-O:,)  a/  log  (oy-a,) 

(««-«i)(o2"«8)— (««-««)     "*  (a«-Oi)(««-«8)-.(«i.-o»-i)' 

(5)     Let 


Here  the  denominator  contains  two  equal  factors  {w  -  1)% 
and  the  partial  fractions  arising  from  these  equal  roots  are 


(^  -  1)*      *  ^  -  1 
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and  the  fraction  corresponding  to  the  other  factor  (47  + 1)  is 

The  roots  of  the  denominator  are  -2,-1  and  two  equal 
to  0. 

Therefore  /^^     ^^^3^-h2a^     ^S'^^'^'^'H^)  }"  ^' 

(7)  If  -i?  =  -T li . 

= +  loff  (w  +  1). 

0?*+ 507*  +  807  + 4      or +  2  *=*  ^ 

(8)  Let    -  «  ^(^^^^.  >  n  being  even ; 
U     J_  1  j   1  1        \ 


n  (« + 1)  f  1  1        \      ^ 

J?      1  —  a?j 


w(n  +  l),.,2(n-l)  f  1 
"*"        1.2...(n-l)        \ 
Therefore 


r      dai  1     (       1  1    1        n     f        1  1    1      j^^ 


n(«+  1)  ...2  (n-  1) 
1  •2...  (n-  1) 

Murphy,  Can^.  Transactionsy  Vol.  vi. 
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U  sf 

The  factors  of  V  are  ^+19  d7  -  1,  and  sf  +  2.     Hence 

/afdx  1         /«?  -  1\       2*        _j  07 

(10)     Let  -  «  -s r ; 


•/ ^+3jj*  +  2'"  ^*^l(o^+l)M* 
(12)     LetS  ^-^^--^ 


V     (o?-l)»(a^*  +  l)' 

/•  (Sflr*  +  07  -  2)  do?      3  07^  +  1  _i 

j  (07  -  1)»  (07»  +  1)  "  i    ^^  {m  -  1)«  "  ^"^ "  "^ 


2  (07  -  1)»      2  or  -  1 
do7  1    ,_  (or*  -07  +  3)  {x-k^  \Y        I 

07*®  3o? 

'13              ,2«-l 
tan-^  — 


/aw  1    ^ 

,r*  +  2or*+  ^cf  ""90     * 


45  11^  lli 


(14)      Let  —  «-T ; = r- • 

^    ^  V      ar*+o7*  +  2or»  +  2.'P*  +  o?+ 1 

Here  there  are  in  the  denominator  two  equal  quadratic  factors 
(or*  +  1) ;  the  fractions  arising  from  them  are 

1        07-1  107-1 


2  (^  +  1)»      4  or*  +  1 
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Hence 

/dw                          1    /p  + 1       I  ^ 
= T +  -  tan"* 
j^  +  af*  +  2J7*  +  2d?'  +  ar+ 1       4  ar*  +  1       2 


1  ,         a?  +  l 


U              a;'  +  3/r  -  2 
(15)     Let  -jr  «  7^ TTT r:u;   then 

/-  17  -  (5.r-  7)  2  25        .1 2ar  -  1 

,       (jr*  -  J?  +  1)* 
-  loir  -^ • 

,  ^^       r    dx         1,  («  +  l)  1  ,/2j?-1\ 

/da  1  6  /o  +  6.T*\ 

/da?  1  1  /a  +  S^'X 

ar(a  +  6ay  "  3a(a-h  6.1^)  ""  i^   ^*  V     •*     /  ' 

/•da?  1   ,        /I  +  2^^  +  /l?*\       1  ,  /  2* «?  \ 


or. 


^. 


/da?  1  /« +  6a7*\ 

a?(a  +  6cr*)  ^  "  4a    ^*^  V     a?*     / 

r   dx         1         1+4?   /l+a?  +  a?*^J 
J  iT^  "  6   ^^  rr^  \l-*  +  a?V 

1 


[23) 
[24) 


1  1  /   3*0?  \ 

.  tan-M 5    . 

2. si  \l-fl?V 
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/w^  dx       1  / 1  +  a?\ 

Rationalixation, 

Integrals  of  the  form  fdxw*{a  +  baf'y  can  be  rationalized, 

when  IS  an  integer,   by  assuming   a  +  6^  =  ««,  and, 

,        m+ 1      p .         . 
wben   +  -  IS  an  integer,  by  assuming  a  +  oof  ^  nfsfi^ 

,  .       r    wdx  2    ,  .  ^^ 

■ 
^  ^     J  x(a  +  bx)^  "  fli   ^^  |(a  +  6^)i  +  aij  * 

(7\      f     ^^^      -  —  J  2a  +  6^  1 

(8)     /do? ay  (a  +  ft^)t  «  ^^  I— ^^ -j. 

dx  x^  2    3  (a  4-  6^)*  +  6<i  (a  +  bx)  -  a^ 


(9)     / 


(a  +  &j?) 


a      Sft'  (a  +  bx)^ 
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(»°>   /(^TMi "  6^  ^'^  +  *'>H-^  -  i)  • 

4 

(12)  /dcVJr(a  +  fl?)*«         ^     -^    V"^7~)' 

(13)  /dcT  .r*  (a  +  ci?)i  =  S  (a  +  xf  V    ^^  ^ \^^ 

Sa^  (a  +  ^)      ^  I 
8  5J 

/•    dw  du  ,  .  ,    l»ir       5vii»        5  •  3  •  «p I 

^^^'     7(o  +  6dr«)i"6«(o  +  6jT«)4* 

/•         d«  (a  +  26«*) 

^^^^    J  a*(a  +  6»»)l  "  ~  a»a»  (a  +  5»«)i " 

,    ^      r     dw  «(2a-*+S) 

(20)  J  ^  ^ 

(21)  / 


da?  <r*  0?' 


(a  +  6^)^      3a(a  +  6.i;«)f 


If  an  integral  be  a  function  of  several  fractional  powers 
of  (s,  it  may  be  rationalized  by  assuming  w^  x^^  r  being 
equal  to  the  product  of  the  denominators  of  the  indices. 
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by  assumiDg  x  ^sf.     This  is  equivalent  to 

6fd«  fa* +  «*-«*  +  «*-«  +  ! j 

^W       J       X*       w*       a*         1      ,       y  lv\ 


1  11  ■  7  II 

(23)     /da? «  —  + +  — 

1+**       "       «         7         4        8 


+ 

2 


11  ^"^^h ^~^ +2tan-» i[. 


When  the  integral  involves  also  fractional  powers  of 
binomials,  such  as  a  -f-  ba^  it  can  be  rationalized  by  assuming 
a-^-ba  tajg^^  r  being  the  product  of  the  denominators  of  the 
indices.  If  the  binomials  be  of  the  form  a  +  b^,  they  may 
be  reduced  to  the  preceding  form  by  assuming  of*  »y. 


dm 


/Otv 
(1  -  0?)  (1  +  ^)i 

Assume  (l  +  dr)~ia4r,  then 

/da  /-    d«  1  /2ia  + 1\ 


(25)      /  T TT n  -  2  tan"'  (»  +  «)*• 

/  -V       /•  ''^  1  1       f  1  -  ar  -  2*  (1  +  a!*)M 

^'^  y(i+«)(i+«»)*"i*  *\ — n^^ — ^1' 

/da  1  if    S^^    1  ,/l-a?^\i 
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^^^^     J  (1  +  ^^)  (o^  -  l)i  '  2i   ""^  \      (1+^0*       r 


diT  .     ,     /  ac  —  6c  \* 


(SO)      /T i^TT 1—;^*'^^^'^   1;    >  ae>bc 

J  (c  +  ear)  (a  +  oary  \ac-\-aecr] 

1  ,      c(a  +  6ar')i  +  a?(6c*  — acc)i 

log J — ^ ,  ae<bc 


(6c*  -  acc)i  (c  +  Ctr*)i 


if  ac  B  6c. 


c  (a  +  6  j;*)i 
^^*^     Ja?(a  +  6af)i"na4   ^         (6a;-)4 

^^^^     /(a  -6.r*-)i  *"  ;^i  '^"'  {Q    l^Y 

If  the  function  to  be  integrated  involve  \a^-bw  ^  cx^^ 
it  may  be  reduced  to  the  preceding  forms,  as 

(a  +  6«  +  c*«)J  -  c4  I  ^ar  +  ^)  +  :^^£^| , 
^^^^     •/(l  +  /r)(l+4?  +  ^')4'"    *^\  TTi;  }' 

Various  functions  can  be  rationalized  by  assumptions  for 
which  no  general  rule  can  be  given :  familiarity  with  the 
transformations  to  which  different  substitutions  lead  is  the 
best  way  of  acquiring  a  knowledge  of  the  most  convenient 
assumption  in  particular  cases. 
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m 


(36)  Let   the  integral   be   fda  ^^^  t  ^^  t^y^"*      By 
assuming  «  +  (1  +  ai')i  «  «*,  the  transformed  integral  becomes 

m  m  ^  ' 

(37)  If  du  «  7 ^—z t-t;  ,  we  have  by  assuming 

(1  -  of^)  (1  +  af*)i  ^  ^ 


1  -^*' 

/(I  +  «*)  rf«  1     r      dx 

(1  -  jr*)  (1  +  a/*)i  "  ii  J  (1  +  ««)i 


^-o^^^^f^}- 


l+o^*' 


^  (1 + w')  (1 + .to*  "  24  ^°'  Irr^j' 

c^^(l  +  a?*)i  24cT 

(39)    If  du  a ^ 7-^  ,  assume  z  « j-r; 

^  1  -  a?*  (1  +  a?*)4 

1  +  cT*  1  —  tir* 

therefore  (1  +  «*)J  « ^-r ,   and  (1  -  «*)*  «  ;r irr; 

'^       (1  +  arp  (1  +  cop 

dx  1        dx 

and 


(1  +  a")^      2*  (1  -  )8^)i ' 
Dividing  both  sides  of  this  equation  by 

1  +  cT 
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we  have 

/dof  (l  +  ai^)^       1     r  dx  1    f  r  dx  r  dx  \ 

(40)  By  the  same  assumption  we  find  that 

dx 

(41)  If  du^- r-- — r -T,   assume 

w  1^%  (2^*  -  1)4,  when  it  becomes 

dx 
du  =  -T ;   and  therefore 

1  1       f(2^  -  1)*  -  a?l       ,  ,         a? 

^'^^"gW-- 1)4  4-4"^'"°'    (i^^TI)J- 

(4«)     If    d«  =  7 T— T- T-T TT7 ,    we    find   by 

(I +0?)  {(1 +^)*-a?«|4'  -^ 

assuming 

a«x{(l  +^*)*-ar«}i, 


w  =  tan"' 


{(1+ct04-cT«}4* 

(43)     In  like  manner  by  assuming  a?  =  a?  {(1  +  ^*)i  —  «'J*, 
we  find 

/dof  _,  w 

(l  +  a?»){(l+a?')i-/r^|4"'*"      {(1 +/»*')» -^p' 

These  transformations  arc  taken  from  Euler,  Cafe.  Ini 
Vol.  IV.  Sup.  I. 


CHAPTER  11. 


INTBGRATfON    BY    SUCCESSIVB    RBDUCTION. 


Thb  method  of  integration  by  successive  reduction  is 
applicable  to  a  great  number  of  functions,  and  is  the  process 
which  in  practice  is  generally  the  most  convenient.  I  shall 
here  only  give  the  principal  formulae  of  reduction  with  a  few 
examples  of  each,  taken  chiefly  from  those  integrals  which 
more  commonly  occur  in  analysis.  The  reader  who  wishes 
for  more  numerous  examples  of  the  formulae  is  referred  to 
the  Integral  Tables  compiled  by  Meyer  Hirsch,  from  which 
work  a  great  number  of  the  examjdes  in  this  and  the  pre- 
ceding Chapter  have  been  taken. 

Ex.  (1)     Let  the  function  to  be  integrated  be 

The  formula  of  reduction  is 

/da  s^  af*'^  (a^  ^  a^)i      «  — 1    ^   r  dx  a^~* 

By  this  the  integral  is  reduced  to 


/; 


da  •     1  ^      t 

=  sin"*  -  when  n  is  even, 


(a'  -  cT*)i  a 

and  to     /  — -r — :  =  -  (a*  -  a?')i  when  n  is  odd. 

Let  »  =»  S ; 

•    a^  da  (a^  -  a^)h  ^  ^         ^ 

Let  n^6, 
dfda  ,  .      ^i/^      5a^a^      5.3a*a\       5.3     .  .     ,a 


h 


raraa  ,.      ovi/^      ^<^^      5.Sa''a\ 


a^'sin"*  -- 


6.4.2  a 
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(2)     Let  the  function  be 

of 


The  formula  of  reduction  is 

By  means  of  this  the  integral  is  made  to  depend  on 

/dw  SB 

7- -p-j  =  vers-*  -  . 


Let  n  s  2 ; 

to 

a 
Let  n  s  5 ; 


J  (2aa7  -  ,r*)i  ^  V2        2  7       2 


vers"*-. 


•/  (20.1; -a;*)*  "^  "^    \5       5.4  5.4. S 

^     9.7.5  9.7.5.3        A      9.7.5. 

5.4.3.2  5.4.3.2.1       /      5.4.3. 


3  a 

-  vers"*  - 
2  a 


(3)  Let  the  function  be  -~j —  . 

(or  +  ary 

The  formula  of  reduction  is 

/diff  1  a?  ^n-S  I    f       dw 

{a^-^-a^Y  ^  2»-2  a*(a"+^«)— *  "^  2n-2  a» ^  (a*+a?*)"-» 
By  this  the  integral  is  reduced  to 

/dw         ]  0^ 

—^ -  -  tan"*  -  . 
or  +  or      a  a 

Let  n  s  4 ; 

/dw  1  w  5  w 

^'S  a  5.3     1  Of 

6.4.2  a«(a«  +  a?^)  "^67472  a' **"^    a' 

I?" 

(4)  Let  the  function  be 


(a*  +  »i?^)'" ' 


+  — -  —  tan"^-. 
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The  formula  of  reduction  is 

/cfdio  1  «!?*'*  n-1     r    af^'^dx 

Let  n  B  2)  m  a  3 ; 

/{jfdto  w 

Let  n  »  4,  f»  e  2 ; 

(5)  Let  the  function  be  (a^  -  ^v^*,  n  being  odd ; 

n 

Let  n  «s  1 ; 

/(a*  -  aFy  da  =  — ^ +  —  sm"*  -  . 

•'^  ^  2  2a 

Let  n  a  5 ; 
/(a*  -«?*)' do?  =     ^      — ^  +  - —  afw  (a*  -  a7«)t 

+  ;; aw  (or  -  ar)a  + a^  sin""*  - 

6.4.2         ^  ^       6.4.2  a 

(6)  Let  the  function  be  -— 7-r r-,; 

or  (ar  —  1)5 

/dw  1       (a;^-l)i      «-2   r         d^ 

jr(a^-l)*  "*  n-1      w^'^     "*"  n- 1  •/  j^-«(a?»-l)i  ' 

By  this  means  the- integral  is  reduced  to 

— -^  s  sec"*  a?  when  n  is  odd, 

wiy-^  l)i 

r        dw  (j^  -  l)i      , 

and  to    /  -rr-s Ti  =  ^ ^  ^'i®^  ^  ***  ®v®°- 

•/  «»•  (ar  -  1)3  ^ 

18 
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(2)     Let  the  function  be 


The  formula  of  reduction  is 

/af^dof  /r*"'(2aci?  —  a;*)i      2n  —  1       /•     s^'^  dx 

By  means  of  this  the  integral  is  made  to  depend  on 

/da  ,  w 

— — ,  «  vers-*  -  • 
(2ad^  — a?*)a  a 

Let  naS; 

—  m  -  (2ad?  -  ar)^    -  -i-  — )  +  —  vers"*  - . 

Let  n  s  5 ; 

J  {2aiv-a^)i  ^  ^    \5       5.4  5.4. S 

9.7.5      _  9.7.5.3        A      9. 7.5. 8  ^a 

+  a'a?  + or  ]  + vers"*  - . 

5.4.3.2  5.4.3.2.1       /      5.4.3.2  a 

(3)     Let  the  function  be 


The  formula  of  reduction  is 

/diV      __      1  a?  2n^S  1    r      dw 

(a*+^)»  ""211-2  a>(a»+ar*)-i"*'2»-2  a»7  (0*+ J?*)-' 

By  this  the  integral  is  reduced  to 

/dj7  ]  ,  Of 

--r—3  -  z  tan""  I  • 
or  '^  or      a  a 

Let  n  8B  4 ; 

/do?  1  ^  5  ^ 

(^T^  "  6  a*  (a«  +  w'y  ■*"  6T4  a*  (a»  +  .r*)* 

5.3  /»  5.S      1  ^j  a? 

(4)     Let  the  function  be 


(a*  +  ct?«)- ' 


i 
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The  fonnula  of  reduction  is 
Let  n»2y  m  B  3 ; 
Let  n  •■  4,  HI  «B  2 ; 

(5)     Let  the  function  be  (a^  — ^*,  n  being  odd; 


■'^  ^  «  +  l  n  +  1  •'^  ^ 

Let  n  B  1 ; 

/(a^  -  «r»)i  dar  -  — ^ ^  +  -  sin"*  -  . 


Let  n  a^  5; 


^•^  4>'9  ovl  5.3  -.         ,/P 

+ aw  (a^  -  aria  + a*  sm"'  -  • 

6.4.2  "^  ^        6.4.2  a 

(6)     Let  the  function  be  ^^J^^^^l 

f       ^^         ^^J_ia^-1)^      n-^   r dx 

•/d^(d^-l)i      n-1      a;-*         n-1^  j7-*(a?«-l)i' 

By  this  means  the- integral  is  reduced  to 

— r-z n  ■»  sec"*  07  when  n  is  odd, 

aiy-^  1)* 

.  ^      r       dof             {a^  -  1)* 
and  to    /    ,,  , 71  «■  ^ ^  ^hen  n  is  even. 

•/«•(«■-  1)3  CO 

18 
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Let  n»5; 

Let  ns4; 

r       dor  (a^  - 1)»  (fly*  - 1)* 

(7)  If  the  function  be  — ---%  the  fonnula  of  re- 

ar (1  +  Or)* 

duction  is  the  same,  excepting  that  both  terms  are  negative. 
The  final  integrals  to  which  it  is  reduced  are 

and    /  -r-7 sn  ■* when  n  is  even, 

•/  AT  (1  +  fl^)4  a? 

Let  nm6i 
r       dw  (i+a^)i      ^(l+a?*)4      4.2  (1  +  jgQ^ 

(8)  Let  the  function  be  -; r— ri ; 

^  (a  +  6a?)4 

/^^"diV         2«*(a  +  &a?)i         2f»      a  ^  a^^^daf 
(a +  64?)*"    (2m 4- 1)6    ""  2m  +  l  6^  (a  +  6/p)4' 

Let  HI* 3; 

/.  a^dof        fa^       6    asf       6.4    a^a      6.4.2  o*\^^       .   vi 

Let  m  B  4,  6  a  1 ; 
J  (a  +  a)i       ^        ^  \9       9.7  9.7.5  9.7.5.3 


8 

"■9 


5.6.4  1 

2a*>. 

.7.5.3        J 
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1 

(9)  Let  the  function  be  -— -; r— ri; 

/p"  (o  +  bwp 

/dm  1        {fl'¥hw)i       b    ^n^-S  r        dw 

«*(a+&a7)i        (fi*l)a      of"*         2a   n-l  •/«■"* (a+6a?)i' 

By  means  of  t^  the  integral  is  reduced  to 

/dm  1         (a  +  bm)^  —  a^ 

^  (o  +  fc»)i  "*  oi     ^  (a  +  6fl?)l  +  a* ' 

Let     n  B  S ; 

(10)  Let  the  function  be 


(a  +  6ar)i  * 

/s^dm         3/v"  (a -f  6/9)'         3n      a   r  s^'^dm 
(a+6ar)i*     (3n  +  2)6        3n-f-2  &•/  (a  +  i4^)i * 

If    n«l; 

/d7da7  S  (a  +  6^)'  /-         «\ 

(a  +  6d?)i"        iV         V  ^"  ij* 

If    n«2; 
/•    «•  do?         S  (a  +  bw)^  l(a  +  ftipV       ^     ,        .   ^      o*] 

(II)     Let  the  function  be  -% 

(a«  +  dr«)« 

y.     c{j7  1  /v  n^S       r       dm 

If    n-S; 

/d«  /I  S\  « 

TJ^fTi  "  V  +  «»  *  ?/  So*  («•  +  «*)** 

If    n-7; 

/'     ''^  f       1  4  11  ^ 
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of 

(12)     Let  the  function  be --, ; 

^    ^  (a  +  6ar  +  cai^p 


(a+6a7+ca7*)*  nc  n     cJ  (a-^bw^t-car)^' 

2ra  -  1  6    r        a^^^da 
2»      c  ./  (a  + 6d?  +  c«*)*' 

By  this  the  integral  is  made  to  depend  on 

/dw  ,     r  wda 

(a  +  6j7  +  c^')i '  •/  (a  +  6a?  +  ca?*)i  ' 

If      na2,    aefrsCBl; 

/w^ dm  2jr— S  .  ovi     i«     f  ^  wvi^ 

(I^^^-^  -  -^(l+«+^')J-ilog{8*+l+8(l+«+*«)i}. 

If    ns3,  a«>l,  6ac»-l; 

(IS)    Let  the  function  be  ^'a^\ 

/«•'  .V-  dor  -  1-^  -  -  U'  ^''  d^. 
If    n  »  4 ; 

''  [a       a*  a*  a*  o*      J 

If    n  =  5,  a  «  —  1 ; 
/€"•  cfda^--  €"'  (oT*  +  507*  +  2007'  +  60o?*  +  12007  +  120). 

(14)     Let  the  function  be  — • 

07* 

The  formula  of  reduction  is 

/€    ao?  6  are 

~1F~  "  "  (n  -  1)  «•-'  ■*"  n^  Ji^    '' 

by  means  of  which  the  integral  is  reduced  to 


INTEGRATION   BT    SUCCBS8IVE    REDUCTION.  277 

If    f»  B  8,     a  a  1 ; 

(15)  Let  the  function  be    /»*(loga?)"; 

/»■  (log  or/  da? 1_5_^ y^  (log  jr)"->  dx. 

tn  +  1  m  +  1 

If    f»  B  3,    n  B  2 ; 

/«»(loga?)*rfa?  =  '-  \(Sog(Bf  -  i  log  a?  +  \\. 
If     m  <s  1,     n  «  3 ; 

/d?(loga^)»da?«  -  |Oog^)*-f  Gog^)'  +  |Cog«?)  -pj- 

(16)  Let  the  function  be    (sin  o^)"*  (cos  zp)". 

We  may  use  any  of  the  following  formulae  of  reduction : 
/d*  (sin  ir)"  (cos  m^ 

(8indr)"'*"*(cosar)»-*       n-1    -,    ,.      v-,../         x...     ,,v 

«s^t L i 1 —  + /d^(sina?)"+*(cosj?)*-'...(l) 

m  +  I  m  +  1 

/d«  (sin  fl?)*  (cos  /p)* 

(8ind7)"*"*(cos«rV'*'*      w-1    -,    ^.     V-  .^        x-x.     •  V 
«-^^ ^-— ^ —  + /d«(sina?)"'-"(cosayy+»...(2) 

/d«  (sin  a?)"  (cos  ^)* 

(sina7)'""^(cosa?)"+*      fw-l-^,.      v«./         x.      ^v 
«  -  ^ '- ^^ —  + /dcT  (sin  xY'^  (cos  ^)» ...  (3) 

/d.v  (sin  ;»)"•  (cos  «)* 

(sin  »)*•+*  (cos  a?)"***       ^-1/.,,.      x^^        vo 

= 1- \dx  (sin  xy  (cos  J?)"""* ...  (4) 

w»+n  m  +  n*'  ^  ^ 

/d«  (sin  a?)*  (cos  zp)* 

(sinar)*"^^(cosa?)''+^      m  +  n  +  g  ^^ 
"" w+l ^-j-Y-/dcr  (sina?)"'+«(cosct?)«...(5) 

/d  J?  (sin  0?)*  (cos  ^)" 

(sin4y)"-^Hco8^)"^*  .  m+n+2  ^^ 
e + Jdip(sin^)"*(cosafr+"...(o) 
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f  m         ^    %  V  a  COS  W 

Ida  (sin  «)» -  -  —-  {(sin  «)«  +  2}  bv  (S) 


-  fcosSw  \ 

=  *  I 5 —  —8  008  0?  I  . 


/d/r(8inary  =  -S2i^|(gina?)8  +  |8in^j  ^.£f  by  (s) 


-  /sin  4^  ^   .        \       Sa? 

/da?  (cos  a?)«  «  ^  (sin  0?  cos  a?  +  ^)  by  (4) 

,  /        sin  2w\ 


sm^ 


/rfa?(cosaf)»  =  -_{(cosd?y  +  f  (cosd?)«  +  |}  by  (4) 

.  (sin  5^      5  sin  3^  .      1 

/da?(sina?)»(cos^)»«i!i!if^  {(coswy  +  §}  by  (4), 

■  -  iV  (i"  sin  5^7  +  ^  sin  3a?  -  2  sin  a?). 
/do?  (sin  0?)*  (cos  a?)»  -  (^!^  {(cos a?)*  +  f  |. 

fdw{%mwf  (cos  a?)*  =  -  -  (^  cos  lOa?  -  |.  cos  Car  +  5  cos2i»)^ 
fdw  (sin  /»)''  (cos  wf 


2 
dm 


1  ,_ 
Tg  (tcos9a?-|^cos7/ir  +  f  cosSa?-  Ueoea?). 


r     dw  cosar  f      1  4       1  8^1 

^(sin<""     5      Ksin a?)*  "^ ^  (5ir^ •*■  ^  d^J  ^y  (^>- 

/da?  cosa?  t       ^\ 
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r    da         an  a  f     1  ^    l  k 

a  tan  ^  +  ^  (tan  wy. 
f    dx         sin^  f      1  ^       I      SI      X      /*»■     ^^ 

J     eo8^  "  *  {~2~  "^  («n^)"}  +  Jog(8ec^)  by  (3). 

1^       -i-^  +  co8^.Hog^tan-j  by  (4). 

/d«  (sin  ay 
-T rr—  =  cos  ^  +  sec  ^. 
{w^wy 

/•dfl?(8ina?y      .  .        1 

J   (coso^y      *  ^*  (cosfl?y 

fdaimnwy  1  .  , 

./     (cosary         5(co8/ry  *^         ^       ^* 

/dor  1  .      ,         V 

Sin «  (cos  tf?y        2  (C08d7)'  ^  ^ 

f  7^ — ^^FT ^  "  T^' 7 ^i  -  I  cot  2  «?• 

•^  (sin  d^y  (cos  a?)*      S  sm  /r  (cos  aiy      ^ 

f  dm  8co8  2ay  I       1  2     1 

•/  (sin wy  (cos «?)*  "  3        l(sin 2a?y      sin 2a?J  ' 

/^^ M . J --_ — —  +  log  (tan  w\ 
(dn  (vy  cos  0?         4  (sm  wy      2  (sin  aiy 

(17)     If  the  function  be  (tan/ry  the  formula  of  reduc- 
tion is 

fdw  (tan  /r)"  =  0??!^)]^ j-j^  (tan  ^y-«. 


«  -  1 


\ 
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If  the  function  be r-  the  formula  of  reduction  is 

(tan  xy 

J  (tan xy  *  "  (n^l)  (tan  a?)—*  " "'   ^  (tana:)*-" " 
fdx  (tan  xY  ■«  -J  (tan  a?)*  —  tan  a?  +  a?. 
fdx  (tanxy  «  ^  (tanaj)*  -  J  (tana:)*  +  ^  (tana:)'  +  log (oosa;). 


J  (t 


dx 

»  -  i  (cot  a?)*  +  ^  (cot  a:)*  +  log  (sin  x). 


an  a:) 

(18)  If  the  function  be  af  cosa;,  the  formula  of  reduc- 
tion is 

fdx  afcosxmaf^sinx  +  nof^^  cos  a;  -  n  (n  -  1)  fdx  af"*  cosa?. 

fdx  a^  cos  a: «  a^  sin  a:  +  2a;  cos  a:  -  2  sin  a:. 

fdx  a^cosx^  a^Binx-^  So?  cos  x  —  6a;  sin  a: -6  cos  a:. 

In  the  same  way  we  find 
/da:  a:  sin  a;B—a;  cos  a:  +  sin  x. 
/da?  a:*  sina;s -a;*  cos  a:  +  4a:'sin a:  +  l2a:"cosa:  -  24a:  sina?  -  24  cosa;. 

(19)  If    the    function    be    e^'(cosa;)*    the  formula   of 
reduction  is 

fdx  e"  (cos  x)* 
^  e-(cosa:)-^(acosa:^-nsina:)      n(n-l)  r^^^.,,^,  ..-.. 

a  similar  formula  exists  for  ^'"(sina:)*. 

fj     am/        \«      o*          (a  COS  a:  +  2  sin  a:)  2€«* 

/da:  e"'  (cos  a:)*  «  e    cos  a:  ^ + 


a*  +  4  a  (a*  +  4)  ' 


rj     «*/•      Ns      «*/ .     ^•(asina:-Scosa?)     6€"(asina?-cosa:) 
/da:  6*"  (sm  xy  cs  c"'  (sin  xy r ^ + — -^^^ . 

■^  ^        ^  ^        '  a' +  9  (a«  +  l)(aV9) 

rj     a»r'     \5/        v«     €"  fa  sin  7a: -7  COS  7« 

fdx  €    (sin  a?)**  (cos  xy  ^-r-  < ^ 

■^  ^        ^  ^        ^       64  \  a'H- 49 

3  (a  sin  5a:-5  cos  5a:)     a  sin  Sx-S  cos  3a:     5  (a  sin  a;— cosa?)! 
a' +  25  ■*"  ^Tg  "*"  a»+l  j" 
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(20)     If  the  function  be    7 r r-   the  formula  of 

(0+6  cos  xy 

reduction  is 

/dx  —  6  sin  a; 

(a  +  6  cos  a?)*  *  (n  -  1)  (a«  -  6^  (a  +  6  cos*)— * 

(2n-3)a     r         dx  (n-2)        r         dx 

'^  (n-l)(i^-V)7(a+6cosa?)-"'"(n-l)(o«-6V(«+6cosaj)-"* 

Let   n  «9  2,    then 


(a  +  6  cos  a?)* 


i_  r-frri"^    ^       gg       .an->(f^*tan^ll  . 
-  V  La  +  6  cosa?  ^  (a»  -  V)i  lU  +  6/  2JJ 


Hence  also  we  find 
da;  cos  a; 


Jr  aa^cosa; 
(a  +  ft  cos  a?)* 

a  -  6\  * 
- —  I -^  tan-*  I  i 

a* 


1       r    a  sin  a;  26  *  i//*""^\*        ^ll 


CHAPTER  III. 


INTEGRATION    OF    DIFFERENTIAL   FUNCTIONS    OF    TWO    OR    MORE 

VARIABLES. 


Sect.  1.     Functions  of  the  first  order. 

In  order  that  a  differential  function  of  two  variables  of 
the  first  order,  such  as 

Pdx  +  Qdy, 

should  be  the  differential  of  a  function  ti,  it  is  necessary 
that  the  condition 

dP      dQ 

dy       dx 

should   exist.     When    this    criterion   of   integrability   holds 
good,  we  find 

«  B  JPdx  +  fdy  (Q  -  J-  jPdx) ; 

or    u  ^  fQdy  +  fdx  (P  ^  ^  fQdy). 

The  application  of  these  formulae  may  be  generally 
facilitated  by  observing  that  in  the  second  term  of  the 
former  it  is  only  necessary  to  integrate  the  terms  in  Q 
which  involve  x  only,  and  in  the  latter  those  terms  of  P 
which  involve  y  only. 

dx 

Ex,  (l)      Let  7 -— T  +  adx  +  Sthydy  =  dw; 

(1  +  ar)9 

^     ^       dP  dQ. 

therefore   — —  m  0  =  - — . 
ay  dx 
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iDtegratbg  with  respect  to  y^ 

therefore  the  integral  is 

t«  s  6^  +  a^  +  log  C  ^v  +  (1  +  ar^*}. 

Integrating  with  respect  to  y,  and  observing  that  there 
is  no  term  in  P  involving  y  only,  we  find 

^  X     -r  dw  dy  ady  . 

dP  y  dQ 

dy  "  ""  (07*  +  y*)t  *  do? ' 

Since  P  does  not  contain  any  term  independent  of  ^, 
fdof  (P-j^  fQdy)  «  const. ; 
therefore,  integrating  with  respect  to  y, 

«  =  log  y  +  log ^ ^-^  +  C ; 

whence    u  =  log  C  {a?  +  (^  +  y*)*} - 

(4)  Let    (a*y  +  at^  do?  +  (6*  +  o'ar)  dy  «  dw. 
The  integral  of  this  is 

t*  «  —  +  a^wy  +  ^y  +  C. 

4 

(5)  Let    (3a7y»  -  ^  da?  -  (1  +  6y«  -  Si»*y)  dy^du; 

dP     ^  dQ 

then    -;—  =  oa?y  =  —— . 
dy  da 
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The  integral  is 

^^     T       «  (^dw  +  ydy)      ydw  —  wdy      _   , , 

(6)  Let  — ^^^ ^-T-^  +  - — z ^  +  bi^dy  =  dtt. 

Integrating  with  respect  to  y  we  find  as  the  integral, 
«  «  a  (o^  +  y*)«  +  tan-'  -  +  6y^  +  C. 

if 

ydy  +  arda?  -  ^ydoo 

(7)  Let  ^-=^^ —  =  dw. 

The  integral  of  this  function  is 

u  «  log  (y  -  a?)  -  -^  +  C. 

y  -  a? 

(8)  Let   (sin  y  +  y  cos  «)  dx  -f  (sin  ^  +  a?  cosy)  dy  ^  du\ 

dP  dQ 

then    — —  ss  cos  y  +  cos  a:  «=  — — . 
ay  007 

The  integral  is 

t«  B  07  sin  y  +  y  sin  /r  +  C 

The  conditions  of  integrability  of  a  differential  function 
of  the  first  order  between  three  variables  such  as 

Pdof  +  Qdy  +  Rd« 

are  the  three  following, 

dP     dQ        dQ      dR        dR      dP 

dy       do7 '       djir       dy         dw      d% 

The  integral  will  then  be  found  by  adding  together  the 
integral  of  P  with  respect  to  at^  the  integral  with  respect  to 
y  of  the  terms  in  Q  which  do  not  contain  zr,  and  the  integral 
with  respect  to  x  of  the  terms  in  R  which  contain  «  only. 
If  we  begin  to  integrate  with  respect  to  y  or  jst  instead  of  or, 
a  corresponding  change  must  be  made  in  the  process, 

,  ^      _  ,         yda?       wdy        wydz 

(9)  Let     du  «  ^ +  — ^  +  ^  ^     ., , 
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dP         1         dQ 

then     -—  « «  — - , 

dy      a  —  z      dw 

dP  y  dR 

dz       (a  —  zy      dw  ' 

dQ  w       ^dR 

dz      {a  -  «)•      dy  ' 

wy 

Also  fPdaf  = ,  and  as  w  and  y  enter  into  both  the 

a  '^  z 

other  terms,  we  have  simply 


«--^  +  <7. 


a  — » 


.    ^      -  ,        tvdw  -{-ydy  +  zdz      zdw  ^  adz 

(10)  Let    dt*  -  — — --~r^— STT— + ,       .     +  zdz. 

This  satisfies  the  criteria  of  integrability,  and 
jPdw  =  (««  +  y*  +  «»)*  +  tan-*  -  ; 

JSP 

iQdy  -  C, 
taking  only  the  terms  not  involving  a\ 

9 

taking  the  terms  involving  z  only.     Hence 

w  »  («*  +  y*  +  «*)*  +  tan-*  -  +  -  +  C. 

(11)  Let     du  ^  {y  -k-  z)  dw  -^  (z  -^  a)  dy  -{-  {w  -^^  y)  dz. 
Then    u  '^  ay  +  yz  +  zw  ^  C. 

.    ^     -.  ,        ada^bdy      by  -  aa  , 

(12)  Let    dw  « =^  +  -^^5 dz. 

Z  Sir 

r,^!                aa  ^  by 
Then    w  = ^  +  C. 

z 

Theoretically  all  difi^erential  equations  between  two  varia- 
bles may  be  rendered  differential  functions  by  being  multi- 
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plied  by  an  integrating  factor,  but  the  investigation  of  the 
proper  factor  is  a  problem  of  as  high  an  order  of  difficulty 
as  the  solution  of  the  equations,  and  no  general  method  can 
be  given  for  finding  it.  In  some  cases,  however,  the  factor 
is  seen  without  difficulty  on  a  consideration  of  the  form  of 
the  equation,  and  in  these  cases  the  method  may  be  used  with 
advantage.     A  few  examples  of  such  equations  are  subjoined. 

adw      bdv     co^dw 

(13)  Let         ?^+J!£-rrLj^. 

a  y  tf 

If  this  be  multiplied  by  /p'y^,  it  becomes 
aaf^-^  ^dw  -{■  6y*-*  a^  rfy  «  ca?"+"  da ; 

both  sides  of  which  are  differential  functions ;  and  the  in- 
tegral is 

0?  V  «  +  c. 

a  +  m-^l 

(14)  Let        aa^y^dy^^ofdy -ydw. 

The  integrating  factor  is  -^9  and  the  integral  is 

n  +  2      w 

(15)  Let       a  (/vdy  -f  2y  dw)  «  ay  dy. 
Dividing  by  ay  we  have 

'dy      Zda"" 

y" 

whence  j^y  =  C€«. 

(16)  Let    da  +  (ador  +  Sby  dy)  (l  +  ^)1. 
The  integrating  factor  is  (l  +  a^)''^)  and  the  integral  is 

a^{\^aF)i^  Ce-<"+*«^. 

(17)  Let     (2/p  -  y)  dy  +  (2a  ~y)da^  0. 
The  factor  is  (2  a -y)"';  multiplying  by  it  we  have 

(gg'-y)dy+  (2a-y)day      (2a-y)(day-dy)-t>2(a+4y-y)dy  ^  ^ 
(2a.y)»  "  (2a-yy 


(dy      Zda\ 
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lategratiiig  this  we  find 

a  -f  ^  -  y  <B  C  (2o  -  y)K 

(18)  Let       ydw  -  wdy  »  adw  +  ydy. 

The  factor  is  (^+j^~S  and  the  integral  is 

tan-*  -  e  log  (««  +  y^l  +  C. 

(19)  Let    ydy  -  a»d»  -  6  ^^  -  ?^j  -  0. 

The  integrating  factor  is  (y*  -  «*)',  and  the  integral  is 


6  5  /i^        3    afi        w 

When  the  equation  is  between  three  variables  and  of  the  form 

Pdof  -f  Qdy  +  Edx  «  0, 

the  condition  that  it  should  be  made  a  differential  function 
by  means  of  a  multiplier,  is 

\dx      dy)  \daf       d%)  \dy      da) 

The  method  of  integration  is  to  assume  one  of  the 
variables  as  constant,  and  then  to  integrate  the  remaining 
terms  as  an  equation  between  two  variables,  adding,  instead 
of  a  constant,  a  function  of  the  third  variable,  which  is  de- 
termined by  comparing  the  differential  of  the  integral  with 
the  given  equation. 

(20)     Let  2da(y+x)'i'dy{W'^3y+2x)+d»(af+y)'»0. 

Making  y  constant,  and  therefore  dyaO,  we  have 

fidw        dx 

+ -0; 


^+y     y+« 

whence     2  log(af +  y)  +  log(y  +  «)  «  ^  (y). 

or,    2d9  (sf  +  x)  +  dy  (.r  +  3y  +  2«)  +  d«(af'^y)m  <p'(3f)dy% 
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comparing  this  with  the  given  equation  we  find 

<f)(y)  SB  0,  and  therefore  0  {y)  »  C. 
Hence  the  integral  is 

(^  +  y)'  (y  +  «)  «  C. 

(21)  Let  dw{ay^h%)'\-dy{c«''aw)^dz(f>ai'-cy)^0. 

av  —  bx 

The  integral  is  — =  C. 

ex  -^  aof 

(22)  Let 

(y»+  y»  +  «*) do?  +  (aj*+  ««  +  «*)  ^»  +  (^+  ^y  +  y") d»  «  0. 
The  integral  is    wy  +  yz  •¥  xaf^s  a{a  -^y  +  z). 

(23)  Let     dof  -^  dy  +  d«  +  (of  '\-  y  +  z)  dx  ^  0. 
The  integral  is     («  +  y  +  ;v)  e* «  C 

(24)  Let     z  (wdw  +  ydy)  +  {(ai^^y')z  ^  l}dz  mO. 

The  integral  is     e*  ^^"*"^^  «  C. 

Sbct.  2.     Functions  of  an  order  higher  than  the  first. 

Let  o  B  {{"u  be  a  differential  function  involving  Wy  y, 
and  their  di£Perentials,  and  let  a^^  w^^  w^,  &c.  y^yt^yz^  &c. 
be  put  for  dw^  d^w^  d^Wy  &c.  dy^  d^y,  d^y^  &a  Then  the 
conditions  that  v  should  be  the  differential  of  a  function 
d""'ti,  are 

dt>       ,    dv        ,^    dt>        „    (ft)       ^ 

3 d .  -—  +  d* .  3 d' .  — -  +  &c.  «  0  ...  (1), 

OA*  aa7|  atVg  0^73 

,     dv       ,    dtj        ,„    dtj        „    dtj 

and    -; a .  -;—  +  o*.  -7—  -  a',  -7—  +  &c.  »  0  ...  (2). 

dy  dyi  dy^  dy^ 

The  conditions  that  v  should^  be  the  second  differential 
of  a  function  d^'^u,  are 

dv  ^    dv  ^    dv       ^ 

2cf .  -_  +  Sep.  _ &c.  «  0  (S), 

dtVi  ddf^  dw^ 

^     dv  ,    dv  ,«  dtJ 

and    -; 2d.-— +Sd*r; &c.  «o  (4). 

dy,  dy,  dys 
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The  oondirions  that  n  should  be  the  third  differentinl  of 
a  function  d^'^u^  are 

Sd.-— +  6d».-- 10il»-—  -I-&C.10...  (5), 

dWf^  d/t^  dw^  dw^ 

Sd.^^  +  6d* 10d»  ^-  +  fiec.  -  0  ...  (6). 

oyi  dy^  dy^  dy^ 

In  a  similar  manner  are  found  the  conditions  that  v 
should  be  a  differential  of  any  order :  the  numerical  co- 
efficients follow  the  law  of  those  of  the  Binomial  Theorem 
in   the  case  of  a  negative  index. 

These  remarkable  formulae  were  first  discovered  by  Euler 
{Camm.  Petrop.  Vol.  viii.)  in  his  investigations  concerning 
maxima  and  minima.  A  more  direct  demonstration  is  given 
by  Condorcet,  in  his  Calcul.  Integral. 

Ex.  (1)     Let  V  a  d^u  ••  wd^y  -  yd* a. 

-,,         dt?       ^  df)  dv 

USB  aW\  CiV^ 

Therefore  the  first  equation  of  condition  becomes 

yt  -  d^y  =  0, 

and   is   therefore   satisfied.      In  the   same    way    the   second 
condition  is  also  satisfied,  and  we  find 

du  «-  wdy  —  ydof  +  C. 

(2)  Let  v»d*u 

=  ji^d^y  +  {a-^2)adyda  -^  (ay  +  2w)  daf  +  (aay  +  s^)d*x. 

Both  the  conditions  (1)  and  (2)  are  satisfied  in  this  case, 
and  we  find 

du^  a^dy  -¥  awydw  +  a? da  4*  C 

(3)  Let 

f)  ^d^u^  (aw  -2y)d*y  -idy'-^^adyda  +  ayd^of. 

In  this  case  the  conditions  (3)  and  (4)  are  both  satisfied, 
so  that  V  is  the  second  differential  of  a  function,  which  is 
found  to  be 

u  »=  aopy  —  y*  +  C. 
19 
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(4)     To  find  the  condition  that 

Rd(K^JtSdwdy  +  Tdf 

should  admit  of  a  first  integral.     If  we  assume  S  ^  Sy^-  S^ 
this  may  be  put  under  the  form 

{Rdw  +  Sydy)  da  +  {S^da  +  Tdy)  dy ; 

and  in  order  that  it  maj  admit  of  a  first  intqpral,  we  must 

have 

d  d 

—  {Rdw  +  S,dy)  =  —  {S^dw  +  Tdy), 
ay  aw 

dR  ^         dSy  ^        dSt,        rf7' 
or  —-dw+  — —  dy  =  -—-dw  +  ^~-  dy. 

dy  dy  dw  dw 

But  from  the  indeterminateness  of  dwy  and  dy  this  in- 
volves the  conditions 

dR      dS»  dT      dSi 


Whence 


dy       dw  '  dw       dy 

d^R       d^S^  d^T      d^S, 


df^       dwdy^  dw^       dwdy^ 

and  therefore 

d^R      d^T      d^S,        d^S^        d»5 


dy'       da^       dwdy      dwdy      dwdy* 

which  is  the  required  condition. 

The  complication  of  the  formulae  when  the  order  of  the 
difi^erentials  rises  above  the  second  renders  their  application 
almost  impracticable,  and  as  the  subject  is  not  one  of  any 
practical  importance,  it  is  unnecessary  to  adduce  other  ex- 
amples. 


CHAPTER    IV. 


INTEGRATION    OF    DIFFBRENTIAL    EQUATIONS. 


Sect.  1.     Linear  Equations  with  constant  coefficients. 

These  form  the  largest  class  of  Differential  Equations 
which  are  integrable  by  one  method,  and  they  are  of  great 
importance,  as  many  of  the  equations  which  are  met  with 
in  the  application  of  the  Calculus  to  physics  are  either  in 
this  shape  or  may  be  reduced  to  it. 

Let 

be  the  general  form  of  a  linear  differential  equation  with 
constant  coefficients;  ^i,  A^^.^.A^  being  constants,  and  X 
being  any  function  of  cb.  On  separating  the  symbols  of 
operation  from  those  of  quantity  this  becomes 

as  we  may  write  it  for  shortness.  Now  by  the  the6rem 
given  in   Ex.  5  of  Chap.  xv.  of  the  Differential  Calculus, 

the  complex  operation  /(-r— )  is  equivalent  to 

ai,  a^...a^  being  the  roots  of  the  equation  f{x)  ■«  0......(3). 

Hence  performing  on  both  sides  of  (2)  the  inverse  pro- 
cess of 

19—2 
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H/(i)}"H(^-)(^-)--(^-)}"'-<*>- 

The  result  of  this  transformation  is  different  according 
to  the  nature  of  the  roots  of  (S). 

1st.  Let  all  the  roots  be  unequal ;  then  by  the  theorem 
given  in  Ex.  6.  Chap.  xv.  of  the  Differential  Calculus,  the 
equation  (4)  becomes 

where    iVi 


(«i  -  (h)  («i  -  (h)  ...  («!  -  o«)  * 
and  similarly  for  the  other  coefficients. 

But  by  the  theorem  in  Ex.  11  of  the  same  Chapter, 

(J-  -  a,) "'  jr-  €««'  (J-\  '6-«>'^«  «•!'  fdof  €-««' jr. 

A  similar  transformation  being  made  of  the  other  terms, 
we  find 

y  m  Nx^^' fdof  e""^' X ^  N2€^' fdof  e"^' X ^  be. 

+  JV.6'^'/dar6-^'-y (6). 

It  is  to  be  observed  that  each  of  the  signs  of  integration 
would  give  rise  to  an  arbitrary  constant ;  and  that  this  must 
be  added  in  each  of  the  terms  when  the  integrations  are  effected. 
The  value  of  y  would  then  appear  under  the  form 

y^Ni  €«»'  (fda  €-«>' Jf  +  CO  +  JVi  €«•'  if  da  e'^'X-k-  C^  +  &c. 

+  iV.€«-'(/djre-«-'jr+CO (7). 

Ci,  Cs.*«  C»  being  the  arbitrary  constants. 

The  functions  Ce^'  which  arise  in  the  integration  are 
called  complementary  functions, 

2nd.  Let  r  of  the  roots  of  the  equation  (4)  be  equal 
to  a.     Then  by  the  Theory  of  the  decomposition  of  partial 
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fractions  we  know  that   the  factor   | a]    will  give  rise 

to  a  aeries  of  r  terms  in  (5)  of  the  form 

Mr.-')"' 

the  coefficient  M^  being  equal  to 

; r  I T" )  ^^  V      when  )v  s  a. 

Now    (j^-A   ^X^^' fPda/Pie^^'X) 

or,  introducing  the  arbitrary  constants  which  arise  from  the 
integration, 

+  ««*(C'o  +  C\a  +  &c.  +  C',.i4^-*)- 
Therefore  the  complete  value  of  y  is 
y^^'  \Mrf'dar{e-^'X)  +  if,.i/'-*dar'-*(6-«'^)  +  &c. 

+  AT,  ^"^'fdw  {€'^^'X)  +  JV,  ^*fda  (e-««'^)  +  &c. 

+  «*'  (C'o  +  C'l  or  +  C'ji  or*  +  &c.  +  C'r-i  oT'^) 

+  Ci  €*»»'  +  C,  €^'  +  &c.  +  C,.r  e"^'  (8) 

There  are  in  all  exactly  n  arbitrary  constants  as  there 
ought  to  be. 

3rd.     Let   there  be   a   pair   of  impossible  roots,  which 
must  be  of  the  form 

a  +  (-)i/3    and   a-(-)*i8; 

then   the   coefficients  of  the  corresponding   terms  in  (6)  are 
of  the  forms 

and 


A^-{--)^B  J -(-)*«' 


294  DIFFERENTIAL   EQUATIONS. 

And  as  6  t«+(->*^)' «  e"' {co8)3/p  +  (-)*  sinjSor}, 
and  €  1  «-(-)*^l '  =  €«'  {cos/3cr  -  (-)J  sin/Sar}. 
The  sum  of  the  two  corresponding  terms  in  (6)  is 


2€«*  (A  cosfiw  +  B  sin  fiw)  fdw  (c' "'  cos (i, 
+  26"'(Jsin)3^P-5cos/3a?)/(iar(e-«'8in  ^ 


in  /3^  .  ^)  I 
-^ J 


This  may  be  put  under  a  simpler  form,  for  if 

COS  0,  7-75 ^—r  a:  SlU  0, 


the  sum  of  the  terms  becomes 

2€"'{co«(/3dr-e)/rf*{€"*'co8/3»jr)  +  «ln(/3*-e)/rf*(€"*'iin/9*Jr)} 


(10), 


The  sum  of  the  complementary  functions 

may  evidently  be  put  under  the  form 

€«'  (C  cos  /3a?  +  C'  sin  fiop)  =  Cc^'  cos  (/3«  +  a).  (ll) 

If  there  be  a  number  of  equal  pairs  of  impossible  roots 
in  the  equation  (3),  the  general  expression  for  the  value  of 
y  becomes  so  complicated  as  to  be  of  little  use,  and  it  is 
therefore  unnecessary  to  insert  it,  here. 

The  preceding  process  may  frequently  be  simplified  in 
its  application  to  particular  cases,  by  means  of  the  following 
considerations.      The   inverse  operations  are  always  reduced 

to  the  sum  of  several  of  the  form  { ;j—  +  ^ )     -^  where  r  may 

be  1  or  any  positive  integer.     Now  this  operation  will  have 

a  different   effect   according  as  it  is  expanded   in  ascending 

d 
or  descending    powers   of   -—y    that   is,   according   as   it    is 

dx 

considered  to  be 

inasmuch  as  in  the  one  case  it   will  involve  integrals,  while 
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in   the  other  it  will  involve  differentials  only.     But  a  simple 
relation  connects  the  two,  for 

Now  the  latter  term    [ —  +  o  j     0  ■€"*•/•' do?' 0 

=  6""'(Co+C,«  +  Csa;*  +  &c.  +  Cr^ia?*'"*),  and  the  former  term 

(a  +  -T~)     ^9  being  expanded  in  ascending  powers  of  — , 
\        dwj  *^  aw 

will  give  rise  to  a  series  of  differentials  which   are  always 

easily  founds  and  which,  when  A^  is  a  rational  and  integral 

function   oi  w  ot  n   dimensions,    always  breaks   off  at  the 

(n  +  1)^  term.     But  since  each  factor  of  the  form  (;7~  H-  a ) 

gives  rise  to  a  separate  complementary  function,  while  X  is 
operated  on  by  all  in   succession,   it  is  sufficient  to  expand 

<  /  I— j?     in  descending  powers  of  JIT,  without  splitting  it 

into  its  binomial  factors,  and  then  to  add  the  complementary 
functions  corresponding  to  each  of  these  factors. 

If  the  function   X  be   of  the   form  €*"',    the   result   of 

the  operation  /  { j- )  «**'  takes  a  very  simple  shape.     For  if 

',      /  d  \  .  .  d 

we  expand  /  I  -j— )  in  ascending  powers  of  -—  so  as  to  have 

\dwj  dw 

a  series  of  the  form 

and  then  operate  on  e"'  with  each  term  separately,  we  find, 

as   (-r-|    6'"'«m''e"",  that  the  series  becomes 
\da/ 

{A  +  Bm  +  Cm"  +  Drn^  +  &c.}  e"'  -=  /(m)  6"'. 

fd         Y  e"" 

Hence  for  example,  we  have   (■- a]   €*"'  =  :; --. 

'^  \dw        J  (m  -  ay 

If  the  function  ^  be  of  the  form   cosm^    or    sinmj?. 
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and  if  the  operating  function  be  / 1  -—J  ,  it  is  easy  to  see 
by  the  same  method  that,  as  (^)  cos m jr  «  —  m' cos m^, 
and   (t^)   sinniiV-- -  m^sinmor, 

/  ( -73)  cos m^p -/(-!»•)  cosine, 

and    /  { ^-j )  sin  wo?  «  /  (-  »»*)  sin  m  w. 

The  preceding  theory  may  be  stated  in  the  form  of  the 
following  proposition :   if  the  integral  of  an  equation 

be  given,  that  of  the  equation 


[m 


y^X 


can  be  found  from  it  by  differentiation  only, 
Ex.  (1)     Let    ^^ay^w*\ 


therefore     (- a\  y  =  a?% 

and    y  =  ( a  I    a?* 

\dw        I 

the  differentials  after  the  fourth  being  neglected.     Effecting 
the  diff^erentiations 

«      nam      ^*      *^       4.S.«*      4. 3. 2. Of      4.3.2.1 
a        a'  «^  a*  a* 

(2)     Let     •^  +  ay^^*; 
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(d  \  "*  «•• 

aw        I  a  +  m 

dw 
(S)     Let ajf  —  tT"  cos  rar, 

therefore    y  ^  ^'  ^ / ~ — 1  +  Ce*'. 

(in  -  a)*  +  r* 

therefore     y  «  -  €"*'  /d^  7; +  e-"  fdw . 

-^       (1  +  dF)«  -^       (1  +  ay 

But    /d^_?:^«/e|^^i-i L_)..JL. 

and  int^rating  by  parts,  we  find 

(I  +  ar)«     1  +  ^p    -^      1  +  d? 

therefore     y  =  e'^' fdw +  Ci  6"'  +  C,  c"". 


(5)     Let     ^-4^  +  4y.^. 
This  is  equivalent  to 

therefore     y  =  | 2  j     ^ 


-« 
*»  +  ««•  (C  +  C,  *; 
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Hence,  performing  the  differentiations, 

d*y  dy 

(6)     Let    — -J  -  2m  — -  +  m^y  «  sin  nw. 
aar  dx 

This  gives    ( w*  j  y  «  sin  nx ; 

/  d  \-* 

and  therefore  y^\- m\    sin n«v 

\d(B         I 

=  6"'  i^dad"  (€-""  sin  «a?)  +  c^'  (C  +  C,  a?). 

Let     m  =  (f»*  +  fi')i  cos  0,     n  «  (m*  +  nV*  sin  Q ;     then 

8in(n^  +  2d) 


/*  dd7*  (e""'  sin  n^;)  «  e 


-mm 


m*  +  n* 


1    1       i.  sin(na?  +  20)       ..,^     ^    v 

and  therefore    y  = ^-r r-^  +  e"'  (C  +  C^  a). 

tn  +  n 

(7)     Let     ^  +  n»y-0. 

This  contains  two  impossible  factors 

therefore  by  the  formula  (ll) 

y  ^  C  cos  no?  +  C'  sin  nx  b  Ci  cos  {not  +  a). 

The  same  result  may  be  obtained  by  a  different  process, 
which  is  subjoined  as  it  points  out  very  distinctly  the  reason 
why  thes«  circular  functions  appear  in  the  integral. 

It  is  indifl^erent  in  which  order  we  perform  the  operations ; 

/  d  \  -«  /  rf  \  "* 

taking  then  I  — • )      first,  we  have,  as  ( ^r-  I     0  «  C  +  Ci  a;, 
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Expanding  the  operative  symbol, 

»-{'-»"(l,)"-^"'(i)"-»'(r.)"'*'4'^-^<^") 

\  1.2        1.2.5.4       1.2.3.4.5.6  J 

+  CAs + —  +  &c.  > 

I         1.2.3       1.2.3.4.5       1.2.3.4.5.6.7  J 

«  C  COS  nor  +  —  sin  n<r  =  C  cos  n^  +  C  sin  nar, 
as  the  constant  is  arbitrary. 

As  operating  factors  of  the  form  [■^]  +  «*  very  fre- 
quently occur  in  differential  equations,  it  is  convenient  to 
keep  in  mind  that  the  complementary  function  due  to  it  is 
of  the  form  C  cos n<v  +  C  sin  nw. 

(8)  Let  —^  +  wy  =  cos  iiiii?. 

Then    y^K;^-)    +  ^*/     cosma;  +  Ccosno? -f  C/sin  «.i' 

a«   — r  +  C  cos  nX  -¥  C  SlU  WO?. 

^y      d^y 

(9)  Let     — ~  +  5  ---,  +  6y  =  sin  m^. 
therefore 

a 

y  «  —i — -—^ — 2,  +  C  cos  (2*0?  -H  a)  +  C,  cos  {S^x  +  j8). 
w'  —  om   +  o 

00)      Let     ^^y^a^. 


Then  y  =  <1  +{;r- )  [    ^  +  Ccosa  +  Ci  sin  a 

y  =  .i7«-w(n-l).r"-*+n(n~l)(n-2)(n-S)a?"-*-&c. 

+  C  cos  Of  -{■  Ci  sin  .r. 
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(11)  Let    -r^-aV-«»*- 
The  roots  of    »^  -  a*  «  0,    are 

therefore    y  -  -  -  +  Ce"  +  Cc""  +  C,  cos  (a.t  +  /3). 

(12)  Let    33  +  2a*-7-^  +  o^y  =  co8a?. 
This  is  equivalent  to 

{(i)  +«•}*»-«»'• 

From  which  we  find 

cos  SB 

y  =  .  «_  ty  +  (^  +  ^i^)  ^8  a*  +  (C  +  C/a»)  sin  ax. 

(IS)     Let 
<Py        d*y        cPy  iPy       ^dy 

When  the  differential  expression  is  divided  into  factors, 
this  may  be  put  under  the  form 

Whence  we  find 


«"' 


The  integral  of  this  is 

a?        ia>         28 
*' "  15  ■•"  (isV  "  (15)»  ■•"  **  ^^  ^°  ** '•■  ^' **^ '^^^  +  ^»*''' 
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The  roots  of  the  equation 

««■  -  a«»  -  0, 
are  included  in  the  formula 

a  \cos<p  :As  (-)i8in0|y 

where  0  a ,  X  receiving  all  values  from  0  to  n ;    and 

the  roots  corresponding  to  X  «  0  and  X  >■  n  being  -i-  a  and 
-a. 

If  now  we  take  a  pair  of  the  impossible  roots,  which 
we  may  call  a  and  fi,  the  corresponding  terms  in  the  general 
value  of  y  are 

But  by  the  theory  of  the  decomposition  of  rational  frac- 
tions we  know  that 

1  a  COS0  +  (-)isin0 

«.    .,    «      »^      COS0  -  (-)isinrf) 
Similarly,  JV,  -  — ^r — l^ T . 

Now 
(j--a\    Jr«6«'~*{cos(aa?sin0)  +  (-)Jsin(afl^sin0)} 

X  /d/rA^e-""**  |cos  (aw  sin  0)  -  (-)*  sin  (aw  sin  0)} , 
and 

(—  -  /S]      jr  «  e"'~»*  {cos  (aarsin  0)  -  (-)isin  (a.r  sin  0)} 

x  /d« JTc"""***  {cos  (a.r  sin  0)  +  (-)*  sin  (aw  sin  0) } . 

Therefore  substituting  these  expressions,  the  two  terms 
in  the  value  of  y  become  after  reduction, 

^    ^€*''«**cos(aarsin0  +  0)/da?{jre-"«**co8(a^8in0)} 


ncf*" 


+  -4rri€"'^*«n(«^«n0+0)/^^{^«""''^'^«in(aarsin0^ 


L 
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Also  the  two  roots  +  a  and  —  a  give  rise  to  the  terms 


2na"' 

Hence  we  put  the  expression  for  y  under  the  form 

1 


+  — -— ,  2 [c"'"^*  cos  (a^r  sin  0  +  0)  x 

no  ' 

fdai  {Xe-'"^*  cos  (ax  sin  0)  }  ] 
+  — i-,  S[e"'«»*  sin  (a«  sin  d>  +  0)  x 

WO 

/dar{^€-"'~«*  sin  (aa? sin 0)}]. 

The  symbol  2  implies  the  sum  of  terms  derived  from 
assigning  to  (p  in  the  preceding  expression  all   values  from 

-  to  (n-  1)-. 
n  n 

The  complementary  functions  are,  for  the  sake  of  shortness, 
supposed  to  be  included  in  the  signs  of  integration  ;  but  if  we 
wish  to  see  their  form,  we  have  only  to  make  ^s  o  in  the  pre- 
ceding expression  when  it  becomes 

+  e""**i'<C3Cos  foazsin—  -H  —  1  +  C4  sin  fad?  sin  -  +  -J> 

-«>.«'    fx,  /         .    2ir     27r\        ^    .     (         .    ^ir     2w\\ 

^e<'^^T'lCfiCos  (aa^sm —  +  —  I  +  Cesm  laa^sin  —  +  —  j> 

+  &c.  +  &c. 

This  is  evidently  the  solution  of  the  equation 


^  y 

— #  -  o'"V 


0. 


Euler,  Calc.  Integ.  Vol.  11.  Sect.  2,  Cap.  iv. 


(16)     Let  -— -  o'y  =  cosm^?. 
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coem/r       ^      ^^      -   «• 


then     y  »  - +  C,e-*"  +  C,e 

+  €i"|c,  cos  ^aa^i  +  |)  +  C'^  dn  ^aor-  +  ^U 

+  €  a^'^CsCOS  (a»—  +  — 1+  Ca  sin  loo?—  +  — I  >. 

(17)  Let  a-y+„«.-.  g  +  ^^>  a-  g  +  kc.  -A-; 
n  being  a  positive  integer. 

Here  the  operating  function  is  (o  +  y)  »  which  is  com- 
posed of  n  equal  factors;  consequently 

The  term  €"*"/'rf^"  e"' JT  may  either  be  integrated  by 
successive  steps,  or  by  the  general  formula  for  integration  by 
parts ;  or  what  will  generally  be  more  convenient,  the  function 

(a  +  -— )     may  be  expanded  in  ascending  powers  of  — . 

If  n  were  negative  or  fractional,  the  first  term  would  retain 
the  same  form,  but  the  form  of  the  complementary  function 
would  be  different  from  the  difference  between  the  roots  of 

{w  +  «)•  =  0,  . 

when  n  is  integer  and  when  it  is  fractional  or  negative.  I 
cannot  however  here  enter  into  a  discussion  of  the  difficulties 
of  this  subject,  which  is  closely  connected  with  that  of  General 
Differentiation.     Euler,  Calc,  Integ,  lb. 

d"t/      d""*f/  dv 
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This  may  be  put  under  the  form 


da 


(di) 


1 


Now  the  factors  of  ■  are  the  same  as  those 

d 

dw 

I  d  \"-»-*  .    .         d 

of  (-;— J       -  1,  omittine l ;  therefore  if  w  +  1  be  odd, 

\dxJ  "   da 

the  integral  of  the  preceding  equation  consists  of  a  number 

of  terms  of  the  form 

*-sin^ac^«*'cos^(S0  +  2a?8in0)  fdw  e''^^Xm{aAney 


n+ 

^8in^0«'«»^sini(se+2«fsin0)/dar€-«**Jrcos(.i?sin0); 

where   0  receives  all   values  ,  ,  ,   &c.   which 

n  +  1     n+l'  n  +  l 

are  less  than  «-. 

If  n  -h  1  be  even  we  must  add  the  term 

2 


€''  fdae'X. 


n+l 

Euler,  Calc,  Inieg.  lb. 

y    V     X  1     d"y  1  d*y      „  ^ 

(19)     Let     y ~  + _?  .  &©.  =  AT, 

^  ^  ^      1.2  d.i?*      1.2.3.4  d^ 

d 
or     cos 


(fj '  -  ^- 


The  roots  of  the  equation 

cos  iS  B  0, 

.  TT  Sir         .  5«"     „ 

are      ±  - ,      i  —  ,      ±  — ,  &c., 
2  2  2 
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and  the  factors  of  cos  |  —  1  are  therefore 


\        TT  dwi   \       TT  dw)  \        8ir  da]  \       Sir  dx)^ 


Hence  decomposing  {cos  ( — j  >     into  partial  fractions, 
find 


Ji  +  &c. 


V  2       da/ 
and  therefore 


y--€«^    fda  €^*    X -\- e^ *'  fdx  e^' X 

*3  Sir  3ir  3* 

+  €«  '  fdw  e'T' X -  €^'^'  fda  eT   X 

^  Sir  aw  s*" 

+  &c.  -  &c. 

^  3ir  sir 

+  Ci  €«     +  Cj  €  «  '  +  Cs  e"*^'  +  &C. 

+  C/  €""r+  Ca'  €""«"' +  Cs  €~T'  -I-  &c. 

Euler,  Calc.  Inieg.   lb. 
(20)     Let  the  equation  be 
^  .n(n-l)  d'y  ^  n(n  -  1)(n  -  2)(n  -  3)  d^y 

^-^--r.i—d^"^        1.2.8.4 d^"^^^-*^- 

The  factors  of  the  operating  function  in    this   case  are 
the  same  as  those  of  the  algebraical  function 

20 
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The  quadratic   factors  of  this  expression   are  given   by 
the  formula 

(1  +»)«-2(l  -a:*)  cos  20  +  0  -«)% 
(2r  +  1)  w 


where     9 


2n 


From  this  we  easily  find  the  simple  factors  of  the  operating 
function  to  be 

£*(-)*  tan  a 

Therefore  decomposing  it  into  partial  fractions,  as  in  the 
previous  Examples,  we  find  that  y  consists  of  a  number  of 
terms  of  the  form 


2 


(cosg)"-'  r     sin  (of  tan  0)  fdx  X  cos  [x  tan  (f)\ 
n  \  -  cos  (jB  tan  ff)  jdw  X  sin  (a?  tan  &)]  ' 


,  ,         -  ir        Sir      5w 

Q  receiving  the  values  — ,    — ,    — y  &c.,  so  long  as  they 

w 
are  less  than   -.     Euler,  Calc.  Integ.  lb. 

It  sometimes  happens  that  the  inverse  processes,  such  as 

(d        \  "* 
-; a]     X,   fail,  from   the  coeflicients  becoming  infinite, 
dw        J 

in  the  same  way  as  the  formula  for  integrating  <t"  fails  when 

n  e  -  ] .     Thus  for  instance, 

f  d         \-'  e"" 

I a  I      €     = «=  ®  when  m  ss  a. 

The  method  to  be  adopted   in  such  cases  is  the  same 

/dx 
— . 

It  is  this:  since  the  function  becomes  infinite  in  these  cases, 
we  so  assume  the  arbitrary  constant  in  the  complementary 
function  as  to  make  the  formula  assume  the  indeterminate 

form   -,  the  true  value  of  which  may  be  easily  determined 
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by  the  ordinary  rules.  The  assumption  made  with  respect 
to  the  arbitrary  constant  is  that  it  shall  be  negative  and 
infinite,  so  that  the  difTerence  of  the  two  infinite  quantities 
may  be  finite. 

(21)     Let  the  equation  be 

dy 

dx        ^ 

The  solution  of  this  by  the  usual  formula  would  be 

y  = +  C€". 

a^  a 

To  determine  the   real  value  of   this,   \%i   us    take   the 

equation 

dy 

ay^  e"', 

da 

the  integral  of  which  is 


6 


y  « +  C€". 

m  -  a 

Now  C  being  an  arbitrary  constant,   we  may  assume  it 
to  be  equal  to 

c,--i-, 

m  —  a 

so  that  y +  Ci  «*"• 

m  -  o 

When  m  «  a.  the  first  term  of  this  becomes  - ;  and  its 

'  0 

true  value  is  easily  seen,  by  differentiating  numerator  and 

denominator  with  respect   to  m,   to   be  we^'  when   m  ^  a. 

Therefore 

y  =  a?  6*'  +  C,  ^ 

IS  the  solution  of  the  equation 

dy 


.0' 


dx        ^ 


20—2 
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(22)     Let  the  equation  be 

dor 

The  solution  of  this  by  the  usual  rule  would  be 

cosnw      ^  ^    . 

y  « -1  +  C  cos  n J?  +  Ci  sin  nw, 

rr  —  fir 

If  we  assume  C^C -l »  we  have  to  find  the  true 

value  of  the  function 

cos  mar  —  cos  n«  , 

; ~ ,     when  m  8s  n. 

* 
This  is  easily  seen  to  be 

a  sin  nx 

in      ' 

BO  that  the  solution  of  the  given  equation  is 

w  sm  H tr       _-  >-,    . 

y  — +  C  cos  «af  +  Ci  sin  nof. 

2n 

This  example  is  one  of  great  importance,  for  in  the 
application  of  analysis  to  physics,  equations  of  this  form 
frequently  occur ;  and  as  the  value  of  y  is  not  simply 
periodic,  but  admits  of  indefinite  increase,  it  indicates  a 
change  in  the  physical  circumstances  of  the  problem.  Cases 
of  this  kind  occur  in  the  theory  of  the  disturbed  motions 
of  pendulums  and  of  the  Lunar  perturbations. 

Sect.  2.  Equations  in  which  the  coefficients  are  func^ 
turns  of  the  independent  variable. 

Equations  of  this  class  cannot  be  generally  integrated 
by  one  method,  but  a  considerable  number  may  be  reduced 
to  the  class  discussed  in  the  preceding  section. 

I.  In  the  first  place,  all  equations  of  the  first  order 
may  be  reduced  to  equations  with  constant  coefficients  by   a 
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change  of  the  independent  variable,  or  by  some  equivalent 
process.  The  general  form  of  a  linear  equation  of  .the  6rst 
order  is 

P  and  X  being  functions  of  m.     Assume 

dt  a  Pda^  so  that  i  m  fPda ; 

then  the  equation  becomes 

dy  X 

the  integral  of  which  is  by  the  preceding  section, 

y  - «-'  /d*  ^ «'  +  C€-\ 

or  putting  for  t  its  value 

which  is  the  complete  solution  of  the  equation. 

(1)  Let  the  equation  be 

•^  dy 
(1  -  or)  -—  +  d?y  -  aa?. 

dw 

Here     Pd(»  «        \  and   (Pdw  «  -  log  (1  -  «»)J. 

1  —  ^ 

Therefore     y  «  a  +  C  (1  -  «*)*. 

(2)  Let     (I  +  0^)*  -pf  +  ny  -  a  (1  +  a^)K 

daf 

Here     Pdof  • -^ ,  fPdof :-  n  log  {^  +  (l  +  «*)^}r 

and  the  solution  is 

^      2(n  +  l)  *^  ^         *     2(n-  1)  *^  * 
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(3)      Let  -2^  + 


da      1  -  «*      (1  -  ay 
The  integral  of  this  is 

*      a  +  4  \1  -  */  \1  +  *y 

(4)     Let     (1  -  a»«)l  Ik  _  ny  -  »  (1  -  «»)*. 

dw 

The  integral  of  this  is 

^  n»+  4 


■sin-** 


II.     Equations  of  all  orders  of  the  form 

where  ^i,  A^^.^.A^  are  constants,  can  always  be   integrated 
by  a  change  of  the  independent  variable. 

In  the  first  place,  if  we  assume 

the  equation  evidently  takes  the  form 

6"«*  j^  +^i6-V-^  ^^  +  &c,  +  ^,y  =  Z; 

where  Z  is  what  X  becomes,  whea  we  substitute  in  it  jir  -  — 

6 

for  ^.     As  6",   6*'^,   &c.  are   constants,  this  equation  may, 

by  dividing  by  A*,  be  put  under  the  form 

where     J/  =  -i ,     ^2'  «.  -i ,  &c.  and  Z*  =  — . 

0  o*  fe" 
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In    this  equation   make  ^  -  d.,   or  «  -  ...     Then   by 
Ex.  6.  of  Chap.  iii.  of  the  Diff.  Calc.  we  have 


?'fi  ii-')  {1-')  '•'  [Tr'"-')^' 


so  that  the  substitution  of  i  for  »  will  give  rise  to  an 
equation  of  the  form 

where  T  is  what  Z'  becomes  when  we  substitute  in  it  6*  for 
X.  The  coefficients  Bi,  B29  &c.  are  constant,  so  that  this 
equation  is  integrable  by  the  method  given  in  the  last  section. 
This  transformation  was  first  given  by  Legendre,  MSmoires 
de  rjcadimie,   1787)  p.  S36. 

d^v        d  1/ 
(5)     Let  a/^^^w^^y^w^. 

dor         GtV 

Making  or  s  eS  the  transformed  equation  is 
the  integral  of  which  is 

or  Cx 

or     y  «  — i +  Cw  +  — . 

d^y  dv  I 

(6)    Let       «*-T3  +  **:r  +  »"7; — r«- 

'  dar  dw  (1  -  loy 

Changing  the   independent   variable    from   .v   to   /,   and 
making  a>  »  e',  this  becomes 


(d        \*  I 
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the  integral  of  which  is 


,„   . ..  .. 


— — J'  +  -  (C  -^Ci  log  «). 

(7)  Let 

.  rf*v  .  d*v  .  dv  at 

I^et       ^—  «  d^,    and    therefore    i  +  ^  «  6*.      The   trans- 

1  +  « 

formed  equation  is 

d^»  di*  dt         y      ^      ^      ♦ 

the  integral  of  which  is 

4  Ci  cos  log  (l  +  opy  +  C  sin  log  (l  +  «)*• 

d'v         ^  d^v  dv 

(8)  Let      1^  T^  -  3a;*  — ^  +  7ar  -2  -  8y  «  JIT. 
^  ^  da?'  do;*  d«r        ^ 

When  the  independent  variable  is  changed,  the  operating 
function  is  found  to  contain  three  equal  factors,  hence  the 
integral  is 

«  /*  dw    /•  dw    c  dtB  X 

^ "    /"7  /t  /t  P""^ "^ ^^« "^  ^' ***** "^  c-.Oog*)*!- 

In  other  cases  the  reduction  may  be  made  by  artifices 
suggested  by  the  form  of  the  equation. 

.  V      »  d*f/      2  dy 

(9)  Let  ^+.^-a*y«o. 
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Now  <**(^y)  ^  j<^*y  ,  3<*y 

daf  ddT*        dm' 

Therefore         -^  +  -  -£  _  -  -A  J^ , 

The  given  equation  may  therefore  be  put  under  the  form 

-^-a«(^y).0; 

which   is  a  linear  equation  with  constant  coeiScients.     The 
integral  of  this  is  evidently 


.ajr 


and  therefore  y  -  "  (C€"+  Ci€-") 

is  the  integral  of  the  given  equation. 

This  may  be  put  under  the  form 

dx  \dw      w) 
Integrating  with  respect  to  w,  that  is,  operating  on  both 

sides  of  the  equation  with   ( j-J     >  ^^  haye 

C  being  an  arbitrary  constant. 
Multiplying  by  w^ 

(J    V      -1 
-— )     y,  the  equation  becomes 
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•  ■ 

the  integral  of  which  is 

X  m-^  Of  +  A  COS  (nw  +  a)» 

A  and  a  being  arbitrary  constants.     Therefore  as 
d 


y  as  -—  (  — )     we  find 


y  =  -  —  cos  ynao  +  a) sin  {nw  +  a). 

The  integrals  of  other  equations  with  variable  coefficients 
will  be  found  in  the  following  chapter  on  Integration  by 
Series. 

After  all  however,  when  these  equations  are  oi  the  second 
or  higher  orders,  the  number  of  cases  in  which  they  are  in* 
tegrable  is  very  limited,  and  there  seems  to  be  no  great 
prospect  of  the  number  being  much  increased.  A  little 
consideration  will  point  out  the  r^son  of  this.  When  we 
speak  of  an  equation  being  integrable,  we  mean  that  the 
dependent  variable  can  be  expressed  in  terms  of  the  inde- 
pendent  variable  by  means  of  a  finite  series  of  functions  of 
that  quantity,  the  forms  of  such  functions  being  limited  to 
those  known  as  algebraical  and  transcendental.  Now  it  has 
been  seen  that  the  simplest  forms  of  differential  equations 
involve  the  highest  transcendents  which  we  recognize  as 
known  functions,  such  as  €^'  or  cosn<v,  and  it  is  to  be  ex- 
pected that  when  the  equations  become  more  complicated 
their  integrals  must  involve  higher  transcendents  to  which 
we  have  not  aflixed  particular  names,  and  which  we  do  not 
look  on  as  known  forms.  This  indeed  is  found  to  be  the 
case,  as  for  example  in  the  equation 

cPy      dy 
dw^      ddif 

which  in  its  integral  involves  the  transcendent 

It  would  appear  then   that  before  we  are  able  to  make 
any  farther  progress  in  the  solution  of  differential  equations 
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we  must  create  new  tranaceDdents  in  the  same  way  as  the 
ordinary  transcendents  e',  cosj?,  logir,  &c.  have  been  created, 
we  must  study  their  properties,  and  endeavour  to  express 
the  integrals  of  differential  eouations  by  means  of  them. 
Xbe  first  part  of  this  task  has  lor  some  time  past  occupied 
the  attention  of  mathematicians,  and  great  progress  has  been 
made  in  it  though  much  still  remains  to  be  done.  The 
second  part  has  also  been  the  object  of  study,  though  not 
to  the  same  extent  as  the  other,  and  several  mathematicians 
have  applied  themselves  with  success  to  the  expression  of 
the  integrals  of  differential  equations  by  means  of  definite 
integrals  which  are  the  representatives  of  new  transcendents. 
Thus  for  instance  in  the  case  cited  above,  the  transcendent 

1 — «  +  -t; — ; — I — ?— .+  -5 — rr; — =-&c.»-JL*d0cos(2sin^a?*). 

^Examples  of  such  integrals  will  be  found  in  Crelle^s  Journal^ 
Vol.  X.  p.  92;   Vol.  XII.  p.  144;    Vol.  xvii.  p.  S6H, 

As  it  appears  then  that  the  number  of  linear  differential 
equations,  which  are  integrable  by  means  by  the  ordinary 
transcendents,  is  not  very  greats  it  becomes  a  matter  of  some 
importance  to  enquire  under  what  circumstances  they  are  so 
integrable,  and  to  classify  them  accordingly.  This  enquiry 
hus  beep  undertaken  by  M.  Liouville,  whose  researches  on 
the  subject  will  be  found  in  the  Jour,  de  VEcole  Polyt. 
xxii*.  Cahier,  p.  149,  and  in  the  Mimoirea  des  Sav.  Etran. 
Vol.  V.  p.  108. 

There  are  however  some  general  properties  of  these  equa- 
tions which  may  be  studied  without  a  knowledge  of  their 
complete  solution,  and  which  are  of  importance  in  the  absence 
of  more  direct  ways  of  attacking  them.  Such  is  the  theorem 
of  Lagrange,  that  if  we  have  a  linear  equation  of  the 
form 

d»v  d""'v  d""-t/ 

and  if  we   know  r  values  of  y   which  satisfy  it,    when   the 
second  side  vanishes,  the  equation  can  always  be  reduced  to 
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the  integration  of  a  linear  equation  of  the  order  n  ^r.  The 
following  demonstration  is  due  to  Libri.  * 

Let  yi  be  the  value  of  y  which  satisfies  the  given  equation, 
when  the  second  side  becomes  zero. 

Assume  y » Jfi  Jxda^  %  being  a  new  variable^  Then, 
observing  that  by  the  theorem  of  Leibnitz, 

dr(uv)  -  tJiftt  +  pdvd^'^u  +  l^^tJlS^ rf^tj^-'v  +  &c. 

the  given  equation  takes  the  form 

Now  since  y^  satisfies  the  equation 
d^v  d*~'f/ 

the  term  involving  fxda  disappears,  and  on  dividing  by  y^ 
we  have  an  equation  of  the  form 

and  the  equation  is  thus  reduced  to  one  of  an  order  lower 
by  unity.     Again,  if  y^  be  another  value  of  y  which  satisfies 

equation  (2),  and  since  «  «  -r-  f  ~  | ,  we  have  »,«:---  (—1 

da  \yj  da  \y^f 

as  a  particular  integral  of 

d""*«  d*^*x 

If  therefore  we  assume  «  'mXyfg'dtt  •=-—  (— |  /«'<!«. 

dm  \y,/  ' 

shall  be  able  as  before  to  reduce  the  equation  (3)  to 


d«»-»      " '  dar" 


d.r  Vy,/ 


•  Grelle's  Journal^  Vol.  x.  p.  186. 
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which  is  of  an  order  inferior  to  (1)  by  two  unities.  Proceed- 
ing in  this  manner  we  can  reduce  the  equation  to  one  of  the 
order  «  —  r. 

In  the  same  memoir  M.  Libri  has  shewn  that  linear 
differential  equations  possess  various  properties  analogous  to 
those  of  ordinary  equations.  Thus,  for  instance,  we  can 
always  cause  to  disappear  the  (r  —  1)*''  term  of  such  an  equa- 
tion, by  the  aid  of  the  solution  of  an  equation  of  the  r^^ 
order.     Let  the  equation  be 

d'v  d»-*v  ^•"'^V 

and  let  us  assume  y  m  »u ;   it  then  becomes 

d"«       f    du      ^    \   d""'«      „ 

n(fi  -  1) (»-r+  1)  Jd'w      r       d^'^u 

"*"  1.2 r  \d^  "*"  n     ^  do?'-' 

r  (r  -  1)  „  d"*u     „     \  d-'i8f      . 
n(n-l)       do?'  ■  j  dzr*  "^ 

The  (r  +  l)^  term  of  this  transformed  equation  will  dis- 
appear if 

d'^tt      r  ^  d"^u       r(r-l)  d^'^u      . 

+  -  Pi r  +  — ^- +  &C.  —  0, 

ds'      n     '  dor-'      n(»  -  1)  dw'-' 

which  is  a  linear  equation  of  the  r^^  order.      Since 

du      ' 
n  3-  +  Pi  w  -  0, 
d.v 

can  always  be  solved,  it  appears  that  we  can  always  make  the 
second  term  of  a  linear  equation  disappear. 

Some  equations  which  are  not  linear  may  be  reduced  to 
that  form  by  a  change  of  the  variable. 

Let     dy  ^Pydx^  Xtf^^  dx ; 

assume    f/*  ^  —9  when  the  equation  becomes 

u 

du  -nPudx  =s  -  nXdx^ 
which  is  linear  with  respect  to  t#. 

See  Jac.  Bernoulli,  Opera^  pp.  663  and  7^1. 
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(11)     Let     dy  +  yda  m  atf^dw. 

The  equation  in  u  is 

du---  Qudw  ^  -  2af  dx ; 
from  which 

_                  cFV  da? 
(J  2)     Let     dy  + —  =  wy^  dw. 

1  —  tir 

The  integral  is 

(is)     Let     ay  dy  -  b^dw  =  co?  dd?. 

Assuming     y^  ^u    this  becomes 

ad«  —  26«  d^  a  2cir  d/r, 

which  is  linear  in  u.     The  integral  is 

c         oc      ^  ^# 

^     b     iv^ 

a^dw 
(14)     Let     xy^dy  +  y^d«?  « 


^p 


By  assuming    ^»u»    we  find 

^     30^      C 

(15)  Let    ydy—^dw^-. 

The  integral  found  by  assuming  j^  =  u  is 

y*  =  e + ;,  . 

ax      2a^ 

(16)  Let     dx  —  xydy  ^  ^y^dy. 

Putting     a?  a  - ,    this  becomes 
dv 
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which  is  linear  with  respect  to  v.     The  integral  is 

1  -1? 

-  «  2  -  «■  +  Cc    "  . 

a?  ^ 

Sect.  3.     EquoHona  iniegrable  by  separating  the 

variables. 

I.  Homogeneous  equations  of  the  first  order  and  degree 
can  always  be  integrated  by  means  of  the  separation  of  the 
variables.     If  the  two  variables  be  a?  and  y,  assume 

y  ^ 

—  «  *,     or  —  e  «, 

/v  y 

and  by  means  of  one  of  these  equations  and  its  differential 
eliminate  one  of  the  variables  and  its  differential  from  the 
given  equation.  The  resulting  equation  involving  «  and  the 
other  variable  always  admits  of  the  variables  being  separated. 

This  method  of  integrating  homogeneous  diiFerential  equa- 
tions of  the  first  order  was  first  given  by  John  Bernoulli.  See 
the  Comm.  Epia.  of  Leibnitz  and  Bernoulli,  Vol.  i.  p.  7* 

Ex.  (l)    Let  the  equation  be 

icdw  -f  ydy  ^my  d/v. 

Assuming    -  ^  Xy  the  transformed  equation  is 
a? 

dw  xdx 

—  + ; Tzi  -  ^' 

Of       1  —  mz  +  sr 

dw      .  Utx  ^mSdx      .         mdx 

^^     —  +  i  \ ^  +  i 12  =  ^  ? 

X       *  1  -  mz  +  «*      *  1  -  mz  +  ar 

the  integral  of  which  is 

m    r        dz 
War  +  4  log  (1  -  i»af  +  «*)  +  T    /  : n  *"  ^' 

If  HI  >  2,  the  denominator  of  the  part  under  the  sign  of 
integration  is  of  the  form  (»  — a)  [z  — J  ,  and  therefore 

mdz  a*  +  1 


/- 


mz  +  «*      a*  -  1 


=  c. 
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and     loga?  +  ^  log  (1  -  m«  +  «*)  +  ^  ^j — ^  log  / j-  J 

Substituting  for  x  its  value      ,  we  have 

log(«»  -  «,»  +  y»)»  +  ^-^^^-pj  log  {-^^^z:^}  -  C. 

Let  m  <  2,  so  that  we  may  assume  m  =  2  cos  a.     Then 

/•-- l^f ^  -  -1-  Un-  (^lil^if-)  ; 

J  1  -  2  COS  a  . «  +  «*       sm  a  Vl  -  «  cos  a/ 

and  therefore  the  integral  of  the  equation  is 

/     ysina     \       ^     . 
log  (^  -  n,.i.y  +  f)i  +  cot  a  tan-  (^^^^^^J  -  C. 

Let    m  «  2,   or   I  -  m«  +  »*  «  (1  -  «)*.     Then   the    inte- 
grral  of  the  equation  becomes 

log  (^  -  y)  «  C  - 


r 


or        J?  -  y  as  C€     ' 

(2)     Let     a?dy  ^yda^  (.v*  +  y*)*  rf^ir. 

Making   y  «  «v«,    this  becomes 

dx  dx 

whence     a?  «  C  {ir  +  (1  +  af*)*!^ 
from  which    a?'  -  2Cy  +  C*. 
(S)     Let     (ti^y  +  y^)  do?  =  Swf^dy. 
Assuming   ^  «  ^«,  we  find 

d^       3«d« 
a?        1  -2«"' 

an  equation  which  is  easily  integrable,  since  the  second  side  is 
a  rational  fraction.  The  final  integral  may  be  put  under  the 
form  Cr«  -  2j^)»  =  Cr*. 
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(4)      Let     f^dsc  +  {xy  +  .v*)  dy  «  0. 

Assume  x  *s  yz^  when  the  transformed  equation  becomes 

dy         dx 

—  +  Z — li  -  ^» 

and  the  final  integral  is   y^cl )  . 

(5)  Liet     ofdof  -f  ydy  » fit  (^dy  -  s^d^)- 
Assuming  y » xz^  we  find  the  integral  to  be 

(6)  Let     tfdx  +  x^dy  «  ^y  dy. 

Assuming  ^r  «b  yiir,  we  find  as  the  integral  y  «  Ce'  . 

(7)  Let     y^dy  +  Sy^adx  +  gj^'d.r  =  0. 

The  integral  of  this  is  y*  +  2cV*=  C(.i?*  +  y*)*. 

(8)  Let     a^ydx -^dy^,t^dy» 

The  integral  is  y  «  Ce^ . 

(9)  Let     xydy-  y* do^  «  (or  +  yY  e   '  dx. 

The  transformed  equation  is 

dx       ze^dz 

T  "  (r+~)r)» ' 

and  the  integral  is 

X  « 

(x  +  y)  log  -  =  X€* . 

(10)  Let  the  equation  be 

x^dy  —  a^ydx  +  y'dcX*  —  x%^dy  =  0. 

In  this  case  the  transformed  equation  is  reduced  to 

.r  (1  -  «*)rf«f  =  0; 

which  may  l>e  satisfied   by 

.r  «  0,      1  -  ar^  =  0,     or    rfr  =  0. 
21 
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This  last  is  the  only  differential  equation,  and  therefore  is 
the  solution  of  the  equation.     It  gives  as  the  integral 

iif  =  c,     or  y  e  CO}. 

The  other  two  solutions  correspond  to  particular  values 
of  the  arbitrary  constant.  The  first  or  /p  s  o  gives  c  «  oo  » 
the  second  or  «^  s  i  gives  C  «  ^  1* 

II.  Equations  in  which  the  variables  can  be  separated 
by  particular  assumptions. 

(11)  Let     {mw  +  ny  +  p)  da  -^^  {aw  -¥  hy  -¥  c)  dy  ^  0. 
Assume     aw -{^  by  ■\- c  ^  z^       mw  +  ny  -^ p  —  u; 

whence    adw  ■¥  hdy  ^  dx^      m dw  -{-  ndy  =^  du, 

and  therefore 

mdx "  adu         ,        bdu-ndz 

dy  = ,     dw  = , 

mo  —  na  mo  —  na 

by  means  of  which  the  proposed  equation  becomes 

(mx  -  nu)  dx  +  (bu  -  ax)  du  =  0, 

which    is  a   homogeneous  equation   integrable   by  the    usual 
assumption. 

m         h 

If    -_  e  _    this   method  fails,  but   the   given   equation  is 

then  easily  integrable:    for  eliminating  m  it  becomes 
6  {cdy  +  pdx)  +  {aw  +  by)  {bdy  +  ndw)  =  0 ; 

and   by  assuming  aw-^by^^z    whence  bdy  =i  dx  -  adw^   the 
equation  becomes 

{ac  -  6/)  +  (a  -  n)  x}  dw  ^  {c  +  x)  dxy 
in   which   the  variables  are  separated. 

Euler,  Calc.  Integ.  Vol.  i.   p.  26l. 

(12)  Let  dy  B  (a  +  6^  +  cy)  dw. 

By  assuming  bw  -\- cy  =  x  we  find  the  integral  to  be 

b  -h  c  {a  -^  bw  -^  cy)  =  Ce*^'. 

Euler,  lb,  p.  262. 
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(13)      Let  dy  +  Vy^dw  «  a^a^da. 

Assume  y  »  z^,  by  which  the  equation  becomes 
rx^'^dx  +  V9?^dw  =  a^a^djf. 

In  order  that  this  may  be  homogeneous  we  must  have 

r  -  1  as  2r  =5  m; 

whence  rs-l,  m=*2,  so  that  the  transformed  equation  is 

d«  d/v      c?d(s 


a  homogeneous  equation  in  which  the  variables  are  separable. 

This  equation  was  first  considered  by  Riccati  in  the  Acta 
ErtuUtorum^  Sup.  viii.  p.  66^  and  it  usually  bears  his  name* 
It  may  be  converted  into  a  linear  equation  by  assuming 

_    1    dx 

^  ""  ^  dZ' 
when  it  becomes 


dj?« 


-  a^b^af^x  =  0, 


(14)     If  in  the  equation  of  Riccati  m  »  0,  the  variables 
are  immediately  separable.     It  becomes  then 

dy  +  b^y^doB  =  a?dw     or     dx  =  — — — — , 

o-  —  b^y^ 

the  integral  of  which   is 

a  +  by      ^  „  . 
a -by 

The  assumption  y  ^  st^  is  not  the  only  one  which  renders 
the  equation  of  Riccati  integrable.     If  we  assume 

y  =  AofP  +  x^'Xy 

the  equation  becomes 

off^dx  +  (^^«-^+26^^^+«+  b'ar'i)  xdx  -f  {pAaif'^^t  b^AKv^^)  dx 

=  a^w^dx. 

This  will  be  reduced  to  an'  equation  of  three  terms,   if 
we  have 

/>  -  1  =  2p,  9  -  1  =  P  +  9» 

p^  +  //^*  =  0,  7  +  26^-^  =  0. 

21—2 
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The  first  and  second  conditions  agree  in  giving  p  s=  —  i, 
and  from  the  second  and  third  we  find 


so  that  the  assumption  is 


1         z 


and  the  equation  is  then  reduced  to 

or 

(15)     If  m  =  -  4,  the  equation  becomes 

dw      €?dx 

dx  +  6V  ^^  =  — ,-  , 

in  which  the  variables  arc  separated.      The  integral  is 

a6  +  .V  -  b\v*y      ^  ^ 
a6  -  »r  +  6*a?^y 

If  in  the  equation 

d.i?  1 

a«r  +  b^ir  — -  «  aa^^^dw   we  assume  »  =  — , 
a?"  t^ 

b^dx 
we  have  rfw -f  o*w*a?'"'*^^d.r  =  — -r- ; 

and  in  this  equation  making    (iw  +  3)  J7*"*'*rf.p  «  du,    and  for 
shortness  putting 

«'         ^,  6^  ,       »w+4 


w  +  3  «i  +  S  m-»-S 

it  is  reduced  to 

du  +  fi^u^dn  =  a*t>"dr,  • 

which  is  similar  to  the  proposed  equation,  and  is  therefore 
integrable  if  n  «  -  4,  or  «i  =  -  ^.  If  n  be  not  equal  to 
—  4,  we  may  transform  this  equation  by  the  same  assumptions 
as  before,  when  we  shall  obtain  an  equation  of  the  form 

du  +  fi'^u'dv  =  a'^v^'dvy 
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which  is  integrable  if   n  -  -  4,   furnishing   a   corresponding 

value   for   m.       In    this  way    we    may   proceed,   continually 

transforming    the   equation    and    finding  values  of  m   which 

render  Riccati'^s  equation  integrable.      It  will  be  found  that 

these  values  are  included  in  the  fcM'mula 

4r 

m  « , 

2r-  1 

r  being  an  integer. 

Another  series  of  values  for  m  may  be  found  by  making 

2^  =  -  in  the  original  equation,  when  it  becomes 

du  +  av^oT  dw  =  b^dw ; 
and  this  being  transformed  by  the  assumptions 

^*..„,   -i!l_=^.  -^-«»,    :^«-«. 

we  find  du  +  fii'u^dv  «a*«"dt>, 

which  is  similar  to  the  proposed   equation  and  integrable  if 

4r 

n  be  of  the  form ,  that  is,  if 

2r-  1 

m  4tT  4r 

or   m  =  - 


m-fl       2r-l  2r+l 

Hence  all  the  values  of  m  are  included   in  the  formula 

4r 

m  = . 

2r  ±  1 

d>v 

(16)  Let     dy  +  y'd>v  =  —^ . 

*• 
Then     yC^;^^^';)^^^c,a^. 

2daf 

(17)  Let     dy  -  y'd,v  =  — j-  . 

Then  ^.   /^ :  -=  tan    — r-  +  C]  . 

(18)  The  equation 

dy  -\-  atf*  .T^ die  -f-  h,v"*  y*^ d.v  a  0 
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can  be  made  homogeneous  if 

(P  +  1)  (1  -  «)  =  (w»  +  1)  (1  -  «), 
by  the  assumption 

P-M  m-H 

\-n      _  l-q 

y  ■=  »         or   Bs  jir 

There  is  an  exception  to  this  if  n  a  i   and  9  ^  i  ;  but  in 
this  case  the  equation  becomes 

dy  ■¥  y  {aw^  +  ba*)  dw  «  0, 

in   which  the  variables  are  already  separated. 

(19)      Let    aydx  +  bwdy  +  07"*^  (cydx  4-  ewdy)  «  0 ; 

dividing  by  aiy  we  have 

djo         dy  f    dw        dy\ 

a  —  +  6  — +  cr«y«K —  +  e—     =  0, 
X  y  \     w  y  I 

From  this  it  appears  that  the  assumptions 

will   simplify  the   equation.      It   becomes  after   these   substi- 
tutions 

du  a  dv 

—  •^u'^vP =  0, 

U  V 

,  me  —  nc        _      na  —  mb 

where    a  = ,      3  = -— . 

ae  —  DC  flte  —  6c 

The  integral  of  this  is  evidently 


a  fi 


m      a 


If    a  =  0    and    /3  =  0,    i.  e.    if    -  =  -=-,    the  integral 

n      b      e 
takes  the  form 

log  u  +  log  fj  =  C ; 

or  .17"+' y^^*^  =  C. 

(20)      Let      (,v  +  yydfj^a'd.v. 
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Assume  at  -^  y  m  u^ 

a^du 

whence  dy  =  -r ; , 

or  +  ur 

in  which  the  variables  are  separated.     The  integral  is 

y +  c 


y  +  «r  a:  a  tan 


a 


(«l)     Let     (y  -  a?)  (1  +  0^*  dy  =  n  (1  +  y^  da;. 
To  separate  the  variables  assume 


a?  —  tt 


1  +  tw 
when  the  equation  becomes 

dx  udu 

To  integrate  this  put  1  +  t«^  s  ^^,  which  gives 

d^  d/ 

l  +  ar*  "  f  {n^+  (#'-!)*}  ' 

and  again  putting    ^  =  ,   we  find 

deV  2d8  2nds 

1^2  "*  TT?  "  (w  +  1)  +  (w -!)«*' 
which  is  easily  integrable. 

Euler,  CaZc.  Integ.  Vol.  i.  p.  270. 

Sect.  4.      Equations  which  involve  y  and  its  diffkren- 
tials  in  powers  and  products. 

I.     Equations  of  the  form 

are  to  be  resolved  (when  possible)  into  the  simple  factors 

\da!  /   \dw        */  VdtP         "/ 

and  each,  of  these  is  to  be  integrated  separately.  Any  one  of 
these  integrals,  or  the  product  of  any  number  of  them,  will 
be  an  integral  of  the  proposed  equation. 
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dyV 


(1)  Let     (-Jl)-o«-a 

*«  ^y  ^y 

Here asO,  — .  +  a  =  0; 

dw  dw 

therefore  y  =  aw  +  c,  y  =  —  «^  +  ^i » 

are  both  integrals :    also 

(y  -  ax  •"  c)  (y  +  aa?  -  c,)  =  0. 

If  we  suppose  c  and  Ci  to  be  the  same,  this  may  be  put 
under  the  form 

(y  -  c)«  -  a^x\ 

(2)  Let     y«(gy-4a*=0. 

The  integrals  are 

y*  ■=  4o<r  -f  c,  y'  =  —  4o«'«?  +  Cn 

and  (y*  -  4a4r  -  c)  (y*  -f  4a«  -  c,)  =  0 ; 

or  (y*  -  c)*  =  l6a*.v*,        when  Cj  *  c. 

The  integrals  are 

(^*  +  y')i  «  a?  +  c,  (^*  +  y*)i  =  -  a?  +  Cj, 

"and         {(j?*  +  y*)i  -  .r  -  c}  {(a?*  +y^)i  +  ,r  -  c,}  =  0; 
or  ^  =  icjc  -^{^y    when   c,  «  c. 

(4)      Let 

(S)'"  ^""^ + ^» + y*)  (sf )"+  (^y + *^v  +  ^y*)  ^  -  '^y"  -  <>. 

The  factors  in  this  case  are 

(g-")(g--)d-i-')- 

and  the  integrals  are 

y  «--  +  <?,        y«€*+c,,        y=--4-ce, 

3  ay 

^  if  1 

and  (y  -  -.  «  c)  (y  -  6«  -  c,)  (y  4-  -  -  r,)  =  0. 


and 
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(5)      Let 

The  integrals  are 

y  =  c  +  8in'-,        y  =  Ci-8in-'-,        y=Cg ; 

bar  /  w\'^ 

(y  -  c)»  =  —  (sin-*  -  j    if  c^^c^^  c. 


or 


Extracting  the  square  root  on  both  sides  and  multiplying 
by  ^, 


whence    y  =  .r  cot  (  C  =*«  —  ] . 


II.  If  the  equation  be  of  the  first  order  and  homo- 
geneous in  cV  and  y,  and  if  we  assume  y  =  uw  or  ws^uy  we 
shall  obtain  by  the  elimination  of  the  variables  an  equation 

dy 
between  u  and   -7^,   which  combined  with  the  differential  of 


ujf   or   uy   will   give   us  the   means  of  finding  the  relation 
between  x  and  y* 


(7)     Let      y-.l|  =  „.|,H:(g)]* 

Put    --?=:©,  and  y^uw,  then 
dw 

w  as  p  +  n  (1  +  p^)i ; 
but     dj^  s:  pd^  =  udw  +  <rdt^ ; 

dcV        dt^ 


therefon 


.T?       p  -  u 
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But  du^dp-k-    ^^    ^ 


therefore 


(1  +  p')i ' 

and     p-«=-n(l+  p*)i ; 
dw  dp  pdp 


Of  W  (1  +  j5*)i         1  +  p*  ' 


and     log tt?  = log  {p  +  (l  +  p")*}  -  ^  log  (l  +  p*)  +  C; 

whence  if     C  »  log  a, 

whence  we  find 

1  -n*  L  (l-«)a?  J  ■ 


(8)     Let     yg+„.  =  {,+  (g)}(y^  +  „,Oi. 
The  integral  is 


S) 


tT 


(9)     Let     y{,+  (g)]L«(..y^^). 

This  equation  is  homogeneous  in  a  and  y,  and  may  be 

treated  like  the  preceding  examples,  but  it  is  more  convenient 

to    proceed  as  follows.      Square   both    sides,   and   solve    the 

dy 
equation  with  respect  to  y  ■— ,   which  gives 

dtC 

dy        n^m  {(n'-  l)y^  + wV|^ 

Whence,  dividing  by  the  second  side  of  the  equation  and 
integrating, 

{{ri'  -  1)  r  +  ^^^^•  }*  ==  ±  .i?  +  C 


DIFFBRBNTIAL    EQUATIONS.  331 

III.     Equations  integrable  by  Differentiation. 

If  y^uBp^f  (p)      ^ where  P  «  ^J » 

we  have,  on  differentiating,     0  «  {.v  •{•f{p)\  dp* 

This  is  satisfied  by  dp  =  0,  or  y  m  Cw  -k-  Cj  where 
Cf  =  /(C).  The  singular  solution  is  found  by  eliminating 
p  between  the  given  equation  and  x  -¥  f  ( p)  =  0. 

This  equation  is  known  by  the  name  of  Clairaufs  form, 
having  been  first  integrated  by  him.  See  Mimoires  de  FAca- 
demie  dee  Sciences^  1734,  p.  196. 

(10)  Let  y  =  p.i?  +  n  (1  +  p^)^. 

The  general  integral  is     y  =  Cx  +  »  (1  +  C^)i ; 
the  singular  solution  is     w"-  +  y^  «=  n^. 

(11)  Let  y  =  pw  +  p  -  p^. 

The  general  integral  is     y  =  C  (a?  +  1  -  C) ; 
the  singular  solution  is      4y  «  (l  +  ^y. 

(12)  Let  y  -  p<r  =  a  (1  -  p')i 

The  general  integral  is     y  ■=  Cx  +  a  (1  -  C^)* ; 
the  singular  solution  is     y t  —  .rt  «  a^. 

(13)  Let  y  =  ;,a.-^^^. 

The  general  integral  is     y  =  C  |.i?  -         ^      J  ; 

the  singular  solution  is     ^^  +  y^  «=  a). 

Sometimes  an  equation  which  is  not  of  Clairaufs  form 
may  be  reduced  to  it  by  being  multiplied  by  a  factor. 

(14)  Let      ay  (^  +  (2a?  -  fc)  ^  -  y  =  0. 

Multiply  by  4y,  and  let  y^=^Uy  and  2ydtV  ^  du. 

(du\^                      du 
-—      +  (4a'  -  26)  -; 4w  =  0, 
aw/                         dtV 


n 
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or 


du       ib  du      a  /du\'^\ 
dx       |2  da;       4  Ida?/  /' 


which  is  of  Clairaiit's  form.      The  general  integral  is 

The  singular  solution  is     4a^  +  (2/r  -  6)  s  o. 

(15)  Let    axy  {-^    +  {ha/'"  ay^  ^ab)-^  -  bay  =  0. 

\dtvl  dx 

On  multiplying  by  4«ry,  and  taking  x^  and  y"*'  as  the  new 
variables,  the  equation  becomes  of  Clairaut^s  form,  and  the 
integral  is 

abC 

The  singular  solution  is     ay^  +  6  (j?*  -  a^Y  =  0. 

If  y  =  P.r  +  Q, 

where  P  and  Q  are  both  functions  of  p,  we  have  by  dif- 
ferentiation 

/     dP      dQ\ 
dy  -pdx  =  Pdx  +  (*  "r~  +  "r"  j  ^Pj 

whence  ( p  -  P)  rfo?  «  |  a?         +  -—    dp, 

which  being  a  linear  equation  in  <r  may  be  integrated,  so  that 
we  have  tr  expressed  in  terras  of  />,  and  as  y  =  /pctr,  we  can 
eliminate  p  and  so  obtain  a  relation  between  x  and  y. 

(16)  Let  y  =  Oip^  +  /i*. 
The  integral  is     y*  s=  (^t?  +  i)i  +  C. 

(17)  Let  y  =  (1  +  p)  .r  +  p*. 
Then  y  «  2  (l  -p)jfCe'^. 

Substituting  in  this  the  value  of  p  derived  from  the 
equation,  we  have  the  required  integral. 

(18)  Let  f/-2pr  =  a(l +p^*. 

Wc  find  p*<r  =  -  ~  [p(l  +  pO*-  log  {p  +  (l  +  p-)*}]  +  C. 
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By  eliminating  p  between  this  and  the  given  equation, 
the  integral  is  determined. 

(19)     Let  y  =  ar  {p  -  (1  +  p^)i  \ . 

In  this  case  Q  «  0,  and   we  have  to  integrate 

dof      (1  +p*)*  -P  , 
V   (l+p^J        ^' 
and  then  to  eliminate  p.     The  result  is 

0?'  +  y*«  2CJ?. 

IV.     Homogeneous  equations  of  the  second  order. 

»*  .       .       ,  dy     d^y         .  .. 

If  an  equation  involve  a?,  y,  — - ,    -     ,  and  if  we  assume 

dw     dw 

dy 
,v  and  y  to  be  both  of  one  dimension,  y-  will  be  of  0  dimen- 

^2  dw 

sions,  and    -p-r  will   be  of   -  1    dimensions.      The  equation 
dor 

then  is   said  to  be  homogeneous   when,  adopting  this  scale, 

the   sum    of   the    indices    in    each    terra    is    the    same.      To 

dy  d^y 

integrate  an   equation   of  this   form,    let    —  «  p,    -— -  =  q ; 

V 

then   by  assuming  yeuo?,    ^s— ,    the  quantity   w  can  be 

eliminated   so   as   to   give   a   relation   between  Uj  v,  and  p. 
But  as  dy  ^  pdw  ^  udx  +  wdu^  we  have 

dx        du 
w       p  ^  u^ 

and  as  dp^qd.v,  we  have  also  vdoi  ^  wdp. 

Whence  vdu  ^  {p  -  u)  dp. 

From  this  v  may  be  eliminated  by  means  of  the  given 
equation,  and  we  have  a  differential  equation  of  the  first 
order  between  p  and  u :  by  integrating  this  we  obtain  p 
in  terms  of  u^  and  then  x  in  terms  of  u  from 

rfcT        du 
X   •    p  -  u 

in   which   the  variables  are  separated. 
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(20)     Let         ..g  =  (,-.g)^ 

put  y « uoff  g  «  -  ,  then 

t?  s  (u  -  p)*,    and    dp  =  (p  —  «)  du. 

This  being  a   linear  equation   is   easily   integrated,   and 
we  find 

p  =  tt  +  1  +  Cc*. 

del?  du  €~'du 


Then 


.r        1  +  Ce"       C  +  e-" 


and  log  —  =r  log  (C  +  6"")  or  e"*  = ; 

Of  X 

/C—  Cx\ 
whence  y  =  ^r  log  ( j , 

which  is  the  required  integral. 

dv  d't/         df/ 

(21)  Let         ,T^-J1        2?-^-£+y  =  0. 

dx  dx*        diV 
The  integral  is 

w  n      (C-l)^U{2y+(C^-l)a^}^ 
"  (C+l)a?i-|2y  +  (C*-  1)ctM' 

There  is  also  a  singular  solution  y  =  6*0?. 

Sometimes  an  equation  may  be  considered  homogeneous 

by  reckoning  a?  as  of  one  dimension,  y  of  n  dimensions,  and 

dy  d^y 

consequently  ~-  of  (n  -  1)  dimensions,  and  — -r  of  (n  -  2) 

dof  dar 

dimensions.       In    such    cases    assume    y  »=  a?**  u,    p  »  x^"^  t^ 

q  =B  af^v;    then   by  steps   similar  to   those  in   the  last  case 

we  arrive  at  a  differential  equation  of  the  first  order,  between 

t  and  Uy  which  being  integrated  will  enable  us  to  determine 

the  relation  between  of  and  y. 

d^v  dv 

(22)  Let     x'  — i  =  (v"  +  2.ry)  -^  -  *y\ 

a  iV  a  w 

Assume     y  =  .r*?/,     p  =  /vf^      q  ^  v.      Then 

ii  =  ^(1  4-  2?/)  -  47/*. 
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But  we  have 

du(v  —  ^)  =  dt^t  -  2 m),     and  therefore 
2udu{t  -  2tt)  =  dt(t  --  2tt). 

This  is  satisfied  by 

2w  dtt  =  di,     or  by     ^  -  2tt  =  0. 

The  first  gives     tf  +  C  -t^     and  therefore 

dw  du 

When     C=1,     this  gives 

«*•'  =  (a?«-y)log-. 

a 

When     C  =  1  -  n*,     this  gives 

af"  =s  a ;^ r . 

(n-  1)^+  y 
When     C  «  1  +  «*,     this  gives 

y  =  iT^  |l  +  w  tan  ( n log  —  j  \ . 
The  other  factor     t  ~  2u  =  0,     gives 

as  a  singular  solution. 

If  iV  be  reckoned  of  0  dimensions   so  that  y,    — , 

are  of  the  same  dimensions,  a  homogeneous  equation  may   be 
integrated  by  assuming 

p  —  uy^      g  =  vy ;      whence  as 

dy  =  uydoB     and     udy  +  ydu  =  vyd,v^ 

-  -  =  ?/rf.i7     and     du  +  /rrf^r  es  tjrf.t?. 

y 

From  this  last  if  we  eliminate  %j  by  means  of  the  given 
equation,  we  have  to  find  ?/  in  terms  of  ,r,  by  integrating  an 
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equation  of  the  first  order,  and  then  by  means  of  —  =  udoPy 
we  can  determine  the  relation  between  a,  and  y. 

(23)      Let     y^-(_)=-__j. 

From  this  we  find 

.            u  .     du  dw 

V  =  vr  -\-  —r .,  1    and 


therefore  w  =  C  {a?  +  (a*  +  <i^*)i{  ; 

whence  log  {Cy)  =  Ca*log  {»  +  (a*  +  d7*)i  \  +  Cw {x  +  (a*+  .i?*)* } . 

The  integral  is 

(o«  -ar)i     ^ ,  .   c  {n6  +  (a*  -  ai^)^ 

=    ftlOg '-y 

n  °  ny 

b  and  c  being  arbitrary  constants. 

V.     Equations  of  the  second  order  in  which  one  or  other 

of  the  variables  is  wanting. 

If  the  deficient  variable  be  the  dependent  variable  j^,  by 

d^y      dp 
putting  -— -  =  -— -   we  have  an   equation    of   the    first    order 
dtiJ^      dw 

between  p  and  .r,  by  the  integration  of  which  we  obtain  p  in 

terms  of  .v,  or  iV  in  terms  of  p ;  and  then  by  means  of  the 

equation 

y  -  fpda>  =  .vp  -  f^dp, 

we  can  find  the  relation  between  w  and  y. 


(25)      Let 


)  dw)  J       2w  da^^ 


dy  ,   dPy       dp     .  .    . 

putting  -J-  =  p    and    -~  «  -—  this  becomes 
djp  da^      dx 

2.r  diV 


^i 
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therefore  '^P       » ^f^ 

(1  +  p*)«         a*     ' 

whence  ^—  =f!  +  C-^^±^ 

and  «-   r      (^'  +  a6)d^ 

*     •/[{o*-(««+o6)*|]J' 

This  is  the  equation  to  the  elastic  curve. 

Jac.  Bernoulli,  Opera,  p.  576. 

(26)     Let     (l+^*)^  +  ,  +  f^)*.0. 

dor  \d,vl 

The  integral  is 

Cy  =  (1  +'C«)log(i  +  Cw)  ^Cw^a. 

<">  -«  -©"-SS-»S{-(ll)T- 

The  equation  between  p  and  m  is 

(i  +  p»)*  +  «r^-«j^(i+P*)*, 

which  is  integrable  when  divided  by  (l  +  p')i 
The  complete  integral  is 

y(a«+y-^)4-felog*^^^°*-^^-0^*, 

where  6  and  c  are  the  arbitrary  constants. 

(28)      Let     a*  -J  {c?  +  a^)i  +  a«  ^  =  a?«. 

The  integral  is 

,  .         ar»      2a«»      2(a»  +  «^)l      ^  , 

+  Cw{a-  +  ^J  +  a»CIog^^ti^±^ . 


(29)      Let     (.  +  a)g^.(^y.^. 


22 
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The  equation 


1  .  ,  . 

becomes  linear  by  assuming  p  »  . ,  and  the  complete  intq^l  is 

V 

y  +  c'  -  log  («» - 1^  -  J  log  ( ^^ )  , 

c        \j?  —  cy 

c  and  e'  being  arbitrary  constants. 

If    the  independent    yariable   (ai)   be    wanting,    we  put 

iPy      dy   dp  dp         .    .  ,  .       , 

—^  as  — ^ .  -=-  at  p  .-;^  ,   and  then  we  hare  an   equation  be- 
dar      da    dy  dy 

tween   p   and  y   from   which    by  integration    we   find  f  in 

terms  of  y,  or  y  in  terms  of  p,  and  then  op  is  known  from 

the  equation 

dy  ^pdx, 

dp 

From  this  -^  (py  +  1)  ss  I  +  p*, 

ay 

p  dp 

and     dy-__jydp-__j. 

a  linear  equation  in  y,  which  being  integrated  gives 

y«p  +  C(l+p*)», 

fl?=  T  — -logp+Clog{p  +  (l  +p«)i}  +C', 
J    p 

whence   by    eliminating  p   we    obtain   a  relation   between  x 
and  y. 

The  integral  is 

0? «  C  +    -^ I  +  cos-'  ^ , 


C-^°) 


y 

where  C  and  a  are  arbitrary  constants. 
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(S2)     Let     yg+gy.i,    or   ypg+p«-,. 

Putting  this  under  the  form 

dp 

multiplying  by  y  and  integrating,  we  have 

whence     /p  +  c  «  (a*  +  y*)i. 

<-)  -  a')"-S-{(S)'*°'(S)T- 

d*y         dp 
Putting    — -  as  p  — - ,  ihis  becomes 
dtV  dy 


-»g-"{— ©]' 


which  is  of  Clairaut^s  form.     The  general  integral  is  there* 
fore 

p«Cy  +  n(l  +  a«C")4, 

whence     C«?  +  C'«log  {Cy  +  n  (1  +a*C*)i}. 
The  singular  solution  is 

(n'a'  -  y^)i 


/^ 


whence     y  «  n  a  sin 


a 

C+  cT 


a 


The  examples  in  this  section  are  taken  chiefly  from 
Euler,  Cole.  Integ,  Vol.  i.  Sect.  iii.  and  Vol.  ii.  Sect.  i. 
Cap.  2  and  3. 
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CHAPTER  V. 


INTBORATION    OF    DIFFERENTIAL    EQUATIONS    BY    SERIES. 


The  method  employed  for  integrating  Differential 
Equations  by  series,  is  to  assume  an  expression  for  the 
dependent  variable  in  terms  of  the  independent  variable 
with  indeterminate  coefficients  and  indices^  and  then  to 
determine  them  by  the  condition  of  the  given  equation. 

(1)     Let     _^+o«»y  =  0. 

Assume     y  =  ar«  ( J  +  J,  d^+»  +  A^  «*"+^  +  A^  ^•+*'  +  &c.) 
Whence  we  find 

^  =  a(a-l)-ij?«-"+(a  +  «  +  2)(a+n+l)i<,J?«+"  +  &c. 

and  aa^y^  o-ia?«+"  +  a-ii/p"+**+*  + &c. 

Substituting  these  values  in  the  equation,  and  equating 
to  zero  the  coefficients  of  the  powers  of  w^  we  have 

a  (a  -  1)  -4  =  0,      (a  +  n  +  2)  (a  +  n  +  1)  ^1  +  a^  s  0, 

{a-^^n-k-  4)  (a  +  2n  +  3)  A^  +  aA^  -  0,  &c. 

The  first  of  these  is  satisfied  either  by  a  « 0  or  a  »  i. 
Taking  a  »  0  and  substituting  it  in  the  other  equations,  we 
find 

-^1  *  ^  y  -V    ^ "TT  >         A^ 


(n  +  1)  (n  +  2) '         *     1 . 2  (n  +  1)  (2»  +  S)  («  +  2)»' 

^5  = :; T-7 r"7 r~7 r:  wc,  &c. 

1 . 2 .  S  (n  +  I)  (2n  +  S)  (Sn  +  5)  (n  +  «)' 

so  that 

AS  q^"^'  aW+* 

^*      ^*"(n+l)(n  +  2)  "*■  l.2(n  +  i)(2n  +  S)(n  +  2)»"    *^* 
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But  as  this  contains  only  one  arbitrary  constant  Aj 
it  is  not  the  complete  solution.  Let  us  take  a  a  i  and 
call  A\  Ai^  Atj  &c.  the  corresponding  coefficients ;  we 
then  find  in  the  same  way  as  before 

^"       ^^     («  +  8)(n  +  2)  ■*"l.2(n  +  3)(2n  +  5)(n  +  2)«"    ^'^ 

which  is  another  incomplete  integral  with  one  arbitrary  con- 
stant. The  sum  of  these  two  series  is  the  complete  integral 
of  the  equation. 

When  n  s  —  2  both  the  series  fail,  as  the  denominators 
are  then  infinite:  but  the  true  integral  is  easily  found. 

u(Kr        Or 

and  we  assume  y^Aaf'j  we  have 

a  (a  —  1)  +  o  s=  0. 

This  is  a  quadratic  equation,  which  gives  two  values  for 
a.     If  these  be  a\y  a^  the  integral  is 

y  ^  A^af^^  Af  A^ a?"*. 

2r-l 
The  first  of  the  preceding  series  will  fail  when  n= , 

(2r  4-  1)  .  ^ 

and  the  second  when  n  ■■  — ,  r  being  any  whole  num- 

T 

her :  the  complete  integral  may  however  be  found  by  the 
following  process.     Assume 

y  =  w  +  t>  log  CcT, 

where  «9  is  the  particular  integral  furnished  by  the  series 
which  does  not  fail.  On  substituting  this  value  of  y  in  the 
original  equation  we  obtain  the  system  of  equations 

—  +  aofiy  =  0, 

d^u      2  dv       V 


+ ■  +  auw"  «0; 


da^      w  doB      3^ 

the  second   of  which   serves   to  determine  u.      Euler,   Calc. 
Integ.  .Vol.  II.  Chap.  vii. 


342  INTEGRATION    OF    EQUATIONS    BY    SERIES. 


d*y      ay 

UtSB  W 

Then     v^  A  \x + r rr^irr  +  &c.i 

^  1.2       1  .  2*.  3       1 .  2^  3*.  4  * 

The  equation  to  determine  u  is 

d^u      2  dv       V      au 
d»t?*       0?  da?      ^       ^ 

Assume     w  =  fi  +  B,  .t?  +  Ba^?*  +  jBs'*'^  +  &c. 

Then  we  find  5  = ;    J?i  is  left  undetermined  and 

a 


~  > 


SaA      aB 

Ba  =   — r r  —    

1'.2*       1.2 

•-baJ'A      a^A         a*B, 

'"TT^T?    i'.2»"*"  i.2*.s' 

&c.  &c. 

But  since  we  have  introduced  the  arbitrary  constant  c 
in  log  c.r,  we  may  assume  for  B^  the  value  zero,  and  then 
we  have 

Wl         3a      ,        14a'       .    '       \ 
^  Va       1*.2'  1\2'.3*  / 

^  ACv + 2 — z —  +  &c.)  log  ex. 

^^         1.2       1.2».3       1.2».3«.4  ^     ^ 


Euler,  76.  p.  156. 


d^y      ay 


4a     .         l6a«       _-  64a'  J     .    . 

Here  .  .  J  (.  -  _  .U  ^-^-^ -^  -  :^-^-^,^  .  +  &c.) 

,  /   1        07*      8 . 4 .  a    .      100 .  l6 .  a*  \ 

and  y  =  -^(i^  +  --ii:i3-''»+ir^:^-^^-«'<'-j 

4a     .  I6a-        ,  64a^  t      .     ., 

.  ^  (-P ,rt  + or* ; or  +  &c.)  log  CA\ 

^      ^         1.3  1.2.3.4  1.2.3^4.5 

Euler,  lb.  p.  159- 
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(4)  From  the  equation 

d^y      dy 
dw*      dx 

we  easily  obtain  a  particular  integral.     For  if  we  differen- 
tiate the  equation  r  times,  we  have 

X ^  +  (r  +  1) +  -^  «  0, 

and  when  ^  s  o 

d^*^y  1      d^y    - 

d»^+*  *  "  r  +  1  dar'' ' 

Thus  any  one  of  the  coeflScieots  in  Maclaurin^s  Theorem 
is  derived  from  the  preceding  one.  Let  the  first  coefficient, 
or  the  value  of  y  when  a;  «■  0,  be  Ay  then  we  find  as  the 
particular  integral 

y  «    (1  -  Y,  +  ^r^  -  TT^rji  +  i^,  ^a,  s\  4?  "     '^ 

Let  this  be  put  equal  to  o:   then  assuming 

y  ta  u  4.  f?  log  ex  J 

and     u^B  -{-  B^x  -^  B^a^  +  £3^  +  &C.9 

we  find  by  substitution  in  the  given  equation 

Sai^      11^*         51^*  ,      B 

^  2*        2'.  3'       2^3*.  4'  ^       A 

Hence  we  have 

3x^      11^  5\x* 

«  =  2-4  (d?  -  -— -  +  -r— ,    ,    ,  +  &c.) 

the  constant  -^  being  included  in  c. 

Fourier,  Traiie  de  la  Chaleur,  p.  372. 

(5)  Let  ^'  J-T  -  «?'y  ■=  ^' 

day 
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The  assumption    y  -  2  (a.  jf)  gives 

\n  (n  -  1)  ...  (n  -  r  +  1)  -  c*"}  a,  «  0. 

From  this  it  appears  that  a.  ^o  except  for  those  values 
of  n  which  cause  the  other  factor  to  vanish.  These  values 
of  n  are  r  in  number;  let  them  be  n^,  ns...fir9  then,  the 
corresponding  values  of  a.  being  indeterminate,  we  have 

ymCi  a?"»  +  Cs  ^«  +  &c.  +  C,a?*'. 

(6)     Let  S-f!?^.0. 

Assume  y  -  S  (a,  dr")  ; 

then    ^  =  2{«(«-l)a..i;"-»|. 

Substituting  these  in  the  equation  and  equating  to  zero 
the  coefficients  of  w*'*^  we  have 

n  (n  -  1)  a,  =  c^a.^.^. 

If  n  K  0,  or  »  s  1  ,  a,  and  Os  both  vanish,  and  so  con- 
sequently do  all  the  superior  coefficients. 

If    n «  —  1,      l.Sa.iocOi        and  a.i« ,  ^ 

JL  •  3« 


1 .2.3* 

'  '  *      1.2.3.4 

«  =  —  4,     4 .  5o.4  «  c*a,2     and  a.4  = 

1.2,3.4.5 

&c.  &c. 


Hence  we  have 


1     c'  1  c* 


y  ^  a^^w-^ + —  +  &c.) 

1*2  cT       l*2.3.4(ir 


1        c'  1  c* 


+  ao  (1  + :,  + +  &c.), 

1.2.3a:'       1.2.3.4.5a*  ^ 

Ui  and  Aq  being  two  arbitrary  constants. 
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This  may  obviously  be  put  under  the  form 

c  e 

if  ^-i(«i  +  7)^     and2?-i(a,.5>). 

Euler,  lb.  p.  166. 

(7)  Let  ^  +  -ir„o, 

dor       or 

y^a  fCcos  -  +  Ci  sin-). 
\  a  ml 

Euler,  /ft.  p.  167. 

(8)  Let  -^--y  =  o. 

The  integral  is 

Euler,  76.  p.  168. 

(9)  Let  di^^"^^"^' 
The  integral  is 

^      ^        5e     ^  5c  \        5c/ 

Generally,  the  integral  of 


5€-»^'*. 


2f  ,2«»-4\< 


T 

will  be  expressed  in  finite  terms  when  X  = . 

Mr  Leslie  Ellis  has  given  {Cambridge  Mathematical 
Journal^  Vol.  11.  p.  169  and  p.  193)  some  remarkable  methods 
for  reducing  to  finite  functions  the  solutions  in  infinite  series 
of  certain  classes  of  Difierential  Equations. 

Let  the  equation  be  of  the  form 


346  INTEGRATION    OF    EQUATIONS    BY    SERIES. 

Then  on  aBsuming  9  «  2  (a.«*),  and  substituting  in  the 
given  equation  we  obtain  as  the  condition  for  determining 
the  coefficients 

Jn (n  -  1)  -  p(p  -  1)}  a,  +  9^0..,  =  0 (2). 

Now  n  («  -  1) -p(p  -  1)  =  (n -jp)(fi  +  p  -  l)...(S); 

therefore     (n  -  jp)  («  +  p  -  1)  a,  +  qt  a,_,  =  0. 
Assume       («  +  p  —  1)  o»  «  (n  -  p  +  2)  6, ; 

,  ** "  P      . 

then     a..,  =  ft,.,, 

n  +  p  ^  3 

and     (n  -  p  +  2)  (n  +  p  -  3)  6,  +  9^ft,-.»  =  0...(4). 

Again  assume  (n  4-  p  -  3)  6,  «  (n  -  p  +  4)  c.,  and  so  on 
in  succession.  We  shall  thus  obtain  a  series  of  equations 
of  which  the  type  is 

(n-p  +  /ui)  (n  +  p-M-l)^«  +  ^^»-«=  0 (5)> 

M  being  an  even  number. 

If  p  be  even  let  p  «  m>  then  p-/Li-l«=-l. 
If  p  be  odd  let  p  «  yu  +  1,  then  m  -  P  *=*  *  1* 
In  both  cases  the  equation  (5)  becomes 

n  (n  -  1)  /.  +  g*/..8  =  0. 

This  is  the  relation  between  the  coefficients  which  we 
should  obtain  from  the  equation 

S^^'J'-^ («>• 

Hence  2  (/»a^)  «  Csin  (90?  +  a)   (7), 

that  being  the  integral  of  equation  (6). 

Now  suppose 

(n  -  p  +  M  -  2)  (w  +  p  -  /i  +  1)  «.  +  9*i,.8  =  0, 
(n-p  +  ^)(»  +  p-M  -  l)Ap,  +  g**,.,-0, 
to  be  any  two  consecutive  equations;  then 

(n  +  p  -  /I  +  1)  i»  =  (n  -  p  +  fi)  ft, (8), 

but  n-p+/i  =  n  +  p-/i  +  l-2(p-//)-l; 
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therefore  i.  .  *.  -  l«(P-M)fl|*.  ^ 

and «  -  -3  («  +  2  -  p  +  m)  *«+t ; 

w+p-M+1  ^ 

therefore 
2(i.«-)  -  2 (*.«')  +  ^  <P  -;*>  +  ^  2 |(n -  p  +  m) *.*•-*}. 
Now  (n  -  p  +  m)  Ap,«»-»  -  «'-"-'  (n  -  p  +  m)  *,«"-'+"-' 


therefore 

By  the  application  of  this  formula  y  or  2(a.4rs)  may  be 
deduced  by  a  series  of  regular  operations  from  Csin  (qw-^a)* 

If  p  be  even  2  (p  -  /a)  +  1  gives  the  series  1,  5,  9 

If  j9  be  odd  it  gives  the  series  3,  7»  11 

(10)     Let  g  +  ^y-g, 

where    p  »  S.      The  integral  is 

y  «  C  {sin  (qrar  +  a)  +  —  cos  (qof  +  a)  | . 

qw 

(U)     Let  ^  +  ^y-i. 

where    p  «  3.     The  integral  is 

y=C{sin(g.v  +  a)  (^  "  3^)  +  —  cos (70?  +  a) | . 

This  method  may  be  successfully  applied  to  reduce 
d"*y  1    d"*~*y 

when  p  or  p  -  1  is  divisible  by  m. 


1 
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d^v  6   dv 

(in)     Let  — ^  +  a'v  = ^ . 

^     '  da^      ^^     ar"  dw 

The  complete  integral  is 

This  equation  presents  a  peculiarity,  inasmuch  as  if  we 
neglect  a  factor,  which  apparently  disappears,  we  shall  have 
a  solution  which  is  erroneous  or  incomplete. 

Assume    y  »  2  (<>»^)9     then 

{n  (n  -  I)  -  «}  a^+in--  1)  qa^^i  -  0, 

or     (n  -  2)  (n  +  1)  «.  +  («-  1)  9a,.,  =  0 (l). 

Let     {n  +  1)  a.  -  (n  -  1)  6. (2), 

then      (n  -  2)  (w  -  1)  n6,  +  (n  -  2)  (n  -  1)  gfe^.^  =»  0...(S). 

The  factor  (n  —  2)  may  be  safely  neglected,  but  (»  -  1) 
must  be  retained,  as  it  enters  into  the  solution  of  the  auxiliary 
equation 

d^z         dx 

dar         dw 
From  (2)  we  have 


and  as,  except  when  n  =  1,  we  have  nA.  -f  gA^.i  -s  0, 

^,+1,  except  when  nsO; 


n+  1           q 
therefore  a,  «  6.  +  -  fr^xi (4)> 

The  solution  of  the  auxiliary  equation  is 
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and  from  (4)  it  appears  that 

This  appears  to  be  the  solution  of  the  equation,  but  it  does 
Dot  satisfy  it  unless  C|  «  0^  when  it  becomes 

which  is  only  a  particular  integral,  and  therefore  incomplete. 

This  arises  from  our  implying  iu  the  use  of  equation  (4) 
that  nfr.  +  9^«.i  »  0  is  generally  true,  whereas  the  equation 

derived  from  the  auxiliary  equation 

d*x         dz 
dw*         dw 

shews  that  6,  is  not  necessarily  connected  with  6„,  since  it  may 
be  satisfied  by  n  a  i. 

To  complete  the  solution,   we  have  from   (i)   which   is 
always  true 

and  from  (4)  which  is  true  for  ^  a  -.  ],  we  have 
or  as     6«i «»  0,     a.i  ■»  -  6©  ■■  —  "  ^• 

9  q 

These  quantities  are  independent  of  a^,  a,,  &c.,  therefore 
writing  Ci  for  %  as  it  is  an  arbitrary  constant, 

is  a  particular  integral  of  the  proposed  equation,   and  the 
complete  solqiion  is 


e-«'. 
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(14)     To  integrate 

^  ^  /g*y  ^  !I £1 

where  p  is  aa  integer. 

Assume  y  >■  2  (a«^)9  then  if 

2(«.«-).«^->-(^A)'_i_2(6X), 

««■■(»»-"  P«»  +  1)  ...  (n  -  III  +1)  6.. 
But  from  the  given  equation 
n  (n  -  1)  ...  (n  -  m  +  2)  Jn  -  m  (jp  +  1)  +  l}  a.  +  i"a,-«  «  0, 
from  which 

n(n  -!)•..  (n-iii  +  2)  ...  (n-m  +  1)6,  +  **6,_««=0. 

But  this  is  the  equation  which  would  result  from  sub- 
stituting 2(6.^)  in 

d»y 


dai^ 


+  Af*'^  =  0 ; 


therefore  2  (&«ii^)  is  the  solution  of  this  last  equation,  and 
is  therefore  known.     Calling  it  JfT,  we  have 

Let  fn  B  2,  p  »  2,  then  the  integral  of 

d*y      4i  dy 
dtur      SD  dx 

{ka  +  a) 


is  y=^(iAyc 

\af  dwi 


cos 


or    y  =  C  {(3  -  Ac^jT*)  cos  {kw  +  o)  +  Skx  sin  (Apa?  +  a)|. 

Ellis,  Cam.  Afa^^.  Jour.  Vol.  ii.  p.  202. 


CHAPTER   VI. 


PARTIAL    DIFFERENTIAL    EQUATIONS. 


Sect.  1.     Linear  Equations  with  Constant  Coefficients. 

Br  the  method  of  the  separation  of  symbols  the  inte- 
gration of  Linear  Partial  Differential  Equations  is  reduced  to 
the  same  processes  as  those  for  the  integration  of  ordinary 
differential  equations  of  the  same  class.  Hence  the  theory 
which  is  given  in  the  beginning  of  Chap.  iv.  is  equally 
applicable  to  the  present  subject,  and  it  is  unnecessary  to 
repeat  it  here ;  I  shall  therefore  content  myself  with  referring 
to  what  has  been  previously  said  in  the  Chapter  alluded  to, 
adding  that  every  differential  equation  of  this  class  between 
two  variables  has  an  exact  analogue  among  partial  differential 
equations  of  the  same  class,  and  that  the  form  of  the  solution 
of  the  latter  is  the  same  as  that  of  the  former.  Od  this  point 
one  remark  may  be  made  which  is  of  considerable  importance 
in  the  interpretation  of  our  results.  As  in  the  solution  of 
ordinary  differential  equations  we  continually  meet  with  ex- 
pressions of  the  form 

Ce% 

so  in  partial  differential  equations  we  shall  find  expressions  of 
the  form 


€ 


0(y), 


in  which  the  arbitrary  function  takes  the  place  of  the  arbitrary 
constant.  Now  as  the  preceding  formula  is  the  symbolical 
expression  for  Taylor'*s  Theorem,  we  know  that 


•^•' 


Hence,  in  the  solution  of  partial  differential  equations,  arbi- 
trary functions  of  binomials  play  the  same  parts  as  arbitrary 
constants  multiplied  by  exponentials  do  in  equations  between 
two  variables. 


352  PARTIAL    DIFFERENTIAL    EQUATIONS. 

(l)     Let  the  equation  be 

d«      ,  dx 
da        dy 
This  may  be  put  under  the  form 

whence  «  ■«  f «  -^^  +  fr  —  I     c. 

\    da        dy) 

d 
Now  supposing  ^  to  be  the  independent  variable,  and  — 

a  constant,  with  respect  to  it,  by  the  Theorem  given  in  Ex. 
(11),  Chap.  XV.  of  the  Diff.  Calc.  this  is  equivalent  to 


a 


e 


or,  effecting  the  integration,  and  adding  an  arbitrary  function 
of  y,  instead  of  an  arbitrary  constant, 

a      a 
Now  by  Taylor's  Theorem 

or,  as  the  form  of  <f>  is  arbitrary,  we  may  for 

-  0  f  y a\    write    <f>{ay  -6a?),    so  that 

«  =  —  +0  {ay  -  bo)- 

It  is  obvious  that  if  we  had  taken  y  for  our  independent 

variable,  and  considered  -—  as  a  cor.stant  with  respect  to  it, 

dw 

we  should  have  had 

cy 
»  =  —  +  0  {h(c  -  ay). 
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.  .      _.         dz        dx       __ 
(2)     Let     -—  -  a-7-  -  €     cos ry, 
dw        dy 


[  d  d\-^  «, 


=  €^'li  /dj?6-"'dy  6""  COS  ry. 

But  by  Taylor's  Theorem 

e""^ cos  ry  ■■  cos  T{y  ~  aw)  ;    therefore 

%  mz  6"ai  /dfl?e""  cosr(y  -  aa?) ; 
and,  integrating  with  respect  to  w. 


•» j^       {mcosr (y  -  ao?)  -  arsinr  (y  -  aw)]       a*^ 

m*  +  a*f* 


..  (m  cos  ry  -  ar  sin  ry)       ,,  . 

or,  *-6-5^ f ^    -  . ?^  +  0(y  +  a.T). 

The  same  method  is  applicable  to  any  number  of  inde< 
pendent  variables. 

(5)     Let  the  equation  be 

du     ,  du       du 

(d  d  d\ 


d  d  d 

—  4-  b  — 
,dw        dy 

rhence 

d— ^ 


tfa>  ( 1-6 Vc  — )     wyx-\-  complementary  function* 

\dw        dy        dzj 

If  we  expand  the  operating  factor  in  ascending  powers  of 
jd  d 


we  shall  have 


V   dy        dz) 

„fj!.V'll-f— Wft—    c— "1     26  fAV*— — 1 
\dal     \       \dw)     \    dy       dz)  \dw)    dy  dzj 

the  other  terms  being  neglected,  because  when  the  operations 
23 
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are  performed  they  vanish  of  themselves.    The  complementary 
function  in  this  case  is 

therefore,  effecting  the  operations  indicated, 

therefore   »=  (-; — a-r-.i      0. 

\dt       darf 

If  vre  integrate  with  respect  to  ^  we  find 

If  we  integrate  with  respect  to  of  we  shall  have  two 
arbitrary  functions  of  t,  since  the  differential  with  respect 
to  the  former  variable  is  of  the  second  order* 

Writing  the  equation  in  the  form 

cPx      1  dx 
da^      a  dt 

we  may  divide  it  into  two  factors 

\d.v      ai  \dtJ  1  Ida?  ^  a»  \dt)  f  ' 

Whence     «  =  e^ ^"^     ^ (0  +  e~^*^'^  V (0  5 
or,  if  we  put 

0(0  +  ^/'(O  =  F(t),  and  (^J*  {0(0  -  v,(0}  -/(O, 

this  may  be  pqt  under  the  form 

„,,-      1    w'  dF(t)       1        a>«        d?F(()      . 
'      al.2     d*  o*  1.2.8.4     d^ 

...       1      a!»     d/(0       1  «»  cP/(0      ^ 

^'^•'^^^al.a.S    d<     ^a»1.2.3.4.5     d<»    ^ 
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It  seems  anomalous  that  the  same  equation  should  admit 
of  two  solutions  differing  so  essentially  in  character  that  the 
one  contains  two  arbitrary  functions  and  the  other  only  one : 
but  the  following  considerations  may  serve  to  explain  the 
difficulty.  Since  by  Maclaurin^s  theorem  any  function  of 
a  variable  may  be  expressed  by  means  of  its  differential 
coefficients,  taken  with  respect  to  that  variable,  we  know 
the  function  if  we  can  determine  its  successive  differential 
coefficients.     Now  from  the  equation 

dt        da^  * 

we  can  determine  the  values  of  all  the  differential  coefficients 
with  respect  to  t,  when  ^  «  0,  if  we  know  the  value  of  %  when 
/  a  0.  This  therefore  is  the  only  undetermined  quantity  in 
this  case,  and  it  corresponds  to  the  arbitrary  function  0  (w). 
But  from  the  equation 

d^x       1  d% 

d  J?*  ^adt^ 

we  can  only,  from  the  value  of  z  when  w^O,  determine  the 

values  of  the  alternate  differential  coefficients :  and  in  order  to 

dz 
determine  the   others  we  must  also  know  the  value  of  --^ 

when  47  a  0.  Therefore  in  this  case  there  are  two  indeter- 
minate quantities  corresponding  to  the  arbitrary  functions 
F(t)  and/(0. 

This  is  the  equation  for  determining  the  linear  trans- 
mission of  heat  in  an  infinite  solid. 

Fourier,  Traiti  de  la  Chaleur^  p.  471  and  p.  509. 

•  X      1  dz        d^z      ^ 

(5)      Let  3;  *  ®  T~o  -  ^^5 

dt         dx' 

id  (P\ 

Whence  z  ^  b-""*  e^  f{ai). 

This  is  the  equation  for  determining  the  motion  of  heat 
in  a  ring. 

Fourier,  lb.  p.  266. 
23—2 
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dfx         dfx 
(6)     L«  S?-^-?-»- 

The  operating  factor  in  this  case  may  be  decomposed 
into  two,  and  the  equation  then  becomes 

(d  d\  Id  d\ 

\dt        da)  \dt        da) 

Whence   »  =  e    '"0l«)  +  c"*  ^  ^(d?) ; 

or    jv  B  0(«  +  at)  +  >|^(^  -  at). 

This  is  one  of  the  most  important  equations  in  the 
application  of  Mathematics  to  Natural  Philosophy,  beinf^ 
that  which  results  from  the  investigation  of  the  motion  of 
vibrating  chords,  and  of  the  pulses  produced  by  a  disturb- 
ance in  a  small  cylindrical  column  of  air. 

The  complementary  function  in  this  example  is  the  same 
as  the  integral  of  the  last,  and  the  result  of  the  inverse 
operation  on  wy  will  best  be  found  by  expanding  in  ascend- 

ing  powers  of  I  j-l   >  when  it  is  easy  to  see  that  all  the 

terms  after   the  first  may  be  neglected.     We  find  accord- 
ingly 


6 


+  <p(y  +  aw)  +  >/f (y  -  ax). 


dfx      cPfif 

(8)  Let       -r—  +  -r-^  «  cos  ma  cos  ny. 

dsr      d^ 

The  solution  of  this  is 

cosm^cosnv  /     d\    ^  .  ^       .    /     rf\.,v 

Compare  this  with  Chap.  iv.  Sect.  1,  Ex.  (8). 

(9)  The  equation 

dfx  dfx         .d"«r 

dar  dady         dy^ 
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may  be  put  under  the  form 

d  d\* 


U-5];)-"' 


so  that  the  two  factors  are  equal.     Hence,  integrating  with 
respect  to  4r, 


•*7Z     «...  «*3y 


or     xm  x(p  (y  +  aw)  +  >/^  (y  +  aw). 

,    ^      ^       d^z       ^d*z  ,  dz  .^  dz 

(10)  Let  — --a»3-^ +2a6--  +  2a»6-— «0. 

dor  djf  da  dy 

When  resolved  into  its  factors  this  becomes 

Integrating  with  respect  to  the  first  factor  we  have 
id  d\  *(«  t-aa6) 

The  effect  of  the  second  factor  on  the  second  side  of  the 
equation  will  be  simply  to  alter  the  function  of  y,  and  as  that 
is  arbitrary  we  may  leave  it  as  it  stands,  so  that  we  have,  on 
adding  the  complementary  function  due  to  the  second  factor, 

«-€    '^       0(y)  +  €     ''>^{y), 

or     zm  e"***'  0  (y  +  a^)  +  >/^  (y  -  oa)- 

Euler,  Calc.  Integ.  Vol.  iii.  p.  210. 

d^z  dz        dz 

(11)  Let  -7— r-  +  a  —-  +  6  -—  +  o5«  «  F, 
^    '  dwdy        dw         dy 

Whence   «  -  e-«"'+»"/(ly  «"» /d«  e*'F+  e— '^  {ai)  +  «-*'>/.  (y). 
If  F- «■''+»•,  then 
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Euler,  lb.  p.  189- 


(12)     Let  - — --  -az^O. 

away 

This  gives        z «  f -—  . a]     0, 

\dw    dv       J 


or 


are 


(15)     Let  .^8^5=  0. 

The  roots  of  the  equation 

«i*  —  o*  =  0 

o,  a  <co8  —  +  (-)*  sm  — >,  and  a  |cos (-)^  sin  — > . 

Therefore 
z  =  e'X^)  +  e^^cos  ("^-^  ylf,{y)  +  c'^sin  (^^  >|.2(y). 

(14)  Let 

d^z      ,  ,,    d^z        ^     ^        ,,    d««  ^d^z     ^ 

do^      ^  ^  da^dy      ^  ^  dxdf^  dfr 

In  this  case  two  of  the  operating  factors  are  equal,  and 
we  find 

z^y\r{y  -{-  bw)  +/(y  +  aw)  +  wfi  (y  +  aw). 

(15)  Let  the  equation  contain  three  independent  vari- 
ables, as  in 

d^u  d^u  d^u  d^u 

-^. 2  - — :—  -  S  — -— 3 


dx^dy        dwdf^        dw*dz        dwds^ 


d^u        ^   d^u  d^u 

—  2 +  6 : h  7 =  0- 

dy^dz        dyds?        dwdydz 
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When  decomposed  into  its  factors  this  becomes 

(  ^         J^  (  ^       J^  (  ^         JL\ 
\daf        dyl   \daf      dz)  \dy         dz) 

the  integral  of  which  is 

t#  =  /(y  +  2a?,  «r)  +  0  (y,  «  -  a?)  +  ^  (^,  «  +  Sy). 
(16)     Take  the  general  equation  with  two  independent 


Taiubles 

d'« 

A, 

d- 
daf" 

z 

A 

d' 

'z 
'djf'^ 

hc  +  A, 

d'z 
'dfT 

V, 

where  the  index  of  differentiation  is  the  same  in  every  term, 
and  the  coefficients  are  constants,  and  F  is  a  function  of  w 
and  y.     When  decomposed  into  /actors  it  takes  the  form 

\d,v        ^  dy)  \dx        ^  dy) \daf        *  dy) 

where  a^  a, a„  are  the  roots  of  the  equation 

t**  +  Jit^'^  +  J^W""*  +  &c.  +  -4,  «  0. 

Now   in  decomposing  the  inverse  operation   into   partial 

/  d\  -*"-'i^ 
fractions  each    of  the   coefficients   involves    (-r-|  as   a 

\dyj 

factor  in  the  numerator,  since  the  denominators  consist  of  the 

products  of  (n  —  l)  factors  of  the  form 

dy 
Hence  giving  to  Ni,  JVa,  8sc.  the   same  meanings  as  in 
Ex.  (6)  of  Chap.  xv.  of  the  DifT.  Calc. 

**     *\da?       dyj     \dy)  \da^       dy)     \dyj 

[  d  d\-'^  I  d\ -<— 1^ 

If  for  shortness  we  represent  (-7-)  ^t)y  F,,  and  if 

we  transform  the  operating  factors  by  the  formula 

dy' 


\daf         dy) 
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we  have 

d  d 

+  &c.  +  &c.  +  Nj^'^^fdw  e"'"'^  Fi, 

The  complementary  functions  are  supposed  to  be  included 
under  the  signs  of  integration :  if  we  wish  to  see  their  form 
we  have  merely  to  suppose  F| »  0  in  the  above  expressions^ 
when  after  obvious  transformations  we  find 

,    ^      ^       d*x  d*»  d"«f 

In  this  case  a,  —  -  l,  a,  «  -  S,  JV,  ■  l,  ATt  >  -  1. 

Also  (-)       (.  +  y)-^-_l?i; 

therefore     «  -  — ^^  +/i  (y  -  a?)  +/«  (y  -  2«)- 

Sect.  2.     Equations  in  which  the  Coefficients  are  Functions 

of  the  Independent  Variables. 

As  in  the  case  of  the  similar  class  of  ordinary  differential 
equations,  these  equations  may  sometimes  be  reduced  to  forms 
in  which  the  coefficients  are  constant.  Thus,  equations  of 
the  first  degree  of  the  form 

d  z       ,^,,  d« 

dcr  dy 

where  jilT  is  a  function  of  w  only,  Y  a  function  of  y  only,  and 
P  and  Q  functions  of  both  w  and  y,  may  be  reduced  to  the 
form 

dx       ,,d«      „        ^ 

dof  dy 

by  assuming  dy  a  — .     This  equation  may  be  written 

d%  d 
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in  which  shape  it  is  seen  to  be  a  differential  equation  of  the 
first  order  with  respect  to  w  with  coefficients  which  are  func- 
tions of  that  variable ;  it  may  therefore  be  integrated  by  the 
method  of  Chap.  iv.  Sect.  2. 

We  may  sometimes  however  reduce  the  equation  at  once 
to  constant  coefficients  by  changing  both  the  independent 
variables  at  once. 

Greatheed,  Philaaophical  Magazine,  Sept.  1837. 

dx         dz 

Ex.  (1)     Let    «  -7-  +  y  T"  ■■  ***• 
^  '  dm     "^  dy 

dof  dy 

By  assuming    —  ^  du,     -^ «  dvy    tliis  becomes 

t  d        d         \ 
\du      dv        J 
Integrating  with  respect  to  u,  we  have 

zme     ^^'    ^^(t>)-e"~€     '•^(t>); 
or       *  «  «  e*"*  0  (t>  -  fi). 

But       u  a  log  a,     t?  »  log  y ;     therefore 

t,-«-log(|),     and    ^(«-«)-^log(?)-/g), 


SO  that  z 


-"/(9- 


If  we  had  integrated  with  respect  to  v^  we  should  have 
found 


^/©- 


z 

The  interpretation  of  these  results  is  that  jit  is  a  homo- 
geneous function  of  n  dimensions  in  w  and  y.  This  is  obvious, 
as  the  differential  equation  is  the  condition  of  homogeneity  of 
a  function  of  two  variables. 

.  -      _  dz         dz      tp* 

(2)     Let    « «-;-•—. 

djo     ^  dy      y 

Changing  the  variables,  as  in  the  last  example,  we  have 

d        d 


(---1 
\du      dvj 


362  PABTIAL   DIFFBRBMTIAL   EQUATIONS. 


The  integral  of  this  is 

X  -=  — -—  +  0  (w  +  1?) ; 


(3)     Let 


da?      dy      a  +  y 
Integrating  with  respect  to  a?,  we  have 


«  =  e 


d  .  d  <!/■<>«  r'« 


But     e     """e"",     and    e     ■"  e-''+»  -  e-*  '  =  «'; 


X 


therefore  «  -  e  '^  {«*  <j> {y)\  -  e"*' ^ (y  +  »). 

It  is  to  be  observed  that,  in  this  method  of  integration, 
when  we  have  a  function  of  the  fwra 


/d,(^+p) 

€ 


0(»)> 


where  P  is  a  function  of  x  and  y,  we  must  not  allow  the 
first  term  of  the  exponent  of  e  to  act  on  the  second,  by 
putting  it  under  the  form 


It  is   therefore   necessary  to  prefix   to  the  factor    e^^'^  the 
inverse  operation  of 


€       ' ,     or   c 


so  that  the  expression  takes  the  form 


where  the  newly  introduced  factor  acts  only  on  that  which 
immediately  precedes  it, 

,  ^      ^         dx  d«         X 

(4)     Let     -7-  +.  f»  ^-  =  «  -  • 
^  rf<i?  dy         y 
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Integrating  with  respect  to  w,  we  have 

therefore  «  ■=  y"*  0  (y  -  wio?). 

,  ^     _  1  d»'      1  d^      z 

Put  ord^  8  <2f^,  ydy  ^^  dv ;  then  the  equation  becomes 

d«      dz      z 

du      dv      2v ' 

This  is  a  particular  case  of  the  last  example^  and  its 
integral  is  * 

z  ^  vi<p(v  ^  u)  ; 
and  therefore  ■   «  =  y  0  (y*  —  a^). 

-_      _  dz         dz 

(6)  Let  y  -r-  +  ar  -—  =  «f. 

dw         dy 

Dividing  both  sides  by  wy  and  putting  u^  sfy  t9  s  y*, 
we  have 

dz      dz  z 

du      dv      2(uv)^\ 
Therefore,  integrating  with  respect  to  «*, 

since     e  '*"  (wt>)i  =  (uv  +  t^)^.     Hence 

.»  =  {3^  (w  +  «)  +  {uv)i}^  0  (tr  -  w) ; 

or,  putting  for  u  and  v  their  values,  and  omitting  2"^  as  it 
may  be  included  in  tbie  arbitrary  function,  we  have 

«  «  (a?  +  y)  0  (y«  -  a^. 

dz         dz 

(7)  Let       Beew  --—  +  «---««  cot  y. 

d(v         dy 

The  integral  is  . 

1 

z  «  (sin  yY  fj>(y  --  a  sin  «?). 
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dx  dz     a^ 

(8)     Let     «>  —  +  y»  _  «  -  , 

dw  dy      y 

dw  dy 

By  assuming  -^  ^  duy     -r  —  dvy  this  becomes 

das      dz  V 

du      dv  t^  * 

Integrating  with  respect  to  u^ 


z 


t>  1  -*r 


9ur     iu 

Therefore    x  ^  -  — -^  + fhfVlf]  , 

iy      8     ^\wy  j 

(9)  Let    j,^  +  (i  +  y»)i^-*y. 

Assuming  —  ■  «,     -; — ^-rrr  «  di>  wc  have 

div      di2r      £^ 
du      dv       % 

€"■•■•      We''"* 

whence    «  « — h  d>  (f  -  <*)• 

4  2 

Or,  substituting  for  u  and  o  their  values  in  x  and  y, 

«-i{(i+!O»+y}-;{0+y')*-y}iog»+/{^i^t^|. 

.    .      -  dt«         du         du  wy 

(10)  Let    ar— -  +  y-—  +  »-7-«att  +  — . 

dw         dy         dz  z 

Then    «.-^V+ «•*(-.    -)• 

Equations  of  the  second  and  higher  orders  may  sometimes 
be  reduced  by  transformations  similar  to  those  employed  in 
Chap.  IV.  Sect.  2. 

d^z  d*j8  d^z 

(11)  Let    «*^  +  «*y5^  +  »'^-«"!r. 
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Putting  —  B  duy   —  »  dv,  this  becomes 

{(i4.)'-(.V£)}-"-«"- 

The  integral  of  this  is 


fiitt       nv 


or  » 


(m  +  n)  (m  +  n  —  1)  \wj         \af)  * 


(12)    Lef^-sr«^,-*y. 

By  means  of  the  same  transformation  as  in  the  last  ex- 
ample we  find 


-«ylog4r  +  «Ff-J  +/(»y). 


(IS)     Let  (^  +  y)x-T--«3-"0' 

^  dwdy        dot 

If  we  put  ---«■«  this  becomes 

'^      dw 

(ar  +  y)  — -ar-0, 
dy 

the  integral  of  which  is  v  m  (a  ^  y)'^(^)> 

8o  that  ««/dj^(/p  +  y)"0(a;)  +  >/^(y). 

(14)     Integrate  the  equation 

,d"«         .  ,       cf«         w(n-l)      «P«r         „         ^d"af    ^ 
do^  ^daiT-^dy         1.2     cto"-»dy*  ^  dy" 

Assume  d^  •  /rdt^,  dy  «  yd^ ;  then  by  Ex.  (6)  of  Chap. 
III.  Sect.  1,  of  the  Diff.  Calc.  we  have  generally 

^  dr^'x        d  ( d        \       id      ,        A 


dv 


[i-")"\i-^'-'^- 
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Now  if  we  put  for  shortness 

the  given  equation  takes  the  form 

{LdwJ    ■'"**Ld«J      Ld^J''"      1.2      UuJ      LdvJ   "^ 


m-"- 


But  by  a  known  theorem  of  Vandermonde  if 
lafy  =  w(a  -  1) ... (4r  -  r  +  1), 

Therefore,  as  the  symbols  of  differentiation  are  subject 
to  the  same  laws  of  combination  as  the  algebraical  symbols^ 
the  differential  equation  may  be  written 


or 


(^+;^)(^-'^-0-{^-'^-^"-'^}'"**- 


the  integral  of  which  is 


or 


*  -  ^^  (!)  *  -'•^^  (f )  ^  "••^'  (!) + ^^-  "■  •■■'■^-  (!)  •» 


/o,  fij  &c.  being  arbitrary  functions. 

(15)     Let  ^y-; — ^  +  o^—- +fey-r-a6«  «  F, 
^  a^^ay  da?  dy 

(F  being  a  function  of  w  and  y), 

d(i*  dy 

Putting  as  before  - — =  dw,  —  -■  d«,  this  becomei 

d       -\  /d 


{ss*')(5;  *•)'-"' 
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the  integral  of  which   (see  Ex.  (ll)  of  the  preceding  sec* 
tion)  is 


X  me 


•  (a«  +  »tf) 


or  z 


fdv  €-  fdu  e*"F  +  6-"  <f)  (w)  +  6-*" ^  (v)  ; 

d^x         d^z         d%         dz 

(16)  Let    «* v^ ^w 1/  —  bO. 

Viu;      x.ev     or  ^^      ^  dy*  ^      dw      ^  dy 

By  the  safne  transformation  as  before  we  find 

,    ,      ^  d*«r      2  dz        ,  d*« 

(17)  Let         — ^  +  -  _  =  a«_- . 

By  the  same  process  as  in  Ex.  (9)  of  Chap.  iv.  Sect.  2, 
this  may  be  put  under  the  form 

d«(«^«)        ^d^'laz) 
d^  dy* 

Whence  we  find 

«  =  -  {0(y  +  o^)  +  V'Cy- <^^)}- 

d*;»  /d*»      2  dz       2     \ 

(18)  Let    ^1-1=  aM^-^ +  -—-  —  *)  . 

dy*  \da?"      ^p  dd?       a?*    / 

This  may  be  put  under  the  form 

d*«  d    /  d        2\ 

djr  dw  \daf      Of  J 

and  thence  by  the  same  process  as  in  Ex.  (10)  of  Chap.  iv. 
Sect.  2,  we  find 

—  «a«^,   where. -..^-J    ^, 

Integrating  we  have 

©  =  0  (j7  +  ay)  +  ^  (a?  -  ay) ; 
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and  therefore 

This  equation   occurs    in    the   Theory    of  Sound.      See 
Airy's  TraotSi  p.  271. 

09)     Let    d^-^dP"^- 

This  equation  is  of  the  same  form  as   that  in  Ex.  (6) 

of  Chap,  v.,  and  its  integral  will  be  found  from  that  given 

d 
there  by  putting  a  —  for  c,  and  changing  the  arbitrary  con- 

stants  into  arbitrary  functions  of  y.     Hence  we  find 


"{F{y^l)*f{y-l)l 


(20)     The  integral  of  the  equation 

d^      a"  d^x 
da^  '  Jdf'  ^' 

may  in  the  same  way  be  deduced  from  that  of  Ex.  (8)   of 
the  same  Chapter:  the  result  is 

»mw  {F'(y  +  Saw^)  +/'(y  -  SaarJ)} 
-  —  {  J^ (y  +  Sawi)  -  /  (y  -  Sa»*)}. 

,    ,     ^         d*«        .  d^x      Zx 

(21)  Let     _-«•—--. 

The  integral  of  this  equation  may  be  deduced  from  that 
in  Ex.  (10)  of  Chap.  v.  by  putting  -  fl*  3-%  for  g*.     This 

OJf 

gives  us 

»« —  {F(y-  ad?)  -/(y  +  ad?)}+F'(y  -o»)  +  /'(y +  aar). 

(22)  Let    ^T-j  +  a  — — -  =  — . 

djr        dwdy      a^ 


PARTIAL    DIFFBRBNTIAL    EQUATIONS.  369 

The  integral  of  this  equation  is  deduced  from  that  in 

d 
Ex.  (13)  of  Chap,  v.,  by  putting  a  —•  for  q.     This  gives 

ay 

X  =  aF'{y)  -  -  F(y)  •¥  af  (y  --  aof)  -^  -  f{y  -  aai). 

SB  SB 

(23)  The  equation 

dud^       X    da^~^  dy* 

may  be  integrated  by  the  same  method  as  that  in  Ex.  (14)  of 

Chap.  VI.,  by  changing  Af*  into  -  a*  -— •  and  putting  arbitrary 

functions  of  p  instead  of  the  arbitrary  constants. 
Thus  if  fi»  8s  2,  we  have 

X»  F(y  +  aw)  +  /(y  -  aw), 
so  that  the  integral  of 

d*«      2p  d«       ,  d^z 
da^       w   dw  di^ 

is    )»  =  ^^+^(~)'  i{F(y  +  oa7)+/(y-aa7)}. 

Hence  if  p  «  2,  the  integral  of 

d^%      ^  dx       2  ^'^ 

rfar*      iF  da?  dy* 

is    Jif«s{F(y+ajr)+/(y-o.r)}-3aar{jP'(y+a«)-/'(y-aj?)} 

+  a«a?*  {r\y  +  oo?)  +/"(y  -  aw)\. 

,    ^      ^  d*«  1      Idx      dx\  2 

(24)  Let    --— -  + T-  +  T"    -  7 ^  *  ^^  ^• 

dady      w  +  y  \dw      dyj       {a  +  yy 

Assume  y+^  =  t^»  y-^^v,  when  the  equation  becomes 
d*»      d^x      2  dx       2 
dtt*      dtj*      u  du      u* 

The  integral  of  this  by  Ex.  (18)  is 

x^-\(l>(u  +  v)  +>ff'(w-t?)}  -  -7{0(tt  +  t?)  +  >/^(w-©)}. 
24 
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Hence, 

Non-linear  equations  of  the  foriD> 

P>  Qf  R  being  functions  of  of  and  5^,  may  be  transformed 
into  linear  equations  by  assuming 

d« 


<p(x) 


dx\ 


dx         dx      xy 
(25)     Let     a^-^y-^-. 

The  transformed  equation  is,  putting 

xdx  =  dx\    or   »' «  — , 

2 


and  the  integral  is 


dtff        dx' 
0?  -—  +  y  -—  «  ay ; 
dx         dy 


0 


(26)  Let     a/^  —  +  «2  --  a  ^ 1-  . 

dx  dy  X 

xdx 
By  assuming — r ■»  dz'  or  ar'—  (!+«*)*,  this  becomes 

,  djif'       ,  ds/ 

dx  dy 

and  the  integral  is 

(27)  Let     ar  —-  +  y  --  =  2a?y  (a*  -  iir)*. 

a^         dy 

The  integral  is 

iv  B  a  sin  Ixy  +  0  ("")[• 
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We  might  with  advantage  have  applied  the  same  trans- 
formation to  the  equations  in  examples  (l)»  (S),  and  (4),  as 
it  is  generally  convenient  to  reduce  the  factor  of  z  to  two 
terms. 

Sect.  3.     Equations  involving  the  differential  coefficients 

of  ss  in  powers  and  products. 

dz  dz 

If  the  equation  be  of  the  first  order  make  —  «  «•,  —  «  q. 

dw  dy 

and  from  the  given  equation  find  q  in  terms  of  p^  se,  y,  z^  and 

substitute  this  value  in  the  equation 

dp      da        dp         da  ^  ^ 

dy      dw        dz         dz 

which  will  then  become  an  equation  of  the  first  order  between 
four  variables.  The  value  of  p  found  by  integrating  this, 
with  the  corresponding  value  of  q  will  render 

dz  ^  pdw  +  qdy,  (2) 

a  complete  difierential,  and  this  being  integrated  will  give 
the  value  of  z.  The  integral  of  the  first  equation  will 
involve  an  arbitrary  constant  (a) ;  and  the  integral  of  the 
second  will  introduce  another  (6),  which  is  to  be  considered 
as  an  arbitrary  function  of  (a) ;  and  we  shall  thus  obtain 
an  integral  of  the  form 

/(^,  »>  «,  o)  =  0  (a), 

from  which  a  is  to  be  eliminated  when  a  specific  meaning 
is  assigned  to  <p. 

Lagrange,  MSmoires  de  Berlin,  1772,  p.  353. 

(1)     Let    p«  +  9*=i>     org  =  (l-p% 

dq  p         dp         dq  p         dp 

d^  "*  ""  (1  - p*)^  dw '       dz^'  (l  -p»)i  dz' 

Substituting  these  values  in  equation  (l)  it  becomes 

dz         diu  dy 

This  equation  is  integrable  if  we  can  integrate  the 
system  of  equations 

dp  =  0,     pdz  -  da?  =s  0,     (1  -  p*)i  dz-  dy  -  0. 

24 — 2 
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The  first  gives  p  =  a,  whence  g  s=  (l  -  a*)J,  and 

dx  as  adtV  +  (1  —  a*)i  dy, 
so  that  »  =  ajf  +  (I  -  o*)iy  +  <p  (a). 

If  wc  differentiate  this  with  respect  to  a  we  obtain   the 

equation 

between  which  and  the  preceding  we  may  eliminate  a  when 
(p  is  specified. 

(2)  Let  pqez  1. 

The  equation  in  p  to  be  integrated  is 

dp       1    dp      2  dp 

— £.+ £-+ ^«0; 

dy      p*  dw      p  dz 
whence  dp^O  and  p  ^a.     The  final  integral  is 

y 

p^aw  +  -  +  d)(a). 
a       *  ^  '^ 

(3)  Let  x^pq. 
In  this  case  we  find 

X 


p^y^-a^     q 


y  +  o 


therefore     d«  «  (y  +  o)  dw  + dy, 

»  +  o 

,                dx           xdy 
whence ^-—  ■■  dw ; 

y  +  o     (y  +  «) 

and  therefore      ^  w  ^  <b  (a). 

y +  o  ^ 

(4)     Let  P  =  (^y  +  «f)^- 

In   this  case  we  get 

gy*  =  a,     and   p  =  (-  +  » j  , 

whence     dx  ^  [%  •\'  -]  dw+  -r  dy; 

\       yl  r 
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or     d(*  +  ?)-(«+?)*d^, 

whence      {*  +  ^)  {^  +  0  («)}  +  1=0. 

(5)  Let  q  a=  jfx. 

Here    p*  -,     g«  —,  and  the  integral  is 

-~  wm  aof  -h  (jfy  +  0  (a). 

(6)  Let  q^  wp  +  p'. 
The  integral  is 

»-«€»+''+  i  c*****)  +  0  (a). 

(7)  Let        «.j/.«.  (^)- (^)' .  0-. 
This  may  be  put  under  the  form 


dy) 
By  assuming 

g  g  Y 

the  equation  becomes 

The  integral  of  this  found  by   the  same  method  as  in 
£x.  (2)  is 


»  -  o"a?'  +  —  y'  +  0  («) ; 

a" 


and  therefore 


af  «+»  a. cH'a  "•   + ^  —  y  *  +  0  (o). 


«i+n  +  7  m-a  n-/3  o 

When  m  Bs  a,  a?'  =  log  a?,  when  «  =  /3,  y'  «  log  y, 
when  f»  +  n  +  <y*0>  ^'**  ^^g  ». 
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(8)  This  transformation  fails  when  m  +  n  »  0  while  ^ 
is  not  equal  to  0.  In  this  case  the  following  method  may 
be  used.     The  equation  may  evidently  be  put  under  the  form 


d«\*  (dzY 


then  considering  so  as  a  function  of  «  and  y, 

dx  •=  -—  d«  +  -—  dvy 
dx  dy 


da 

and  therefore 

dz^ 

1               dy 
-— da?  -  -_dy; 
da             a  a 

dz             dz 

dx 

whence 

dz 
da 

1           dz          dy 
da^      dy          da' 
dz                      dz 

By  substituting  these  values  the  equation  becomes  (since 
m  -f  n  s  0) 

'd.r\" 

«>=  (-)"c'; 


fdaX 
\d~y) 


the  integral  of  which  is 

a  as  ^cyz  »+  (p(z). 


(9)     Let 


fdzy  /dz\^   , 


The  transformed  equation  is 


and  the  integral  is 


The  transformations  in  the  three  preceding  examples  are 
given  by  a  writer  who  signs  himself  «  G.  C'  in  the  Cam- 
bridge Mathematical  Journal y  VoL  i.  p.  i62. 
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Sect.  4.     Equations  integrable  by  variotM  methods. 

Lagrange^s  Method. 

Let  a  partial  DiflPerential  Equation  between  three  variables 
be  of  the  form 

d»      n^^      J? 

da         dy 

where  P,  Q»  R  are  functions  of  /r,  y  and  « ;  then  if  we  can 
integrate  two  of  the  following  equations, 

Pdy  —  Qdw  =  0, 
Pdz  --Rdx^O^ 
Qdz  -  Rdy  »  0, 
so  as  to  obtain  two  integrals, 

the  integral  of  the  given  equation  will  be 

Lagrange,  Mhnoiree  de  Berlin^  1774,  p.  197;  1779»  p«  1^2* 

For  the  success  of  this  method  it  is  necessary  either  that 
one  of  the  three  auxiliary  equations  should  contain  only  the 
two  variables  the  differentials  of  which  it  involves,  or  that 
by  their  combination  such  an  equation  should  be  obtained. 
By  integrating  it  we  obtain  an  equation  by  means  of  which 
one  of  the  variables  may  be  eliminated  from  either  of  the 
other  auxiliary  equations. 

dz         dz 
(l)     Let  a?---  +  y-7-  +  «  =  0. 

dx         dy 

In  this  case  the  auxiliary  equations  are 

nody  -  zdx  =  0, 

wdz  +  ydw  =  0, 

zdz  +  ydy  =a  0. 
The  last  of  these  alone  is  immediately  integrable  and  gives 

si?^y^^a\  , 
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Substituting  in  the  second,  we  have 

dz  dx 

z 

whence       a/^  *  ■=  6,     and  therefore 

is  the  integral  of  the  proposed  equation. 

dx  dfi 

(2)  Let         y*- wf^-—  ^  awz'y 

dy  dx 

ax 
then     ^®8  *  =  "  r-jj  +  /  (*?)• 

d%  dx 

(3)  Let     (y  -  bx) (^  -  ax)  -—^bw^  ay. 

dx  dy 

The  auxiliary  equations  are, 

(y-6«)dy  +  (^  —  a«f)  da?  =  0.... (l) 

(y  —  6jir)d)v  —  {bx  -  ay)  da;  a  o (2) 

{x  -  a«)d;ir4-  (bx  -  ay)  dy  »  0 (3). 

Multiply  (2)  by  a,  and  (3)  by  6;    subtract  and  divide 
by  bx  —  ay:  we  find 

dx  +  adx  4-  bdy  a  o,     or  jir  +  ao;  +  6y  e  a. 

Again   multiply  (3)  by  x^  and  (3)  by  y;   subtract   and 
divide  by  bx^ay:   there  results 

azda?  +  ydy  +  «d«  =  0,  whence  d?*  +  y*  +  «•  «  /3. 

Therefore 

^+  y*  +  »'-/(«  +  od?  +  6y) 

is  the  integral  of  the  proposed  equation.      This  is  th^  general 
equation  to  surfaces  of  revolution. 


nxy  _      y      ^  /a?  -  y\ 
y^x     ^  X     "^  \   xy  I 
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dz  d% 

then     z  «  y"/(^  -  y*). 
dz  dx 

(6)    Let    (y  +  ^)^  +  (y-^)^  =  ^- 

The  auxiliary  equations  are, 

(ar  +  y)dy-(y- j?)da?«.  0 (i) 

(^  +y)d«f  -  xdoD      =  0 (2) 

(y  -  ^)rf«  -  «fdy     "0 (3). 

Equation  (l)  may  be  put  under  the  form 
^dy  —  yda  +  wdx  +  ydy  s  0 ; 

whence    tan"*  —  log  (a;*  +  y*)i  =  a. 

Multiplying  (2)  by  w,  (3)  by  y  and  adding,  we  have 

dz      wdx  -{-ydy 

whence  -^-^ =r^,  «  )3 ;  and  therefore 

af  =  (^  +  y«)*/{tan-»  -  -  log  (^'  +  y*)4} 
is  the  required  integral. 

(7)      Let    (a?-2y)  — +  (2^-3y)  — «^. 
The  integral  is 

This   method   may    be   extended    to    functions  of  more 
variables.     Thus  if 

^du         du      ^du 

P— +  Q— +  iZ  — =  ^, 
da         dy  dz 

and  if  from  three  equations  such  as 
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Pdy  -  Qdw  «  0, 
Pdz  -^Rdx^  0, 
Pdu  -  Sdof  -  0, 
we  can  obtain  three  integrals, 

J7«o,      r=6,      W^c, 

the  integral  of  the  proposed  equation  is 

U^f(VyW),     oT<p{U,r,W)^0. 

(8)     Let 

du  du  du 

(u+y +  ;y) --  +  («*+«?  +  «)•---  + (tt+a7+y)T-'=^  +  y +  «• 
aw  ay  ax 

The  auxiliary  equations  are, 

(w  +  y  +  «)  dy  -  (tt  +  a?  +  »)  d4?  =  0, 
(w  +  y  +  «r)  d»  -  (w  +  a?  +  y)  dd?  =  0, 
(«*  +  y  +  »)  dw  -  (^  +  y  +  «f)  d^  =  0. 

Adding  these  three  equations  we  have 
(u  +  y  +  z)  (du  +  dof  +  dy  -^  dz)  -  3  (w  +  a?  +  y  +  jjf)  d«  =  0. 

Putting  u+a^  +  y  +  a^Vy  this  gives 

d/v  dv 

u  +y  +  z      3v' 

Subtracting  the  second  equation  from  the  first,  we  have 
(w  +  y  +  »)  (dy  -  dz)  =  (ar  -  y)  do? ; 
dof  dy  —  dz 


or 


Therefore 


u  +  y  +  z  y— « 

dv  dy  —  dz 


3v  y  —  » 

and   tJ  (y  -  zy  =  a. 

From    the   symmetry    of  the   expressions  it  is  obvious 
that  we  must  have  also 

w  (^  -  zy  a  6,  V  (u  -  zy  =  c. 

Therefore 
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du  du  du 

(9)     Let     0?—-  •¥  (u  +  x)-—  +  (u  +  y)-—''y  +  z. 

aw  ay  az 

The  integral  of  this  is 

«  +  ^  +  y  +  »  =  y'/{'=^(^- y)>  ^(y-«f)}- 

Mongers  Method. 

Liet  the  partial  diiSerential  equation  be  of   the  form 

«?jjr  dfz  d^z 

daf^  dwdy  dt^ 

dz      dz 
where  P,  Q,  JZ  are  functions  of  a?,  y,  «,  -— ,   -7-  . 

ao;      ay 

Then  if  we  form  the  system  of  equations 

dy  —  md> 
fndp  +  Qdq  —  Rmdx 

dy-m'dof^O'i 
mdp  +  Qdq  -  Rm'dw  =  0  j 

where  «  s  —-  and  cr  ==  -— ,  and  w,  m'  are  the  roots  of  the 
o.T  oy 

equation 

m*  -  Pm  +  A  a  0 ; 

and  if  from  these  two  systems  we  can  find  two  integrals 
U^a,   Y^b,  then 

is  the  first  integral  of  the  proposed  equation  ;  and  the  integral 
of  this  is  the  complete  integral  of  the  proposed  equation.  It 
is  generally  more  convenient  (when  poaaible)  to  find  another 
first  integral,  of  the  from 

and  between  these  to  eliminate  p  or  9  so  as  to  obtain  an 
equation  involving  only  one  differential  coefficient,  and  which 
is  therefore  easily  integrable. 

Monge,  Mimoirea  de  FAcadimie  dee  Sciences,  1784,  p.  118. 

(.0)     Let     9'^,-2P?5^+PVy«  =  "- 
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The  auxiliary  equations  in  this  case  are^ 

q^m^  +  ^pqm  +  p'  «  0,     whence  m  =  -  - , 
qdy  +  pdw  »  0, 

-  pdp  +  —  dgf  «  0. 

From  the  second,  since  dz  m  pda  -hqdy,  we  have 

d%  ^  0,     or  X  tB  a. 

From  the  third  we  have 

pdq  —  qdp  =  0; 

P 
whence  -  =  0  («)  =  c, 

since  z  «  constant,    and    therefore   ip  {z)  « constant.      From 
the  equation  jp  -  eg  b  0,  we  easily  obtain 

«=/(ar  +  cy)«/{«  +  y0(«f)|, 

which  is  the  required  integral. 

(U)     Let         :>-i  -  Tl  +  ^^  "  ^• 
^  dor      ay'      a^  +  y 

The  auxiliary  equations  are, 

4p 

dy  -  da?  «  0,     dp --  dq  ^  — =--dx  =  0 (1) 

o^  +  y 

4i) 
dy  +  da;  ^  0,     dp  +  dg ^— dar  ■  0 (2) 

^  +  y 

From  the  first  of  (1)  we  find 

4pdaf 
y  —  w  ^  Cy     and  therefore  dp  '•^  dq  'h  —^ «  0. 

If  we  subtract  from  this  last  the  equation 


2y-a  Sy-a      ^y-a      2y-a 

(as  pdw  ^  dz  ^  9^y)  we  have 

(2y  -  o)  (dp  -  dg)  +  2  (p  -  q)  dy  +  ^dzm^; 
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the  integral  of  which  is 

(2y  -  a)  (p  -  9)  +  2J8f  =  6  «/(y  -  *), 
and  therefore 

a  +  y        w  +  y 
From  the  first  of  (2)  we  find 

y  +  07  »  ai, 
and  substituting  this  in  the  equation  just  found,  it  becomes 

dz      dz      2z         f(y  -  a?) 
dy      dw      ai  a^ 

This  is  a  linear  equation,   and  is  therefore  easily  inte- 
grated.    The  result  is 

z^^  e'^'fdye'"^^-^ ^  +  c'+^^/^C^  +  y), 

where  ^  +  y  is  to  be  substituted  for  ai  after  integration. 
(12)     Let  the  equation  be 

•V  d*»      ,  ,       ,.    cP«        ,  -^  drz 

If  we  put  p  '\-  q^ay  this  takes  the  form 

cP«  ^z  ^%    . 

The  equation  for  determining  m  is 

(1  +  qa)nif  -  (q  -p)am-  (1  +pa)  =0; 

which  gives  m  =  l,       «  =  -i±Pf. 

1  +9a 

We  have  therefore  to  integrate  the  two  systems, 
dy-dw^O;       dp  (l  +  qa)  -  dq  {l  +pa)  =  0.,.  (l), 
dy  (1  +  qa)  +  dw{l  +  pa)  «  0 ;      dp  +  dg  =  0  ...  (2). 

The  second  equation  of  (2)  gives  p  +  gs=6or  a  ^  b. 

The  first  equation  of  (2),  when  put  under  the  form 

dof  +  dy  +  a  {pdw  4  qdy)  =  0, 
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gives  ^  +  y  +  (p  +  9)  «  «  a ; 

therefore  ^  +  y  +  (p  +  ?)  «  «  ^  (p  +  9). 

The  first  equation  of  (l)  gives  y  --  w  ts  a^  and  putting 
p  ^  q  *a  fij  we  have 

dp  =  i (da  +  d/3),    dq^l(da'-d/i), 

and  therefore  the  second  equation  of  (l)  may  be  put  under 
the  form 

-^  «  /    ",  ;  whence  /3  =  6,  (2  +  a*)i, 
p        »  +  a 

and  therefore 

p  -  g  =  x/,  (j?  -  y)  {2  +  (p  +  g)«}*. 

This  first  integral  will  enable  us  to  determine  the  second 
integral.     Putting  p  +  qm  a^  p  —  5^  =  j3,  we  have 

d«f«J^(a+)3)dar  +  ^(a-j3)dy  =  ^a(d^  +  dy)  +  ^j3(d«-dy); 

or,  putting  for  /3  its  value  ^  (^  —  y)  (2  +  a*)i, 

d«  ts^a  {dw  +  dy)  +  ^  (d«  -  dy)  \|r  (.r  -  y)  (2  +  a*)*. 

This  is  integrable  if  we  suppose  a  to  be  constant,  and 
gives 

»  +  0  (a)  =  ^  a  (a?  +  y)  +  >|rj  (a?  -  y)  (2  +  a*)*; 

which,  combined  with 

<^'(a)  =  i  (^  +  y)  +  >/.,  (.r  -y)  ^^^^j  > 

represents  the  integral  of  the  proposed  equation. 

Poisson*  has  shewn  how  to  obtain  a  particular  integral 
of  equations  of  the  form 

P^{Tt--  ^Y  Q (1) 

where  P  is  a  function  of  p,  9,  r,  Sy  t^  homogeneous  with  respect 
to  the  last  three  quantities,  and  Q  is  a  function  of  Xj  y,  x^  and 
the  differentials  of  )r,  which  does  not  become  infinite  when 
r^  -  tf*  =  0. 

*  Correspondance  tur  VEeole  Polytechniquey  Vol.  11.  p.  410. 
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If  we  assume  q^f(p)y  we  have 

«-rfip),     t  ^  sf  ip)  .  r  {f  (p)Y  i 

and  therefore    rt  —  8^  ^  0 (2) 

Hence  the  equation  (1)  is  reduced  to 

P«0; 

and  on  substituting  in  it  the  values  of  q^  s^  and  t^  the  quantity 
r  will  divide  out,  as  P  is  homogeneous  in  r,  «,  and  t^  and 
the  equation  is  reduced  to  the  form 

F  {P,  f(p)f  (P)]  -  0, 

which  is  an  ordinary  differential  equation,  and  being  integrated 
determines  the  form  of /(p)  involving  an  arbitrary  constant. 
The  partial  differential  equation 

can  always  be  integrated,  and  furnishes  a  value  of  x  involving 
an  arbitrary  function  and  an  arbitrary  constant.  This  process 
oomes  to  the  same  as  finding  what  developable  surfaces  satisfy 
the  equation  (1). 

(IS)     Let  r«  -  ^  =  r^  -  «•. 

Assuming  9«/(p)  we  find 

whence  f  (p)  =  ±  l ; 

and  therefore  q  =»/(/>)  =  ±  p  +  C, 

C  being  an  arbitrary  constant.     On  integrating  this  we  find 

z  CSS  CtV  ^^{y  ^ai) 
as  a  particular  integral  of  the  given  equation. 

(14)     Let    ^  +  2p«  + (p^-a^)r  =0 (l) 

In  this  case  Q  «  0,  and  on  puttings  =/(p)  we  have,  after 
dividing  by  Ty 

\f(p)V  +  ^pf(p)+P'-^'-'0; (2) 

from  which  /'(p)  +!>==*»  «> 

and  therefore  q  +  j^f^  J^ap  ^  C. (s) 
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Now  as  every  equation  involving  only  p  and  q  may  be 
considered  as  representing  a  developable  surface,  it  may  be 
satisfied  by  the  equation  to  a  plane  in  which  the  arbitrary 
constants  are  afterwards  supposed  to  vary.     Hence  assuming 

»  =  a.r  +  /3y  +  7, 

we  find  p  =  a,  ^  =  ^3,  and  therefore 

/3  =  C  =t  aa  -  ^o^ 

so  that  a  particular  integral  of  (3)  is 

X  =  aw  '\-  (C  ^  aa  --  ^a*)  y  +  y- 

To  deduce  the  general  integral  we  must  take  for  y  an 
arbitrary  function  of  a,  and  then  join  with  the  equation  to 
the  plane  its  differential  with  respect  to  ay  so  that  the  system 
of  equations 

«  :^aw  -^  (C  ^aa-  ^a*)  y  +  (p  (a), 

0  «=  a?  -  (a  ±  a)  y  +  0'  (a), 

is  the  general  integral  of  (3),  and  a  particular  integral  of  (l). 
A  different  form  of  (f>  should  be  taken  for  each  sign  of  a, 
so  that  this  system  is  equivalent  to  two. 

The  equation 

(15)  (1  +  9*)  r  -  2pq8  +  (1  +  p«)  ^  «  0, 

belongs  to  those  surfaces  in  which  the  principal  radii  of 
curvature  are  equal  but  of  opposite  signs.  On  assuming 
9=/(p)j  we  have 

1  +  {f(P)V  -  ^Pf(P)f'(P)  +  (!+?•)  {f'(P)V  =  0- 
The  integral  of  this  is 

g  =  ap  +  (-  1  -  a')J  ; 

from  which   we  have 

ar  =  0  (^  +  ay)  +  y  (-  1  -  a*)4 

as  the  particular  integral  of  the  given  equation. 

It  is  easy  to  see  that  this  must  represent  a  plane,  as 
that  is  the  only  developable  surface  which  has  its  principal 
radii  of  curvature  equal  and  of  opposite  signs. 
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From  the  difficulties  attending  the  integration  of  ordinary 
differential  equations  of  a  high  order  it  will  readily  be  under- 
stood that  the  integration  of  partial  differential  equations  of 
the  second  and  higher  orders  is  a  problem  in  the  solution 
of  which  still  less  progress  has  been  made.  The  subject 
has  much  occupied  the  attention  of  mathematicians,  and  pro- 
cesses have  been  given  for  integrating  various  classes  of 
these  equations,  but  they  are  unfortunately  exceedingly  long 
and  complex,  and  the  solutions  are  frequently  given  in  a 
form  which  renders  thelbi  practically  useless.  I  shall  therefore 
not  give  any  examples  of  them  here,  but  shall  content  myself 
with  referring  the  reader  to  the  original  memoirs:  such  as 
those  of  Laplace,  Memoires  de  FAcadSmief  1773  ;  Legendre, 
fb,  1787;  Ampere,  Journal  Polytechnique^  Cahiers  xvii.  et 
xviit. ;  and  Cardinal],  Sul  Calcolo  Integrale  delF  equaxioni 
di  differenxe  partiali. 

Some  examples  of  the  application  of  Definite  Integrals 
to  express  the  integrals  of  partial  Differential  Equations  will 
be  found  at  the  end  of  Chap.  xi. 
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CHAPTER  VII. 

SIMULTANEOUS    DIFFERENTIAL    EQUATIONS. 


Sect.  1.     Linear  Differential  Equations  with  Constant 
Coefficients. 

The  solution  of  any  number  of  simultaneous  equations  of 
this  class  may  alwdys  be  reduced  to  the  principles  of  the 
elimination  of  the  same  number  of  linear  algebraical  equations. 
For  the  symbol  of  differentiation  may  be  treated  exactly  like 
any  constant  involved  in  the  equation,  and  therefore  the  rules 
for  eliminating,  when  the  variables  are  involved  along  with 
constants,  may  be  applied  to  equations  in  which  they  are  in- 
volved, along  with  symbols  of  differentiation. 

Ex.  (I)     Let   there  be  two  simultaneous  equations  in- 
volving two  variables, 

diV  dy 

-- +  ay  +  0,  -— +6ar»0. 

at  at 

To  eliminate  y,  operate  on  the  first  equation  with  -y  and 

dt 

multiply  the  second  by  a ;  we  have  then 

c?ar        dy  dy 

— .  +  o— .0,  a-  +  aba,^0. 

Subtracting  the  second  of  these  from  the  first,  y  disappears^ 
and  we  have 

d^m 

-r-3  -  abof  =  0. 

df 

The  integral  of  this  is,  making  ab  m  m% 

^«C«*"'+Ci  €■""•'. 

From  the  first  equation  we  find 


'-<W'--^0 
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It  might  at  first  appear  that  as  we  might  obtain  an  equa- 
tion involving  y  alone,  similar  to  the  resulting  one  in  j?,  there 
must  be  four  arbitrary  constants,  and  not  two.  But  the  second 
pair  can  always  be  determined  in  terms  of  the  other  two,  and 
are  therefore  not  arbitrary.  This  remark  applies  to  such 
equations  generally :  and  it  is  best  to  avoid  the  introduction 
of  the  superfluous  constants  by  deducing  (as  we  have  done  in 
this  example)  the  other  variables  from  the  first  without  inte- 
gration. The  real  number  of  arbitrary  constants  is  always 
equal  to  the  sum  of  the  highest  indices  of  difierentiation  in  the 
different  equations. 

djff 
(2)     Let  -— -  +  a^  +  fey  «  0, 

di 

be  two  simultaneous  equations.  Operate  on  the  first  with 
|—  4-  fr|] ,  and  multiply  the  second  by  b;  then,  on  subtract- 
ing, y  disappears  and  we  have 

This  may  be  put  under  the  form 

where  A  and  k  are  the  roots  of  the  equation 

»*  -  (a  +  bi)z  +  abi  -  aib  «  0. 

Integrating  in  the  usual  way,  we  find 

a?-Ce-**  +  Cie-*'; 

(S)     Let  ^7  +  4a?  +  Sy  «  ^, 

at 


^y  < 

at 
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Eliminating  y,  we  find 

Whence    w^ ^  +  —  ^--€'  + C,«-^' +  C,«-"; 

190       14         8 

and  ,.l-l<  +  l.'-!c.e--C.c-". 

da  t 

(4)  Let         -r-  +5«p  +  y  «€*; 

We  find 

(5)  Let  there  be  three  simultaneous  equations, 

dof 

■37  +  fty  +  ciir  -  0, 

— ^  +  a  a?  +  c  «  «  0, 
dt 

I  d\^ 
Operate  on  the  first  with  I  — 1  —  b"c'j  on  the  second  with 

d  d 

b'^c-b^Ti   and   on   the  third   with   bc^  —  c-r-.      Then    on 
dt  dt 

adding,  the  terms  involving  y  and  x  disappear  of  themselves, 

and  there  remains 
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The  integral  of  this  is  easily  seen  to  be 

€1,  /3,  y  being  the  roots  of 

The  values  of  y  and  »  are  easily  derived  from  that  of  w. 
(6)      Let  -—  -  ay  -  6ar  =  c, 


—  av  ^  bw  ^  c . 


Eliminating  y  by  operating  on  the  first  with   f  — j  -a', 
multiplying  the  second  by  a  and  adding,  there  results 

This  may  be  put  under  the  form 


{(i)'-}  K^)"-} 


a  ^  ac  ^  ca 


where  &%  ft*  are  the  roots  of  the  equation 

Hence  we  find 

ac  —  ca       ^         •.  V      ^         y.         /iv 

ar  «  -7- -7  +  Ci  cos  (Ao?  +  a)  +  Ca  cos  (Apa?  +  /8) ; 

a  6  —  ao 

and  y^-77 i7 CiCos(Aa?  +  a) C;,cos(&a?  +  p). 

ao-ao  a  a 

-.         d^w        dx        dy 
ll\     Let 2  —  —  %  -^  +  «a?  =  cos  2/« 

d*y        dy     dw      ^ 
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Eliminating  y  we  obtain  the  equation 

J  (  — J  +  5  (— )  +  6>  a?«=2  cos2^-4.sin2^  -2cos^; 

or  <(-r-|  +2>  \\^r\  +  S>  ^- 2  co82^- 4sin2^-2  cos^; 


m^-mh'] 


the  integral  of  which  is 

.r  —  cos 2^  -  2  sin  2^  -  cos  /  +  Ci  cos  (2*^  +  a)  +  C2  cos  (sl^ +/3), 

and  from  this  the  value  of  y  is  easily  found. 
Take  the  system  of  equations. 


dy  d^w  d^y 


(8)     a^a?  +  «!  —  +  tfa  37^  +  03  -777  +  &c.  =  m  sin  niy 


dw  d^y  d'd? 

«,y-„,_  +  a.__.«,___&c.-«co««<. 

These  may  be  written  under  the  form 
(Oj,  +  a^d*  +  a^d*  +  &c.)  x  +  (ajd  +  a^d^  +  &c.)  y  =  m  sinn/, 
(flo  +  Ojid*  4-  a^d*  +  &c.)  y  -  (aid  +  agd'  +  &c.)  a^ «  m  cos n^, 
where  for  convenience  the  differentials  of  t  are  omitted. 

Eliminating  y  we  have 
{K  +  ^^^  +  «4«^*  +  &c-)*  +  (flid  +  Osd'  +  &c.)'|  X  = 
»  (©0  +  <*!»  -  «2»*  -  «8^'  -f  ^4^*  +  ^5^'  "  &c,)  sin  n^. 

It  is  obvious  from  the  form  of  this  that  the  complementary 
function  must  be  of  the  form 

2  (J  cos  X/  +  J?  sin  X/), 

where  all  the  values  are  to  be  assigned  to  X  which  satisfy 
the  equation 

{a.  -  02  X^  +  04  X*  +  &c.)  -  -  X*  (ai  -  Cj  X*  +  &c.)  -  «  0. 

Hence  we  have 

a?  =  2  (-4  cos  X^  +  -B  sin  X^)  + 
m  (ao  +  a,n  -  a^n^  -  a^n^  +  o^n*  +  aaW*  -  &c.)    . 

I         I..   ■ —  gijj  fit  ' 

(a^  -  ffgn*  +  a4nV  &c.)*  -  n*  (a^  -  ajn*  +  &c.)*  ' 
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or    w ^z,{Acos\t  +  BsmXt)  + 


Whence  also 

m  cos  nt 


y  »  -  2(-4  sin  X^  -  fi  cos  \^)  + 


ao-ain^ajtn^+a^n^-^a^n^-kc.  * 


The  same  method  is  applicable  to  linear  partial  differential 
equations  in  which  the  coefScients  are  constants.  The  two 
symbols  of  differentiation  are  to  be  treated  as  two  independent 
constants,  since  they  do  not  affect  each  other,  and  are  both 
subject  to  the  laws  which  regulate  the  combinations  of  ordinary 
algebraical  symbols. 

,  .   _    dz        du        dz 
aof        aw         ay 

,  dz      du         du 
aw      dx         dy 

These  may  be  put  under  the  forms 

(d  d        \  d 

dx        dy       I  dx 

I  d  d        \  ,  d 

(— -  +  a— -  +  6)w  +  c  — -  z^O. 

\dx         dy        J  dx 

To   eliminate   Uy    operate    on    the    first    equation    with 

d  d  d        .      . 

-r—  +  a  — -  +  6,   and  on  the  second  with  c  -r-  and  subtract : 
dx        dy  dx 

we  have  then 


-1+2  ,       —      + 


> 


s 


jdx)  1  —  cc      dx  1  —  CO* 


»  =  0. 


If  we  call   1  -  {cc)^  «  —   and   1  +  (cc)i  =  -,    this   may 

be  divided  into  the  two  factors 

{d  d         \    id  d  \ 
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the  integral  of  which  is 

z^  €•"•*' 0(y  -omo?)  +  c""*'>|f  (y-  anw); 
and  from  this  u  can  be  found. 

d^z  du  ^  d^u  d^z 

dofdy        dy       '       datdy        da^^ 

Eliminating  u  we  find 

d^z  d^z 

—  ac  — -r=  0: 


da^dy  dn^ 

the  integral  of  this  equation  is 

whence  also  u  may  be  determined. 

(11)  The  equations  for  determining  the  small  disturb- 
ances of  an  elastic  medium  in  three  dimensions  are 

d^u       ^  d    fdu      dv      dw\ 
ss  a  —  ( —  +  —  +  —  I  , 

dfi  dx  \dw      dy      dzj 

d^v        .   d   fdu      dv      dw\ 

«  o'  —  I  —  +  —  +  —     f 

df  dy  \da      dy      dzJ 

d^w        ^  d    fdu      dv      dw\ 
df  dz  \d(B      dy      dz) 

See  Airy^s  Tracts^  p.  279>  Note. 

We  might  in  this  case  eliminate  v  and  tc;  by  a  process 
similar  to  that  used  in  Ex.  (5)  of  this  section ;  but  the  fol- 
lowing method  is  more  conyenient. 

_.  ^  (du      dv      dw\ 

Let  r  =  aM--  +  -—  +  — -). 

\dx      dy      dz) 

d\'^d*u      (  d\-^d^v      /  d\-^d^w 


Then     [—\     —      [^     —^  (—] 
\dj      de  ^  \dy]      df  "  \dz] 


dy)      df       \dzj      df 
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Operate  on  each   of  these  by    [^)   ,     {±)\     (±)' 
respectively,  and  add :   then 


d.v)  "*"  [dyj  ■*■  W  j^~  da  dt^ 


d    d^v       d    d^'w 


dy  dt^      dx  dt^ 
/du 
\dw 


du      dv      dw\ 

—  +  —  +  —  I 
dt^  \dw      dy      dzj 

1_  d^r 
a"  d7'' 


The  integral  of  this  is 

From  this  r  is  determined,  and  hence  we  can  find 
u,  V,  tOy  as 

^"  [Tt]      H'     ^ "  \Tt)      d^'     ^^  [dij      di' 

When  the  equations  are  not  linear  there  is  no  general 
method  for  integrating  them;  and  therefore  the  means  of 
doing  so  must  be  adapted  to  the  particular  case  under  con- 
sideration. Two  of  the  more  important  examples  of  such 
equations,  which  occur  in  dynamics,  are  subjoined. 

(12)  The  equations  for  determining  the  motion  of  a  par- 
ticle attracted  to  a  fixed  centre  of  force  varying  inversely  as 
the  square  of  the  distance  are 

d*a?      U.W  ,  ^  d^y      ay  ,  ^ 

where  f*«/i?*  +  y^ 

Multiply  the  first  equation  by  y  and  the  second  by  Wj 
and  subtract;  then 

d'^y        d^w 

dt^     ^  dt^ 


1 
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Whence,  integrating 

dy        dtv 

c  being  an  arbitrary  constant. 

Multiply  each  term  of  the  first  equation  by  the  different 
sides  of  this  equation ;  then 


""  dt* 


-wir-^'-^-^m- 


.  dx         y 

Integrating,  -  c  — -  =  ^  -  +  «•  (*) 

at  T 

Similarly,  by  means  of  the   second  equation, 

at         T 

a  and  6  being  arbitrary  constants. 

Multiply  these  equations   by   y  and  w  respectively  and 
add,  then  we  find 

/ir  +  ay  +  6«««c*.  (6) 

Multiply  (1)  by  2  ■— ,   (2)  by  2  -p-  add  and  integrate; 

dt  dt 

By  squaring  (s)  we  find 

Therefore     r»  {~\  =  2  (^  +  *]  r»  -  c»,  (8) 

whence  '  ^  -  ^  I {^  (^^^  ll^)  -  <*\V  <^> 

If  we  assume  a= rcoaO,  y  =  r sin  9,  equation  (d)  becomes 


8IMULTANBOUS   DIFFBBENTIAL   BQUATION8.  395 

whence     0  +  ^  .  / -^  - /-^^^--^-^__ .        (lo) 

From  (10)  we  know  Q  in  terms  of  r,  and  from  (g)  r  in 
terms  of  #  +  a,  so  that  Q  can  be  expressed  in  terms  of  /  +  a, 
and  therefore  also  w  and  y  in  terms  of  the  same  quantity. 
There  appear  to  be  five  arbitrary  constants,  a,  ft,  c,  a,  /3, 
but  the  equation  (6)  gives  a  relation  between  them  which 
reduces  the  number  of  independent  constants  to  four. 

(13)     Let  the  equations  be 

a  —  +  (c-b)yz^O, 

dy 
ft  -77  +  (a  -  c)  afiT  «  0, 

dx 
«  -—  +  (ft  -  o)  ^y  «  0. 

at 

These  are  the  equations  for  determining  the  angular  velo- 
cities of  a  rigid  body  revolving  round  its  centre  of  gravity 
and  acted  on  by  no  forces. 

Multiply  the  equations  by  a?,  y,  «,  respectively,  and  let 

ayz  as  -—- .     Then  the  first  equation  gives 


dt 


da  dd> 


Whence  by  integration 

a        ^ 
h?  being  an  arbitrary  constant. 

Simikrly  y"  -  ?i^_l^  ^  +  h,\ 

0 

and     ^-l(^^Zl)^  +  A.^ 
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Hence  we  find 

dd) 

On  inverting  and  integrating  we  should  obtain  i  in  terms 
of  (p^  and  therefore  <p  in  terms  of  tj  and  from  the  valuQ 
of  0,  w,  f/y  z  in  terms  of  /. 

(14)  M.  Binet*  has  shewn  how  to  integrate  the  system 
of  simultaneous  equation : 

d^      dR        d^      dR        ^      ^     o 

m^"  du'       dt^  "  dv  •       dt^  ^  dx'  ^^^ 

the  number  of  variables  u^  «,  «•..  being  n,  and  R  being 
a  function  of  r  «  (w*  +  t)"  +  jp*  +  ,..)i,  so  tliat 

dR      dR  u        dA      dLR  o        dR      dR  so 

du      dr  r^       dv       dr  r^      dor       dr   r^ 

The  equations  may  therefore  be  written 
d^u  _^dR  u        d^v      dR  V        ^      ^  f .   ^ 

dR 

Eliminating  -—  between  each  pair  successively  we  find 

equations  of  the  form 

d^u         d^v  d^u         d^of 

V u =a  0,      0? —  u «  0,  &c.         I  Si 

d^»  dt^       '         dt*  df        '  ^^ 

From  these,  being   in  number,   we  obtain  the 

integrals 

du         dv  du         dx 

*  Journal  d$  Math6matique$,  Vol.  ii.  p.  457* 
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The  sum  of  the  squares  of  these  gives 

/   du        dv\^      (   du        dsD\^     ^  ^«      ,  . 

(«- «— -)    +  U-r--w^7     +&C.  «-4%     (5) 

V   dt         dtl        \   dt         dt)  '     ^  ^ 

where  JP  is  the  sum  of  squares  of  the  constants.  By  adding 
and  subtracting  u*  ^— j  +  e»  (^-J  +  ^  (^ j  +  &c.,  this 
may  be  put  under  the  form 

du        df)        dw 

On  multiplying  the  proposed  equations  by  2  — ,   2  —  , 

8  — ,  &c.  and  integrating,  we  have 
dt 

/du\*      (dv\*      ldw\^  .«      «. 

2i?  being  the  arbitrary  constant  arising  in  the  integration. 

Substituting  this  expression  in    (6)  and  putting   r^  for 
«*  -I-  V*  +  A^  +  &c.,  that  equation  becomes 

^    du        dv        dm     ^      ^         -,^      ^^ 
dt         fit         at 

du        dv        da        dr 

/dr\ *  A* 

therefore     (— j   -2(i?  +  5)-— ;  (8) 

By  differentiating  (8)  we  find 

^r      dR      J*  ''  ,    ^        ■ 

5?-d7  +  l^-  ^''^      ' 
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Eliminating  -j—  from  the  first  of  equations  (2)  by  means 

of  (10),  and  multiplying  by  r,  we  have 

d^u        ifr      J?  u 
de         df       f*  r 

which  may  be  put  under  the  form 


d  \  ^d  (u\\      A^  u 


or  by  multiplying  by  — ,  and  assuming 

Adt  Adr  ^    . 

Integrating  this  we  find 

u^  r(gi cos 0  H*  A| sin 0) 

Similarly,       «  a  r  (^^  cos  0  +  A»  sin  0)  y  (13) 

^  **  ^  (ft  cos  0  +  A3  sin  ip)  ^ 

&c«  &c. 

But  from   (9)  we  have 

/rdr 

and  from  (11) 


Adr 


^    /3     r  -^^^ 


(15) 


By  means  of  these  we  obtain  ^  as  a  function  of  r,  and 
r  as  a  function  of  /  +  a,  and  therefore  0  as  a  function  of 
i  +  a.  Then  the  equations  (13)  will  give  u,  v^  Wy  &c  in 
terms  of  ^  +  a,  /3,  j^i,  Ai,  ^^f  ^9  &<^-  '^  ^^^  -^^  ^^^  number  of 
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arbitrary  constants  being  thus  S  n  +  4.  But  there  are  re- 
lations subsisting  between  the  constants  which  reduce  the 
number  of  independent  constants  to  2  ft.  In  the  first  place, 
the  constant  fi  will  only  alter  g^  A^,  g^  A^,  &c.,  and  it  may 
therefore  be  neglected,  so  that  the  number  of  arbitrary  con- 
stants is  reduced  to  2n  +  3.     Again,  since 

we  have  by  squaring  and  adding  equations  (l3) 

1  -  cos« 02feO  +  wi»*  02(A*)  +  2  sin  0  cos ^SCj'A). 

In  order  that  this  equation  may  subsist  for  all  values  of 
0  we  must  have  the  conditions 

2fe*)  =  l,     2(A«)  =  i,    ^(gh)^o. 

These  three  conditions  reduce  the  number  of  arbitrary 
constants  to  2n. 

It  is  to  be  observed  that  the  integrals  for  determining 
/  and  0  are  not  independent :  for  if  we  assume  a  function 

dS  ^         dS 

we  have  <  +  «-Jb,     *  +  /3— rfj' 


CHAPTER   VIII. 


SINGULAR    SOLUTIONS    OF    DIFFERENTIAL    EQUATIONS. 


Br  a  singular  solution  of  a  differential  equation,  is  meant 
a  certain  relation  between  the  variables  which  satisfies  the 
differential  equation,  but  does  not  satisfy  the  general  integral. 
Solutions  of  this  kind  have  long  attracted  the  attention  of 
mathematicians,  and  the  memoirs  in  which  they  are  discussed 
are  very  numerous.  Their  existence  was  first  pointed  out 
by  Taylor,  in  his  Metkodua  Incrementorum^  p.  27,  and 
afterwards  they  were  noticed  by  Clairaut,  in  the  M^moirea 
de  rJcadStnie  dea  Sciencea  for  1734.  But  Euler,  in  the 
Mimoirea  de  tAcademie  de  Berlin  for  1756,  was  the  first 
who  considered  the  subject  in  its  bearing  on  the  general 
Theory  of  Integration ;  and  in  his  Integral  Calculus,  Vol.  i« 
Sect.  2,  Chap,  iv.,  he  gave  a  test  for  discovering  whether 
a  given  solution  be  or  be  not  included  in  the  general  integral. 
Lagrange,  in  the  MSmairea  de  TAcadimie  de  Berlin^  and 
afterwards  in  his  Thiorie  dea  Fonctionay  and  his  Calcul  dea 
Fonctiona^  discussed  the  theory  of  these  solutions,  and  shewed 
the  connection  between  them  and  the  general  integral,  and 
their  relative  geometric  interpretations.  Other  points  of  the 
theory  have  been  elucidated  by  Laplace  {MSmoirea  de  FAca- 
dSmie  dea  Sciencea^  1772),  Legendre  {lb.  1790),  and  Poisson, 
Journal  de  FEcole  Polytechnique^  Cahier  xiii. 

Having  given  a  difi^erential  equation,  to  find  its  singular 
solutions  if  it  have  any. 

Let  f/  =  0 

be  a  differential  equation  of  the  first  order  between  x  and  y 

cleared  of  radicals  and  fractions,  then  if  we  represent  — -  by  ji, 

dx 

the  relations  between  w  and  y  found  by  eliminating  p  between 
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U^O,     and  -r-  «  0, 

dp 

are  singular  solutions  of   U  ^0^   provided  they  satisfy  that 

dU 
equation,  and  do  not  at  the  same  time  make  -7—  «  0.     We 

dy 

might   also  deduce  the  singular   solutions   from  eliminating 

dx 

-—  between 

c/  «  0,      and  -; as  0, 

dpi 

dw 
where  p,  s  — ,  provided  that  they  do  not  at  the  same  time 

make  -— •  «  0.* 
dx 

Ex.  (1)     Let  the  equation  be 

dy\«        dy 


•  ©  -' 


,    +  m  s  0. 
dx 


„  dU 

Here  -—  sgj^p-ysO; 

and   eliminating  p  between  this  and  the  preceding  equation, 
we  find 

y*  —  \mx  •■  0, 
as  the  singular  solution. 

(2)     Let     »  +  (y-^)^+(«-^)(^)*=0, 

be  the  given  equation.     Then 

(v  +  yy  -  4ay  «  0 
is  the  singular  solution. 

(8)      Let     s^-2.yg  +  0+^(g)*., 
be  the  given  equation:  the  singular  solution  is 
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This  is  the  equation  with  respect  to  which  Taylor  first 
made  the  remark  that  it  admitted  of  a  solution  not  involved 
in  the  general  integral — '^  singularis  qus^am  solutio,^  as  he 
terms  it.     See  his  Methodus  Incrementorum,  p.  27. 

(4)     Let    a?  +  2d?y  -^  +  (a«  -  sf)  (-^  «  0. 

dm  \daij 

The  singular  solution  of  this  is 

«*  +  y*  -  a*  «B  0. 

The   equation    resulting    from    the    elimination    of  —- 

between  this  equation  and 

dy 

is  y*  —  4«»  «  0 ; 

but  as  this  does  not  satisfy  the  given  equation  it  is  not  a 
singular  solution. 

(,  I..  {,.(g)'}(,.4»)'..(g)-. 

In  this  case  -—  =  0  gives  us 

a 


(1  +  p')»  ■ 

Eliminating  p  by  means  of  this  equation  we  find  as  the 
singular  solution 

^       dU  .  a 

Here  — -  s  o  gives  us  p  =■  - ;    and    the    result    of   the 

elimination  of  p  is 

ao^  +  6y  -^«  0; 
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but   as   this   does   not   satisfy   the   given    equation  it  is  no 
solution  at  all. 

(8)  Let  the  equation  be 

The  singular  solution  is 

y*  -  4«f'  =  0. 

When  a  solution  of  an  equation  is  given,  and  it  is  re- 
quired to  find  whether  it  be  a  singular  solution  or  a  particular 

integral,  we  must  deduce  from  it  the  value  of  p  «>-t^  ,  and 

.     dU 
see  whether  when  substituted  in  -; —  it  make  it  vanish,  and 

dp 

dU 
do  not  at  the  same  time  make  -—-  vanish.     If  this  be  the 

dy 

case   it   is  a  singular   solution,  otherwise  it  is  a  particular 
integral. 

(9)  Are  y**  —  2af  +  1,  and  y'  +  dr'  s  o,  singular  solutions 
or  particular  integrals  of  the  equation 

"^  ^  -  2  (yp  +  »)• 

Now  from  the  first  of  the  given  solutions  we  find 

1 

which  does  not  make  -^-  vanish :  it  is  therefore  a  particular 

dp 

Integral. 

From  the  second  of  the  given  solutions  we  find 

a 

26—2 
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which  does  make  •-—  »  0 ;    and   as   it   does  not   make    

dp  dy 

vanish,  it  is  a  singular  solution. 

(10)     In  the  same   way  it  will  be  seen  that 

y«  +  (47  -  1)«  «  0 

is  a  particular  integral  of 

f^)  +»^  +  *  =  0. 
\daj         diV 

If  the  differential  equation  be  of  an  order  higher  than 
the  first,  let  yi,  y^j.^^yn  represent  the  successive  differential 
coefficients  of  y  with  respect  to  a.     Then 

being  the  equation  cleared  of  fractions  and  radicals  as  before, 
the  conditions  that  yj,-««  JT  should  be  a  singular  solution 
of  the  (n  —  m)^  order  are 

dU  dU  dU 

;t-  =»  0, «=  0 ... .  0 ; 

and  therefore  if  we  find  a  relation  between  w^  y,  and  y...  =  X^ 
which  satisfies  these  equations  and  also  the  given  equation, 
it  is   a   singular  solution   of  the  (n  -  m)^  order. 

Legendre,  Mem.  de  VAcad.^  1790,  p.  218. 
d^yV    ^dy  d^y 


,    X     ^  (d^y\  dy  d'y 


be  the  given  equation.     Putting  -^-rsy,,   — 7  =  yt  ^c  may 

doD  dar 

write  it 

u  dU        ,  ^ 

Here  ^  =  ^(^y* -y,)  «0 

gives  y^  =  ~ ;    and,  by  means  of  this,   eliminating  y^  from 
the  original  equation  we  find 
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as  A  singular  solution  of  the  first  order.      As  this  does  not 

dU  .  .     dU 

satisfy  —, —  «  0,  and  as  there  is  only  one  factor  in  - —  «  0, 

there  is  no  singular  solution  of  the  final  integral. 


(12)     Let 

dy      uf  d^y 
^         dm      %  da^ 


\dm "     dW       UW  "   ' 


The  condition  -; —  «  o  irives  us 
from  which  we  find  the  singular   solution  of  the  first  order 

(13)  Let  the  equation  be 

It  will  be  found  that 

a7y  -  1  =  0 

dU         dU 
satisfies  - —  =  0,  --—  «  o  and  f7  «  0,  and  as  it  is  independent 
dya  dyi 

of  yi  and  ^2  it   is  the   singular   solution  belonging   to   the 

final  integral. 

(14)  If  the  equation  be  of  the  third  order 

(-S)"-(S"(-S)-<>. 

a  singular  solution  of  the  second  order  is 

(15)  Let  the  equation  be 

«-(-S)"-©'(-S)*-»- 
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Then  yg  +  ^^O  is  not  a  singular  solution,  because  though 
It  make  -; —  «  0  it  also  causes  — —  to  vanish ;    and  we  find 

djfs  oy« 

that  the  real  value  of  ~  is  infinity  instead  of  zero,  as  it 
would  be  in  the  case  of  a  singular  solution* 

Having  given  the  general  integral  of  a  differential  equa- 
tion of  the  first  order,  to  find  the  singular  solutions  of  the 
equation  when  there  are  such. 

Let  t«  B  0  be  the  integral  cleared  of  radicals.  As  it  is 
supposed  to  be  an  integral  of  an  equation  of  the  first  order, 
it  miist  contain  an  arbitrary  constant,  which  we  shall  call  c. 
Then  if  the  equation 

dU 

give  a  value  of  e  in  terms  of  w  and  y,  the  elimination  of  c 

dU  ,       . 

between  £7  «  0  and  -—  «  0  will  give  an  equation  in  x  and  y, 

which  is  the  singular  solution.     It  is  to  be  observed  that  if 

—-  sa  0  give  a  constant  value  for  e,  or  a  value  in  terms  of  x 

and  y,  which  becomes  constant  in  consequence  of  the  relation 
(7  ■  0,  the  result  of  the  elimination  is  not  a  singular  solution 
but  a  particular  integral. 

(16)  Let  the  equation  be 

or*  —  Scy  -  c*  -  rf  «  O. 

dU 
Then  -T-«-2(y  +  c)  =  0, 

ae 

whence   c^  -^f^    so  that  «*  +  y*  —  «* «  0 
is  the  required  singular  solution. 

(17)  Let     y  -aa (c  -  o)'  +  —  (c  -  a)*  =  0. 

dU 
Then  -—  =  6«  (c  -  aY  -  a;'  (c  -  o)  «  0. 

dc 


SINGULAR   SOLUTIONS    OF    DIFFERENTIAL   EQUATIONS.        407 

This  is  satisfied  either  by  c^s  a  or  c^a^  - . 

^  b 

The  former  gives  a  particular  integral.     The  latter  gives 

which  is   the  singular  solution. 

(18)     Let     (a?«  +  »*-aO  (y* -2cy)  +  (o?^- o»)c*  =  0. 

dU 
Then  -—  «  2  {c  (a?*  -  a*)  -  y  (^  +  y*  -  a*)}  -  0; 


from  which 


dc 

y  (a?«  +  y^  -  a*) 


which   being  substituted  in  the  equation   gives 

0?*  +  y*  -  a*  «  0 

as  the  singular  solution :  but  since  this  makes  c  »  0,  it  appears 
that  it  is  only  a  particular  integral  found  by  making  the 
arbitrary  constant  equal  to  zero. 

Let   £7  s  0  be  the  integral  of  an  equation  of  the  second 

order,  so  that  it  contains  two  arbitrary  constants  Ci^  c^ ;  then, 

if  we  represent  the  differentiation  with  respect  to  x  and  y  by  d^ 

and   that  with  respect  to  c^  and  e^,  by  d',  we  can  obtain  the 

dc 
singular  solution  by  eliminating  Cj,  c^y  and  —  between  the 

dci 

equations 

{7=0,     dU^o,     d'U'-Oy     dd'U^o. 

(19)     Let  the  given  integral  be 

so  that  f7  =  ^  Ci  a?'  +  Cj  a?  +  Ci*  +  Cji*  —  y  =  0. 

Then    dU=^{ciW  •\-  c,)  dx^-dy^  0, 

^'^^  «■  (i**  +  2c,)  dci  +  (cr  +  2c,)  dcj  =  0, 

dd!U  ^  (wdci  +  ^^s)  d^  ^  0* 

From  the  last  we  find 

dc2 
aC| 
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Substituting  this  in  the  preceding  equation  we  have 

Between  this  equation  and  the  first  two  we  can  eliminate 
C|  and  c^  and  we  find  as  the  singuLir  solution  of  the  first 
integral 

(20)     Let  the  integral  be 

By  a  similar  process  to  that  in  the  last  example,  we  find 
as  the  singular  solution  belonging  to  the  first  integral  of 
the  diflerential  equation 


ody 


+  Sar ^ay  «  0. 

aw 


There  is  no  singular  solution  belonging  to  the  final  in- 
tegral, but  the  singular  solution  just  found  has  itself  a  singular 
solution,  which  is 

«•  +  2y  a  0. 

Singular  Solutions  of  Partial  Differential  Equations. 

If  U—0  he  a  partial  diflerential  equation  of  the  first 

order  in  /r,  y,  and  Zj   and  if  we  put  -— ao,   — sat,    the 

dof  dy 

singular  solution,  if  there  be  one,  will  be  found  by  eliminating 

p  and  q  between  the  three  equations 

dU  dU 

ap  aq 

(21)     Let  the  equation  be 

(«-p»-9y)*«a'(l  +P^  +  ?*). 

mi.  rf^         , 

1  nen       -—  ra  ^  Qg  ^  pa  ~  qy)  m  -  c?p  e  0, 

:  dU 

—  ^^(«^pw^qy)y^a^q^O. 
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By   means  of  these  eliminating  p  and  q,  we  find 

57*  +  y*  +  «•  =  a* 
as  the  singular  splutiot^. 

(^)     Let  the  equation  be 

{pof  -  qyY  q  +  4mj^  (»  —  pa)  «  o. 

dU 

— -  =  9  (p«  -  qy)  -  2m^  =  0, 

ap 

—  -  (par  -  ^y)  (pa  -  S^y)  =  0. 

These  two  equations  agree  with  the  original  one,  if  we 
assume 

pa^-Sgry  «0; 

and  the  singular  solution  found  by  eliminating  p  and  q  is 

^  —  ^ma^y^  0. 

Legendre,  Mimoirea  de  rJcadimie,  1790,  p.  258. 

(23)     Let         (»  -  pa?  -  gy)"  «  -rfp^g*. 

-— -  «  -  mar  («  -  pa?  —  ?y)""'  —  a-4p""  V  *■  0, 
op 

-— «  -  my  (af-poT-gy)""*-  6Jp"g*"*»0. 
dg 

Dividing  the  first  of  these  by  the  second  we  find 

aq      w 
bp^  y* 

Dividing  the  original  equation  by   the  first  we  have 

«  —  pw  --  qy         p 

ma  a ' 

Eliminating  q  between  these  we  find 

p  « ,  where  c  =»  m  -  (a  +  6). 

ca 

bx 
Similarly         g  «» . 

cy 
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By  means  of  these  values,  eliininatiiig  p  and  9»  we  find 
the  singular  solution  to  be 

If  the  partial  differential  equation  be  of  the  second  order 
and  we  put 

d»g_  d^jy  d'jg 

da^       *      dwdy       '       dy*       ' 

the  conditions  which  must  be  satisfied  in  order  that  an  equa- 
tion should  be  the  singular  solution  of  the  first  order  of  the 
equation  (7  ■=  0  are 

dU^  dU^  dU 

dr        ^       da        '       di        ' 

If  the  function  is  to  be  a  singular  solution  belonging  to 
the  final  integral,  it  must  in  addition  satisfy  the  equations 

dU  dU 

dp        ^      dq        ' 

(24)     Let  the  given  equation  be 


r« 


-'«K^-"rT^)-'(^"TT;^)^'^' 


dU 
Here   ——  as  o  is  the  only  condition,  and  we  have 
dr 


d 
dr 


^-«{r-9(p-j^J}-0. 


Comparing  this  with  the  given  equation,  we  find 


z 

1  +  J? 


from  which  r  ** Ip )  m  O, 

1  +  a?  V^      1+47 

dU 
which  satisfies  both   ?/  =»  0  and  -v~  ■•  ^  •  therefore 

dr 
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is  the  singular  solution  required.     The  integral  of  this  is 

Foisson,  Jour,  de  tEcole  Polyt  Cah.  xiii.  p.  113. 
(25)     Let  the  equation  be 

\af     yl 
It  will  be  found  that 

x^m  +  y 

satisfies  the  original  equation  as  well   as 

dU  dU  ^  dU  dU^ 

dr        ^       dt        ^      dp        *       dq        ^ 

it  is  therefore  a  singular  solution  corresponding  to  the  final 
integral. 


CHAPTER  IX. 

QUADRATURE    OF    AREAS    AND    SURFACES,    RECTIFICATION 
OF    CURVES    AND   CUBATURB    OF    SOLIDS. 


Sect.  1.     Qtuidrature  of  Plane  Areas. 

When  an  area  is  referred  to  rectangular  co-ordinates  x 
and  y,  the  double  integral  ffdxdy  taken  between  the  proper 
limits  gives  the  value  of  the  area.  One  of  the  integrations 
may  always  be  performed,  so  that  we  have  either 

fydw  +  C     or  fwdy  +  C, 

and  these  integrals  are  to  be  taken  between  the  limits  of  y 
or  0?,  which  form  the  boundaries  of  the  area.  If  we  take 
the  first  of  these  expressions,  the  limiting  values  of  y  must 
either  be  constants  or  functions  of  »  given  by  the  equation 
to  the  bounding  curve :  therefore  on  substituting  these  values 
we  obtain  a  function  of  w  alone,  which  is  to  be  integrated, 
and  taken  between  the  limits  of  that  variable  which  are  re- 
quired by  the  problem.  If  after  the  first  integration  we 
suppose  C  «  0,  the  integral  A  «  fydw  expresses  the  area  in* 
eluded  between  the  axis  of  /r,  the  curve,  and  two  ordinates 
corresponding  to  the  limits  of  oo. 

In  taking  the  integral  fydw  between  the  final  limits  of 
w^  it  is  necessary  that  the  interval  should  not  contain  a  value 
of  w  which  causes  y  to  vanish  or  become  infinite,  as  in  that 
case  we  might  be  led  to  an  erroneous  conclusion.  Thus  if 
we  suppose  a  curve  to  be  symmetrically  situate  in  the  first 
and  third  quadrants,  and  to  intersect  the  axis  at  the  origin ; 
and  if  we  were  to  integrate  from  a^eatod^e— awe  should 
obtain  zero  as  our  result,  instead  of  finding  the  area  to  be 
double  of  that  from  /i?  a  o  to  w^  a,  or  that  from  zr  s  o  to 
/p  »  —  a.  Therefore  when  any  interval  from  a  to  6  contains 
a  value  c  of  w  which  makes  y  vanish  or  become  infinite,  we 
must  break  it  up  into  two  intervals,  one  from  6  to  o  and 
the  other  from  c  to  a,  and  add  the  integrals  corresponding 
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to  these.  In  like  manner  if  the  interval  contain  several 
values  of  a  which  make  y  vanish  or  become  infinite,  we  must 
split  it  up  into  as  many  smaller  intervals,  each  having  one 
of  these  values  of  d^  as  a  limit,  and  add  them  all  together. 
If  the  co-ordinates  be  not  rectangular,  and  a  be  the 
angle  between  them,  we  must  multiply  the  integral  by  sin  a 
to  obtain  the  value  of  the  area. 

Ex.  (1)     If  we  take  the  general  equation  to  a  parabola 
of  any  order 

we  have         A  ^  lydaf  ^ ^»+»jym+»  ^  (^^ 

•'^  m  +  ^n 

(2)     The  general  equation  to  hyperbolas  referred  to  their 
asymptotes  is 

aTj/'  ss  a""*"", 

A  ^  Jy  dw  ss  C  + o  "  0?  »  . 

•'  n  —  m 

This  formula  fails  when  m  «  n,  in  which  case 

A  =^  C  +  a*  log  a. 

\^  (s)     When  the  common  hyperbola  is  referred  to  its  axes, 

the  sectorial  area  ACP  (fig.  53)  is  easily  found. 

For        ACP  e  NCP  -  ANP  «  ^o^y  -  fydw. 

b  , 

Now  y  e  -  (a;*  —  o')3, 

and     fydof^  —  {x  (a^  -  a')i|  -  a*  log  {/v  +  (<»*-  a*)i]  +  C. 

Determining  the  constant  by  the  condition  that  the  area 
vanishes  when  or  a  a,  we  have 

fydw  -  io^y  -  lab  -Ai ^ L-L, 

ab 


80  that  JCP-^  log  g  +  l). 
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'X  (4)     In  the  circle,  the  equation  to  which  is 

A  -  ida  (a«-  oO*  -  -  (a*-  ^*  +  -  sin-'  -  +  C. 

If  this  be  taken  from  a^a  to  ^ » 0,  we  find  the  area 

of  the  quadrant  to  be ,  and  therefore  that  of  the  whole 

circle  to  be  ^a^ 
A  If  the  equation  to  the  circle  be 

y*  ss  9,a(!6  -  a;*, 

Mb    ^^^    ^9  ,^^9  4^s 

A  a  ^da  (%aaf  —  a;^!  -s {2aw  -  ^)J  h —  vers"^  -  . 

2  2  IS 

'N  (5)     The  equation  to  the  ellipse  being 

a'  "^  6«  ■  ^* 

6 ,      6 

a 

For  the -whole  ellipse  ^  «  -  wo**  irafe. 

a 

(6)  The  equation  to  the  witch  of  Agnesi  is 

wf^  ■  4a*  (2a  —  a). 

A  -  2a  |(2a» -«*)*  +  a  vers""*  ->  +  C. 

Taking  this  from  a;B2a  to  ofmO,  and  doubling  it  on 
account  of  the  symmetry  on  both  sides  of  the  axis  of  «, 
we  find  the  whole  area  between  the  curve  and  its  asymptote 
to  be  49ra*. 

(7)  The  equation  to  the  cissoid  is 

i 

^(2a  —  «)  «  jj*. 
Here 

A^  "  2a{2aw  -  A7*)i  +  3 .  circ.  area  whose  versine  is  -  +  C* 


A  ^  -  fdw  (a*  -  a^)i  ■  -  •  circ.  area  whose  cosine  is  -  +  C 


\ 


V^ 
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and  the  whole  area  included  between  the  asymptote  and  the 
two  branches  of  the  curve  is  3wa\ 

"X  (8)     The  equation  to  the  cycloid  is 

dtO  w 

This  being  only  a  differential  equation,  it  is  necessary 
to  use  an  artifice  for  the  purpose  of  effecting  the  integration. 
If  we  integrate  fydx  by  parts  we  have 

fydx  =  «y  -  fwdy^ 

=  /ry  —  fdaf{Zaa  -  a^)i. 

Taking  this  integral  from  w^O  to  47 » 2a»  and  doubling 
it,  we  find  the  whole  area  of  the  cycloid  to  be  d7ra%  or  three 
times  the  area  of  the  generating  circle. 

^  (9)     The  differential  equation  to  the  tractrix  being 

^  dy  y 


dw         (a*  —  y*)4  ' 

A  «  fydw  «  -  fdy(cf  -  y*)* ; 

and  the  whole  area  included  between  the  curve  and.  the  positive 

axis  is 


tto* 


4f 

«\  (10)     The  equation  to  the  catenary  being 

^  mm 

y-ic  («•  +  «")» 

m  ^m 

its  area  is  i^^l®^  -  e'^)  «  c(y*  -  c*)i. 

(11)     The  equation  to  the  evolute  of  the  ellipse  is 

The  whole  area  inclosed  by  the  curve  is  ^. 


8 


This  is  best  investigated  by  Dirichlet^s  method  of  evaluat- 
ing definite  integrals.     See  Chap.  xi. 
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^\.  (12)     The  equations  to  the  companion  to  the  cycloid  are 

y^aOy     a?  s  a(i -CO8  0), 
.  fydw »wy  -  fady  =  a'(sin 0  -  0cos9)  +  C. 

The  whole  area  is  2  va%  or  twice  the  area  of  the  generating 
circle. 

When  an  area  is  referred  to  polar  co-ordinates  r  and  0, 
its  value  is  given  by  the  double  integral  ffrdrdO  taken  be- 
tween proper  limits.  Integrating  with  respect  to  r  we  have 
A  >■  ^/r*  dd  +  C ;  and  if  we  suppose  C  «  0,  the  int^;ral 
A^\ji^ dOj  in  which  there  is  substituted  for  r  its  value  in 
terms  of  6  given  by  the  equation  to  the  curve,  is  the  value 
of  the  sectorial  area  swept  out  by  the  radius  vector.  In 
taking  the  integral  between  the  limiting  values  of  0,  the 
same  precaution  must  be  observed  as  in  the  case  of  recti- 
linear co-ordinates,  that  the  interval  shall  not  contain  a  value 
of  0  which  causes  r  to  vanish  or  become  infinite.  If  we  sup- 
pose 9  to  increase  indefinitely,  the  same  geometrical  space  will 
be  repeatedly  swept  over  by  the  radius  vector  at  each  revolu- 
tion, so  that,  when  the  curve  is  not  re-entering,  the  analytical 
area  (if  we  may  use  the  phrase)  difiers  from  the  geometrical 
area :  to  obtain  the  latter  we  must  subtract  from  the  ana- 
lytical area  that  portion  which  has  been  previously  swept 
over.  Thus  if  we  wish  to  find  the  geometrical  area  included 
between  the  values  0  and  47r  of  0,  and  if  we  put 

the  required  area  is  A^  "  ^r 

(13)     The  equation  to  the  Lemniscate  is 

r*  =  a*  cos  20, 
A  «  ^ff^dd  »  ^a'/dOcos^e  =  C  +  ^o^sin 20. 
If  we  take  this  from  0^0  to  9  ^^-n^  we  have 

This  is  the  fourth  part  of  the  whole  area  of  the  curve, 
which  is  therefore  equal  to  a\ 

In  this  case,  if  we  had  at  once  integrated  from  0 ^0  to 
0  B  TT^  or  0  »  2  TT  we  should  have  found  the  area  to  be  zero. 
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This  anomaly  would  arise  from  our  integrating  through  an 
interval  in  which  r  becomes  zero. 

(14)     Let  the  equation  to  the  curve  be 

r^a cos d  +  6,  where  a>b. 

The  form  of  this  curve  is  given  in  fig.  42. 

If  we  wish  to  find  the  area  included  within  ODCAHGy 
it  is  sufficient  to  integrate  from  d  a  o  to  that  value  of  Q  which 
causes   r  to  vanish,   and   then   to  double   the  result.     Let 

a=cos"M — j,  then  the  area  ODCAHG  is  equal  to 

|^{(a*  +  26')a  +  S6(a»-.60*}; 
and  the  area  OEBF  is  equal  to 

1  \{€f  +  26«)  (tt  -  o)  -  Sh{cf  -  6«)i}. 

If  6  =  a,  the  curve  becomes  the  common  cardioid,  and 


its  area  is 


2 


\  (15)     The  equation  to  the  conchoid  of  Nicomedes  when 

V    referred  to  polar  co-ordinates  is 

r  as  a  sec  0  +  6, 


and  its  area  is 


D 


(l6)     The  curve  whose  equation  is 

r  aasin30 

has  six  loops  (see  fig.  49),  and  it  is  sufficient  to  find  the  area 

inclosed  by  one  of  them.     This  is  easily  seen  to  be  and 

therefore  the  sum  of  the  areas  of  the  six  loops  is  -^ira^,  or 
one  half  of  the  area  of  the  circle  which  bounds  them. 


\ 


(17)     The  equation  to  the  spiral  of  Archimedes  is 

Hence  the  area  «  —r-  +  C 

o 

27 


V 
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After  n  revolutions  the  analytical  area  swept  out  is 
a*  «    V       ;  but  to  obtain  the  geometrical  area  we  must  sub- 

0 

tract  from  it  the  area  corresponding  to  (n  —  1)  revolutions^ 
which  gives  us  (S»*  -  Sn  +  l)  — - —  as  the  required  geo- 
metrical area.  In  the  same  way  we  should  obtain  as  the 
geometrical   area  corresponding   to   (n  +  1)   revolutions^    the 

expression  (3n*  +  3n  4  1)  (^tt)'  -r  ,  and  the  difference  between 

these  or  the  space  between  the  arcs  after  (n  +  l)  and  after 
n  revolutions  is  n  (2ir)'a%  which  is  n  times  the  space  between 
the  arcs  after  the  first  and  second  revolutions. 

(18)     In  the  hyperbolic  spiral 

The  area  swept  out  by  the  radius  vector  from  0  to  f 
is  ^oTy  which  is  equal  to  the  triangle  formed  by  the  radius^ 
the  tangent  and  the  sub-tangent. 

If  the  equation  to  the  spiral  be  given  by  a  relation 
between  p  and  r,  we  have 

prdr 


.    r    prar 
2  j  (i^-y 


(19)     In  the  involute  of  the  circle 


Therefore   J^—  fdrr  (r«  -  a^)i  «  ^  +  C. 

fta''         ^  ^       6a 

(so)     In  the  epicycloid 

c  —  a 

where  o  a  +  ib,  a  and  6  being  the  radii  of  the  fixed  and 
generating  circles  respectively.     Hence 

B ^ glQ  I -_  I      +    ^, 

4a  4a  \c*  -  (Cj 
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Hence  the  area  swept  out  by  r  during  one  revolution  of 
the  generating  circle  is 


4a  a 


(o»+Sa6  +  26*). 


Subtracting  from  this  the  area  of  the  sector  of  the  fixed 
circle  which  is  iraby  we  have  for  the  area  included  between 
the  epicycloid  and  the  fixed  circle 

A^—    (Sa-\-  26). 
a 

When  a  curve  forms  a  loop,  the  area  may  sometimes  be 

conveniently  found  by  taking  - ,  or  the  tangent  of  the  angle 

w 

which  the  radius  makes  with  the  axis  of  /v,  as  the  independent 

variable.     If  we  put  -  ^  tan  d  s  ^,  we  have  dQ  a  dt  cos"  9  and 

w 

J^^fr^dO^^  fdOar'sec^e  =  |  fdia^. 

(21)     The  curve  y^  -  Saay  +  47^  «  0, 

has  a  loop  which  touches  the  axes  of  w  and  y  at  the  origin ; 
see  fig.  51.     Now  putting  y  ^  at,  we  find 

Sat 


a 


l+^»' 


\ 


and         A^ —  Ut- z^.^--7r\ — n+^5 

9,     ^       (1  +  ^*)"  2      1  +  t^ 

and  taking  this  from  ^  »  0  to  ^  b  00   we  have 

A  =  —  for  the  whole  area  of  the  loop. 

2  ^ 

(22)     The  lemniscate  whose  equation  is 

.    (a^  +  sO'«a'^-6V^ 

has  two  loops;  find  its  area« 

a«-5^/* 
A^\ldta^^\idtj^^^, 

27—8 


\ 
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and  for  each  loop  the  limits  of  t  are  -  and  —  - .     The  whole 

0  0 

area  is  ah  +  (a*  -  V)  tan'*  -  . 


Sect.  2.     Rectification  of  Curves. 

When  a  curve  is  referred  to  rectangular  co-ordinates,  the 
length  of  any  portion  of  it  is  found  by  integrating 

between  the  proper  limits. 

(1)  The  equation  to  the  common  parabola  being 

the  length  of  an  arc  measured  from  the  vertex  is 
- ,     /a?  +  iiiN  4     ,  ,  . ,      w  ,      m  +  2  {a?  +  (a?*  +  ma)i} 

/^^(~:;r"  =(^  +  «»^)*  +  7iog — ^-^- 

(2)  The  equation  to  the  semicubical  parabola  is 

ay*  =3  37*. 

The  length  of  the  arc  measured  from  the  origin  is 

(4a +90?)*-  (4a)* 

""  27ai 

This  was  the  first  curve  which  was  rectified.  The  author 
was  William  Neil,  who  was  led  to  the  discovery  by  a  remark 
of  Wallis  in  his  Arithmetica  Infinitorum.  See  WcUUHi  Opera^ 
Tom.  I.  p.  561* 

(S)     To  find  when  the  curves  expressed  by  the  equation 

a"y"  =  0?**+" 
are  rectifiable.     We  have 

n  ft 

This  is  integrable  when  —  or H  i  is  an  integer : 

2971         2m 

the  first  of  these  gives 


n 
the  second  gives 

m  +  n 
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"^"-f-l-*-* 


f-|-f-&c. 


V 


n 

(4)     The  equation  to  the  cycloid  being 

dy      (2a^  —  ^)i 


dw  w 

"we  have  «  «  2  (2a^)^  +  C- 

Hence  the  whole  length  of  the  cycloid  is  8  a  or  four  times 
the  diameter  of  the  generating  circle.  This  rectification  was 
discovered  by  Wren. 

(5)     The  equation  to  one  of  the  hypocycloids  is 

^1  +  yi  s  ai ; 
the  whole  length  of  the  curve*  is  6a, 


^  (6)     The  equation  to  the  catenary  is 


g  («  +  e      ). 


Then 


ds 


dy      (tf'-c*)*' 
and     ««(9»-c^)J«^(e^-6"*"), 

the  arc  being  measured  from  the  point  where  y  ^c. 

Hence  as  the  area  is  equal  to  c  (y*  —  c^)K  it  is  equal  to 
C8 ;  that  is,  the  area  contained  between  the  axes,  the  curve 
and  any  ordinate  is  equal  to  the  length  of  the  corresponding 
arc  multiplied  by  a  constant. 

r>.  (7)     The  equation  to  the  tractory  is 

y 

Then  «  =  a  log  - , 

a 

supposing  the  arc  to  be  measured  from  the  point  where  y^  a* 


V 
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When  a  curve  is  the  evolute  of  another  curve,  the  length 
of  its  arc  is  best  found  by  taking  the  difference  of  the  radii 
of  curvature  of  the  involute,  corresponding  to  the  extremities 
of  the  arc. 

(8)     To  find  the  length  of  the  evolute  of  the  ellipse. 

The  radius  of  curvature  of  the  ellipse  at  the  extremity  of  the 

major  axis  is  — ;  that  at  the  extremity  of  the  minor  axis  is 

a 

— :  therefore  the  length  of  the  fourth  part  of  the  evolute  is 


a         ab 
If  the  curve  be  referred  to  polar  coordinates  r  and  9, 


and  if  it  be  referred  to  p  and  r 

(9)  In  the  logarithmic  spiral 

Therefore     s  -  fdO  |r«  +  {^  \  =  (1  +a^)i  -, 

supposing  it  to  be  measured  from  the  pole.  Hence  the  arc 
is  equal  to  the  portion  of  the  tangent  at  its  extremity,  which 
is  intercepted  between  the  point  of  contact  and  the  sub- 
tangent. 

(10)  The  equation    to  the  spiral  of   Archimedes  being 

the  length  of  the  arc  from  the  origin  is 

r(a^  +  r«)i      a,      r -^  (a' -t- r")* 
+  -  loe . 
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This  is  the  same  as  the  arc  of  a  parabola  (whose  latus 
rectum  is  2  a)  intercepted  between  the  vertex  and  an  ordinate 
equal  to  r. 

"y  (11)     In  the  involute  of  the  circle  the  equation  to  which  is 

/rdr      r^      ^ 
=  —  +  C. 
a        fta 

If  the  arc  be  measured  from  the  point  where  r  s  a  we 

find  c  ->  — ,  and  s  «=  ^--.      Now  p  is  always  equal  to  the 

length  of  the  arc  of  the  circle  which  is  unwound,  so  that 
if  this  be  called  ad, 

(12)     The  equation  to  the  epicycloid  is 


\ 


p 


c'-d' 


where  c  Bs  a  4-S&,  a  and  h  being  the  radii  of  the  fixed  and 
generating  circles  respectively.     Hence 

The  whole  arc  corresponding  to   one   revolution  of  the 

generating  circle  is  8  -  (a  +  6). 

a 

The  corresponding  arc  in  the  hypocycloid  is  8  -  (a  -  6). 

For  a  curve  of  double  curvature  we  have 

\  *      (dx\  *1  i 


/-{-Q^©}* 


\ 


(18)     In  the  helix, 

y  a  a  cos  n«r,     »  rs  a  fsia  nso ; 

therefore    8  «  Jdw  (1  +  n?a^)i  =  (1  +  n*a*)*  af  +  C. 

If  the  arc  be  measured  from  the  origin  C «  0,  and 

«  s  (1  +  7i?a^i  w. 
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If  d  be  the  constant  angle  which  the  curve  makes  with 
the   axis   of  a?,   na  stand   and    (I +nV)i  =  secft  so  that 

\  (14)     The  loxodrome  is  defined  by  the  two  equations 

(«*  +  y*)H€         •  +  «  )  =  2r, 

07*  +  y*  +  «•  =  r*. 

Changing  into  polar  co-ordinates  by  the  formulas 

07 »  r  COS0  sin 0,     y  »  r  sind  sin ^,     z  ^r  costp, 

and  integrating  from  0  v  0  to  (p^  ir  we  have 

(1  +  n«)l 


n 


Sect.  3.     Cubature  of  Solids. 

If  a  solid  be  referred  to  rectangular  co-ordinates  its  volume 
(F)  is  found  by  integrating  the  triple  integral  fffdwdydz.  If 
we  integrate  first  with  respect  to  z,  and  suppose  the  integral  to 
begin  when  z  ^0, 

V^ffzdady 

is  the  volume,  z  being  given  in  terms  of  w  and  y  by  the  equa- 
tion to  the  surface,  and  the  integrals  being  taken  between  the 
proper  limits,  which  differ  according  to  the  nature  of  the 
surfaces  which  bound  the  surface  laterally.  The  most  simple 
case  is  when  the  solid  is  bounded  laterally  by  four  planes, 
two  parallel  to  the  plane  of  wz^  and  two  to  that  of  yz.  The 
limits  of  w  and  y  being  then  constant  are  independent  of  each 
other,  and  the  integration  may  be  easily  effected.  But  if 
the  surface  be  terminated  laterally  by  the  curve  surface,  the 
extreme  values  of  the  variables  are  connected  together  by  a 
relation  derived  from  the  equation  to  the  surface  by  making 
^  B  0.     If  we  integrate  first  with  respect  to  y,  and  if  the 


V 
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equation  to  the  surface  give  us,  on  making  )2r «  0,  a  relation 
f{Xj  y)  ^0  between  w  and  y,  we  have  to  take  the  values  of 
y  in  terms  of  w  derived  from  this  equation  as  the  limits  of 
the  integral  with  respect  to  y.  There  remains  now  only  to 
integrate  a  function  of  w^  and  to  take  it  between  the  limits 
of  the  value  of  w  derived  from  the  equation  to  the  surface 
bj  making  x^O  and  y^O. 

If  we  wish  to  find  the  volume  of  the  solid  terminated 
laterally  by  a  cylinder  perpendicular  to  the  plane  of  wy^ 
having  for  its  base  any  curve  as  LL'NN'  (fig.  54),  we  take 
the  integral  with  respect  to  y  from  y  «  MN  to  y  ^  MN*^ 
which  are  given  in  terms  of  w  by  the  equation  to  the  cylinder ; 
and  then  we  integrate  with  respect  to  w  between  the  limits 
of  that  variable  corresponding  to  the  extreme  points  of  tne 
curve  which  is  the  base  of  the  cylinder,  such  as  HK  and  i/^JT 
in  the  figure.  It  is  to  be  observed  that  in  getting  the  limit- 
ing values  of  y  in  terms  of  a  we  introduce  into  the  integral 
new  functions  which  may  often  render  the  formula  unin« 
tegrable. 

(1)     To  find  the  volume  of  the  octant  of  the  ellipsoid 

/p*      y*      «* 

We  have      V  «  fjjdw  dy  d«  «  ffz  da  dy^ 

the  limits  of  »  being  0  and  its  value  given  in  terms  of  at  and  y 
by  the  equation  to  the  surface,  that  is. 

Therefore      V^cffdwdy  ^  -  -  -  ^^  . 
Integrating  with  respect  to  y,  we  have 

Now  fxdy  represents  the  area  of  a  section  parallel  to  the 
plane  yx,  and  at  a  distance  equal  to  w:   the  integral  roust 
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therefore  be  taken  between  the  limits  given  by  that  section, 
or  from  y  =  0  to  y  «  6  f  1  -  -j  .     This  gives 

„     IT  be  ^.     i        (if\       ir  he  [        a^\ 
2    2*'        V        aV        2    2    \        SaV 

The  limits  of  of  are  0  and  a,  so  that  we  have 

irabc 

and  the  volume  of  the  whole  ellipsoid,  being  eight  times  this 
quantity,  is  ^irabc.  When  a^^h^c^  the  ellipsoid  becomes 
a  sphere,  the  volume  of  which  consequently  is  §7ra?. 

(2)     The  equation  to  the  elliptic  paraboloid  being 

a       b 


we 


have      V^  ffsffdwdy  ^  (j-j   ffdafdy(2baf  -  f^)i. 


On  integrating  with  respect  to  y  from  y^O  to  y«(26<v)iy 
this  gives 

V  ■- ~  (ab)ifx  da,  m  "^L  a^  (ab)i, 

which  taken  from  ^  »  0  to  of^c,  and  multiplied  by  4,  gives 
irc^(a&)i  as  the  volume  of  the  paraboloid  intercepted  between 
the  vertex  and  a  plane  parallel  to  the  plane  of  yiv  at  a 
distance  c. 

>^  (3)     The  equation  to  the  Cono-C uncus  of  Wallis  is 

the  whole  volume  is 

r  =  ira'^c. 

(4)  The  general  equation  to  conical  surfaces  is  (the 
origin  being  at  the  vertex  and  the  axis  of  w  being  the  axis 
of  the  cone) 


-  •*  (')• 
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Therefore   V  ^  ffdiVdyw(f>l-]f  or  putting  j^  =  atV  and 
therefore  dy  ^w  da,  we  have 

V  ^  fjdwdax'^ia)^  Jda  -  <^(a). 

If  the  base  be  a  plane  curve  parallel  to  yx,  the  limits  of  a 
are  0  and  a,  so  that 


a» 


V^jjda<^{a). 

Now  the  equation  to  the  base  is  found  by  making  w^a 
in  the  equation  to  the  surface^  which  then  becomes  «^a<p{-'\y 
and,  as  in  this  case,  y  ^  aa^i  dy^ada^ 

Now  as  jv  is  the  ordinate  of  the  base,  fxdy  is  its  area,  so 
that  the  volume  of  the  cone  is  one  third  of  its  base  multi- 
plied into  its  altitude. 

1  (5)     The  axes  of  two  equal  right  circular  cylinders  inter- 

^^   sect  at  right  angles ;  find  the  volume  of  the  solid  common  to 
both. 

Taking  the  intersection  of  the  axes  of  the  cylinders  as  the 
origin,  and  their  axes  as  the  axes  of  y  and  Xy  their  equations  are 

ar^  -^  st^  ^  a%     af^  ^  y^  s^  a\ 
V  «  ffdw  dyx  =  ffdof  dy  (a*  -  zp*)*. 
Integrating  with  respect  to  y  from  y «»  o  to  y  =  (a^-  a?*)*, 

and  integrating  with  respect  to  a  from  ^  s  0  to  iV  «  a, 

3 

This  is  the  eighth  part  of  the  whole  intercepted  solid^ 
which  is  therefore  . 
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(6)  The  axis  of  a  right  circular  cylinder  passes  through 
the  centre  of  a  sphere;  find  the  volume  of  the  solid  which  is 
common  to  both  surfaces. 

Taking  the  centre  of  the  sphere  as  origin,  and  the  axis  of 
the  cylinder  as  the  axis  of  z,  the  equations  to  the  surfaces  are 

a^  +  y"  +  «■  ■»  o%     «•  +  ^  =  5*. 

The  direct  integration  of  ffxdwdy  in  terms  of  of  and  y, 
leads  to  operations  of  considerable  complexity  which  may  be 
avoided  by  transforming  w  and  y  into  polar  co-ordinates  r  and  0 : 
in  which  case  by  Chap.  iii.  Sect.  S.  of  the  Diff.  Calc,  we  have 

dw  dy  8  rdr  dO,  and 

rmffzrdrd9^ffdrd0r(a^''f^\; 

the  limits  of  6  being  0  and  2  v ;  and  those  of  r  being  0  and  b. 

Hence  V^StirJ^drr  (a«  -  r^i 

and  the  whole   volume  of  the  included  solid   being  double 

47r 
this  quantity  is  —  {c^  -  (o*  -  6^*}. 

The  volume  of  the  sphere  is    —  cfy  and  therefore  the 

volume  of  the  solid  intercepted  between  the  concave  surface 
of  the  sphere  and  the  convex  surface  of  the  cylinder,  is 

3    ^ 

(7)  A  sphere  is  cut  by  a  cylinder,  the  radius  of  whose 
base  is  half  of  that  of  the  sphere,  and  whose  axis  bisects 
the  radius  of  the  sphere  at  right  angles ;  find  the  volume  of 
the  solid  common  to  both  surfaces. 

The  equations  to  the  surfaces  in  this  case  are 

^7*  +  y*  +  «* «  a%  and  ^p*  +  y*  =  ax. 

Transforming  w  and  y  into  polar  coordinates  as  in  the 
last  example,  we  have 


\ 
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the  limits  of  r  being  0  and  a  cos  9,   and  those  of  6  being 
0  and  •^v.     Hence 

Therefore  the  whole  solid  cut  out  from  the  hemisphere 

is  —  tf ;  and  the  part  of  the  hemisphere  which  is  not 

comprised  in  the  cylinder  is   —  or  -  of  the  cube  of  the 
diameter  of  the  sphere, 

(8)  A  paraboloid  of  revolution  is  pierced  by  a  right 
circular  cylinder,  the  axis  of  which  passes  through  the  focus 
and  cuts  the  axis  at  right  angles,  its  radius  being  one  fourth 
of  the  latus  rectum  of  the  generating  parabola ;  find  the 
volume  of  Che  solid  common  to  the  two  surfaces. 

The  equations  to  the  surfaces  are 

Hence  V  «  ffdw  dy  {^aa  —  f^i 

=  i  i^dof  L  (4a«  -  a/')i  +  ^aw  sin"^  |  ^l^Jlf  ^  I 


-(s-n= 


V 


and  the  whole  solid  is     a^  I —  +27r]  • 

When  a  solid  is  generated  by  the  motion  of  a  plane  area 
which  moves  parallel  to  itself,  while  its  magnitude  increases 
or  decreases  according  to  a  given  law,  its  volume  is  found 
by  the  formula 

Vmcosafvdx; 

t>  being  the  area,  the  axis  of  x  being  the  direction  of  motion, 
and  making  a  constant  angle  a  with  the  normal  to  the  plane. 

(9)  Let  the  solid  be  the  groin  which  is  generated  by  a 
square  moving  parallel  to   itself,  its  sides  being  the  double 
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ordinates  of  a  circle  of  which  z  is  the  abscissa.  If  y  be  the 
half  length  of  a  side,  v  «  4y^,  and  y'  >i  a'  —  «\  and  as  in  this 
case  a  as  0,  we  have 

(10)  Find  the  content  of  the  solid  ABCDO  (fig.  55) ; 
the  base  ABCD  being  a  rectangle,  the  side  OAB  a  right- 
angled  triangle  perpendicular  to  the  plane  of  the  rectangle, 
and  the  upper  side  OBCD  being  formed  by  drawing  lines 
as  PQ  from  OB  to  CD^  always  parallel  to  the  plane  OAD, 
If  we  draw  PR  parallel  to  O^,  and  join  J2Q,  the  triangle 
PQR  haying  two  sides  parallel  to  the  sides  of  ODA^  is  in  a 
plane  parallel  to  that  of  ODA.  Hence  the  figure  may  be 
supposed  to  be  generated  by  the  motion  of  a  triangle  con- 
stantly parallel  to  AOD^  and  having  its  angular  points  in 
the  lines   AB^   OB,  CD.     If  AD  «  a,  AB  ^  b,  AO  »  c,  the 

volume  of  the  solid  is  . 

4 

\  (ll)     The  axes   of   two    equal   right    circular    cylinders 

intersect  at  an  angle  a;  to  find  the  volume  of  the  solid  com- 
mon to  both. 

Let  ABCD  (fig.  56)  be  the  section  of  the  solid  made  by 
the  plane  containing  the  axes,  and  let  the  radius  of  the 
cylinders  a  a,  so  that  AB  «  a  cosec  a. 

i  

If  we  cut  the  solid  by  a  plane  parallel  to  ABCD,  we 
shall  have  a  parallelogram  as  PQRS;  and  calling  the  area 
of  this  Ay  and  its  distance  from  the  plane  of  the  axes  z, 
we  shall  have  for  the  part  of  the  solid  above  that  plane 

V^^fo'dxA. 

Now  A  =  4iP0Q;  but  making  PQ^l,  and  calling  p 
the  perpendicular  on  PQ  from  the  point  in  the  plane  PQRS 
where  it  meets  a  line  through  O  perpendicular  to*  the  plane 
of  the  axes,  we  have 

/  sp  (tan^a  +  cot^a)  =  2p  cosec  a, 

and   therefore   POQ  -  p^  cosec  a,   and   A  m  4p*  cosec  a.     But 


\ 


\ 


V 
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the  section  through  O  and  the  perpendicular  jp  being  a  semi- 
circle, we  have  p*  «  a*  —  »*.     Hence, 

F «■  4  cosec  o^" (a*  -  »*)  d%  ^^c?  cosec a, 

and  therefore  the  whole  solid  is  — ; — . 

3  sin  a 

(12)  Find,  the  volume  of  the  solid  DEQJi  (fig.  57) 
cut  o£P  from  a  right  circular  cylinder  by  a  plane  jEJQZ)  passing 
through  the  centre  of  the  base,  and  inclined  at  an  angle  a  to 
the  plane  of  the  base. 

If  we  cut  the  solid  by  a  plane  perpendicular  to  the  base 
of  the  cylinder,  and  parallel  to  the  trace  £1>,  the  section  is 
a  paraUelogram,  and  the  solid  may  be  considered  as  generated 
by  the  motion  of  this  parallelogram  parallel  to  itself. 

Let  CB  =  a,  CM  =  w^  MN  =  y,  PN^x,  then 

as  jir  s  <r  tan  a,  and  y  ^  (a^  -  a^)^y 

F  s  s  tan  a  fdw  w  (a*  -  a^)^ 

-tana{C-f  (a«-.^)tj. 

When  0?  «  0,   F  «  0,  therefore  C  ^  a^;  hence 

F«f  tana{a^-(a»-d?*)*}; 

and  the  whole  solid  when  w  ^a  is  |*  o^  tan  a. 

If  the  solid  be  one  of  revolution  round  the  axis  of  ofj  and 
if  y  ^f(ai)  be  the  equation  to  the  generating  curve,  the 
volume  of  the  solid  is  given  by  the  integral  V^irfy^dw. 

9 

(13)  A  paraboloid  formed  by  the  revolution  of  a  pafabola 
ound  its  axis. 

In  this  case  y^  «  4ma7,  and 

Fa  4w»7r  JwdoB  ■=  Stmira^  +  C 
If  the  solid  be  reckoned  from  the  vertex  C  »  0,  and 

Fe  Zniiroo^  —  i^icy^w, 

(14)  The  volume  of  an  oblate  spheroid  formed  by  the 
revolution  of  an  ellipse  round  its  minor  axis  is  ,  a 
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being  the  major  axis  of  the  ellipse;    and  the  volume  of  a 
prolate  spheroid  is  . 

9  X  (15)     Find  the  volume  of  the  solid  formed  by  the  revo- 

lution of  the  cissoid  round  its  asymptote. 

The  asymptote  being  taken  as  the  axis  of  w^  the  equation 
to  the  cissoid  is 

a  being  the  radius  of  the  generating  circle. 

Now  Fa  7r/da?y*  =  flr/rfyy* — 

«  « I ^ /dy  \Syi  {Sta--  y)l  +  yJ  (2a  -  y)t}  • 

=  -  -JT /dy  (o  +  y)  (2ay  -  y')* 

=  C  +  4ir  (Say  -  y*)*  -  2a w  •  circ.  area  whose  vers. «  -  . 
When  y  B  2a,   r«  0,  therefore  C^it^cf^  and 

y 

F B  Tr'a'  +  -^ 9r  (2ay  -  y*)*  -  2a7r .  circ.  area  whose  vers.  =  -  • 
Hence  the  whole  volume  is  2w*a'.  v 

(l6)     The  equation  to  the  conchoid  being 

wy^{a^  y)  (V  -  y*)i, 

the  volume  formed  by  its  revolution  round  the  axis  of  ae  is 


V 


7r*a6» 


-  7ra6»  sin-^  I  +  ^  (6^  -  yO*  (»•  +  2^), 


2  ft       3 

and  the  whole  volume  is  Trft*  lva+  —  j. 

(17)     The  equation  to  the  cycloid  is  (the  base  being  the 

axis  of  a)^ 

dy  ^  /2a-y\ J 

dof       \     y     / 
Therefore  the  volume  formed  by  its  revolution  round  the 
base  is 
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This  being  integrated  from  y^O  to  y ^2a  and  doubled 
gives  Sir^a^  as  the  volume  of  the  whole  solid. 

When  the  axis  of  the  cycloid  is  taken  as  the  axis  of  Wf 
the  equation  to  the  curve  is 


dy       /2a-df\i 
dw      \     ^     / 


but  this  is  not  a  convenient  form  for  finding  the  value  of 
Trfy^dx.  It  is  better  to  substitute  for  y  and  w  their  ex- 
pressions in  terms  of  d,  i.  e. 

y  MM  a(9  •{•  sin0)f     ^  «  a  (l  —  cos  0) ; 
whence   F  «  ir o^  /dd  sin  0  (0  +  sin  0y. 

The  value  of  this  taken  from  0  »  o  to  0  •■  tt,  is 


TT 


•■(^-D- 


\ 


(18)     The  equation  to  the  tractory  is 

aw 


and  the  volume  of  the  solid  generated  by  its  revolution  round 
the  axis  of  Wy  and  taken  from  a; »  0  to  ^  —  oo  is  ^iraK 

'\  (19)     The  equation  to  the  Witch  of  Agnesi  is 

If  it  revolve  round  its  asymptote  which  is  taken  as  the 
axis  of  Wy  we  have  for  the  volume  of  the  solid 

r «  V  /y*  da;  «  TTf^a  -  2  ir  fay  dy 
«  irf^of  -  4-^0  fdy  (2ay  -  y*)*. 
The  whole  volume  is  4ir^€^. 

^  (20)     The  companion  of  the  cycloid   is  defined  by  the 

^     equations 

ysad,     ^■Ba(l  -  COS0). 
28 
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The  volume  of  the  solid  generated  by  its  revolutioa  round 
the  axis  of  y,  or  the  base  of  the  curve  is 

r^irfdy  (2a  -  w)*  =  wd"  fd9  (l  +  cos  0y ; 

which  taken  from  0  «  0  to  0  »  tt,  aud  doubled,  gives  as  the 
whole  volume  of  the  solid  generated 

If  the  curve  revolve  round  the  axis  of  a:, 

r  ^  IT  fff^ da  ^  ir(J^  fd9  0"  sine ; 

which  taken  from  0  »  0  to  0  «  tt,  gives  as  the  volume  of  the 
whole  solid  generated 

Sect.  4.     Quadraiure  of  Surfaces. 
V  The  general  expression  for  the  surface  of  a  solid  is 

the  limits  of  of  and  y  being  determined  as  in  the  cubature 
of  solids. 

^  (1)     In  the  sphere  where  «*  +  j"  +  «'  «  r%  we  have 

•l 

V.  dx         w        d«         y 

——    CB    <—   —  y  —-    BS    —   —  , 

ax         z        ay         z 

ao  that  S-^ff^^^lf^^^r 
Integrating  with  respect  to  y,  we  have 

which  when  taken  from  y  =  0  to  y  o  (r*  —  ^*)i  gives 

iy«s^7rrdr  +  C, 
and,  supposing  S  to  vanish  when  or  s  o, 

S  »  ^  TT  f  tV. 


I 
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This  is  the  part  of  the  surface  included  within  the  positive 
axesy  and  if  we  multiply  it  by  4  we  have  dirr^  as  the  surface 
of  a  zoi^e  of  the  sphere,  the  height  of  which  is  or:  it  is 
therefore  equal  to  the  corresponding  zone  of  the  circumscrib- 
ing cylinder.  The  whole  surface  of  the  sphere  is  ^wr^  or 
four  times  the  area  of  a  great   circle. 

(2)  The  axes  of  two  equal  right  circular  cylinders  in- 
tersect at  right  angles,  find  the  area  of  the  surface  of  the 
one  which  is  intercepted  by  the  other.     The  equations  are 

^  +  ;k*  =  a*,     a?*  +  y*  =  a* ; 

and    ;sr.//d«djr{i  +  (^J\(lf)y. 

Here  —-  =  --,       T"  =*  ^  5 

dtV         X        dy 

Integrating  with  respect  to  y  from  y  =  o  to  y  =  (a*— ^i, 

S  ts  a  Jq^  da  -  a^ ; 
and  the  whole  surface,  being  eight  times  this,  is  8a^ 

(S)  Circumstances  being  the  same  as  in  Ex.  (7)  of  the 
last  section,  to  find  the  area  of  the  intercepted  surface  of  the 
sphere.     The  equations  to  the  surfaces  being 

a^  +  y^  +  z^  ^a\     «*  +  y*  «  «/», 
r  rdwdy  rr        dwdy 

Transforming  into  polar  co-ordinates  r  and  0,  we  have 

r  r  rdrdd 

the  limits  of  r  being  0  and  a  cos  9,  those  of  9  being  0  and 
^ir.     Therefore 

S  -  a»  jC*'  (1  -  sin  0)  =  a*  (^tt  -  l). 
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The  area  of  the  surface  of  the  octant  of  the  sphere  is 
^Tra^;  and  therefore  the  area  of  the  surface  of  the  octant 
which  is  not  included  in  the  cylinder  is  equal  to  a%  or  the 
square  of  the  radius  of  the  sphere.  If  the  sphere  be 
pierced  by  two  equal  and  similar  cylinders,  the  area  of  the 
non-intercepted  surface  is  8  a',  or  twice  the  square  of  the 
diameter  of  the  sphere. 

This  is  the  celebrated  Florentine  enigma  which  was  pro- 
posed by  Vincent  Viviani  as  a  challenge  to  the  mathematicians 
of  his  day  in  the  following  form : 

*^  Inter  venerabilia  olim  Grsecise  monumenta  eztat  adhuc, 
perpetuo  quidem  duraturum»  Templum  augustissimum  ichno- 
graphia  circular!  Alm^e  GsoMETRiiE  dicatum,  quod  testudine 
intus  perfecte  hemisphsrica  operitur :  sed  in  hac  fenestrarum 
quatuor  sequales  arese  (circum  ac  supra  basin  hemisphaerae 
ipsius  dispositarum)  tali  configuratione,  amplitudine,  tantaque 
industria,  ac  ingenii  acumine  sunt  extructae,  ut  his  detractis 
superstes  curva  Testudinis  superficies,  pretioso  opere  musivo 
ornata,  tetragonismi  vere  geometrici  sit  capax. 

Acta  Eruditorum^  l6dS. 

(4)  Under  the  same  circumstances  to  find  the  area  of 
the  intercepted  surface  of  the  cylinder. 

The  element  of  the  circumference  of  the  base  of  the 
cylinder  beins: -^ , ,  we  have 

^        a  r       ^dx  a*   r^diB 

S  =    -  /   J  ■  —   /   --  e  aS 

2^0  (aof^a^p       St  Jq   a^ 

and  the  whole  area  of  the  intercepted  surface  of  the  cylinder 
is  4  a%  or  equal  to  the  square  of  the  diameter  of  the  sphere. 

If  a  solid  be  generated  by  the  motion  of  a  plane  parallel 
to  itself,  the  surface  may  be  found  by  a  method  similar  to 
that  used  for  finding  the  volume.  If  «^  be  the  periphery 
of  the  generating  plane,  8  the  arc  of  the  curve  made  by  a 
plane  perpendicular  to  the  generating  plane 

S  -  fuds. 


\ 


I 
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(5)  Under  the  same  circumstances  as  in  Ex.  (11)  of  the 
last  section,  to  find  the  surface  of  the  intercepted  solid. 

If  «  be  the  arc  of  the  circle  passing  through  O  and 
perpendicular  to  PQ,  the  area  of  the  element  PQpq  is  Ids, 
and  the  area  of  the  surface  AOB  is  fids. 

Now  /  =  2jp  cosec  a^^^^^e^  -  x^)i  cosec  a, 

adz 

therefore     S^2a  cosec  a  f^  dx  ^  ^a^  cosec  a  ; 
and   the  whole  surface  is  l6a*coseca. 

(6)  Under  the  same  circumstances  as  in  Ex.  (12)  of 
the  last  section  to  find  the  area  of  the  convex  surface  of  the 
part  of  the  cylinder  cut  off. 

8  being  the  element  of  the  circumference  of  the  base, 
and  S  the  element  of  the  surface. 

.  /*      wdw 

^-2Ad.«2atana/^^-^ 

=  2a  tano{C-  (a*-a?*)i}. 
When     «  a  0,     *y  «  0   and  C  ^a,  therefore 
S  ^^a  tan  a\a^  (a*  -  ar*)*}  ; 
and  the  whole  convex  surface  is  2 a^  tana. 

When  a  curve  surface  is  formed  by  the  revolution  round 
the  axis  of  ^  of  a  curve  the  equation  to  which  is  y^fipo), 
the  area  of  the  surface  is  given  by  the  integral. 


^=2./d^y{l  +  (g)]* 


(7)     For  the  paraboloid  of  revolution  we  have 

y*  as  4imw ; 

therefore     S  =  47r«ni  fdw  (jv  +  m)i 

=»  —  mi  (a  +  m)*  +  C 
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If  the  surface  be  measured  from  the  origin, 

A'ss  —  m4  {(.r +  «ii)t  -  mf\. 

\  (8)     For  the  prolate  spheroid  we  have 

27r6 ,        ,  „      a*-6* 


and     S  = fdw  (a*  -  c*^'*)^,    where  c^ 

Integrating,  we  have 

-,     waft  f  .     ,  ^*      ^j?  /        e^af*\i\      ^ 

S^ {sm-*  —  +  —    1 V  +  C. 

e     [  a        a    \         or  J  } 

If  the  whole  surface  be  required,  this  is  to  be  taken  from 
-  a  to  «  ss  +  a,  so  that 

_,      2  IT  aft  r  .     ,  .         «^,x 


In  the  oblate  spheroid  we  have  for  the  whole  surface 
*y«27ra* 


{-^>-(^:)}- 


(9)     The  equation  to  the  cycloid  (the  base  being  the  axis 
of  ai)  is 

d«     V    y    / 

therefore     S  «  ^irjdx  (2cy)^  =  2ir/dy  (2ay)i  — 

Integrating  this  and  extending  the  integral  over  the  whole 
surface,  we  find 

S^  —  ira\ 
3 
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When  the  axis  of  the  curve  is  taken  as  the  axis  of  Wy 
and  therefore  of  revolution,  the  equation  to  the  curve  is 

diV 


Here    S  s^Zirfdapl — j  ,  and  integrating  by  parts^ 

S  «a  4gry  (2aw)i  -  47r  (^a)i  fdw  (2o  -  w)i. 

Integrating  from  atbO  to  w  m^a,  we  have  for  the  whole 
surface 


S^^Sira 


•(-i)- 


(10)    The  surface  of  the  solid  generated  bj  the  revolution 
of  the  tractory 

dm      (o»  -  y«)i       * 
round  the  axis  of  a,  and  taken  from  or  s  o  to  dr  s  oo  is  equal 

to  i-Kt?. 


CHAPTER  X. 


QBOMBTRICAL   PROBLBM8   INVOLVINO    THE    SOLUTION    OF 

DIFFBRBNTIAL    EQUATIONS. 


Q0R8TION8  of  this  kind  were  by  the  early  writers  on  the 
Differential  Calculus  called  Problems  in  the  Inverse  Method 
of  Tangents,  because,  as  the  direct  processes  of  the  Differential 
Calculus  were  originally  invented  for  the  purpose  of  drawing 
tangents  to  curves,  so  the  inverse  Calculus  had  for  its  object 
the  investigation  of  the  equations  of  curves  from  the  properties 
of  their  tangents  and  lines  connected  with  them. 

(1)  Let  it  be  required  to  find  the  curve  in  which  the 
subtangent  is  a  multiple  of  the  abscissa. 

If  yfi^) 

dw  . 
be  the  equation  to  the  curve,  y  -t-  is  the  subtangent.     There- 

dy 

fore  we  have  the  condition 

dw  dx  dy 

y  ^^^fnwy     or  — ■■  m — , 

dy  w  y 

whence     log  ^  =  w  log  y  +  C  =  log  Cy", 

and     x  =  C^. 

When  ffi  is  positive  this  gives  a  parabola  of  the  m^  order; 
when  m  is  negative  it  gives  a  hyperbola  of  the  same  order. 

(2)  Find  the  curve  in  which  the  area  contained  between 
the  axis  of  or,  the  ordinate  and  the  curve,  is  a  multiple  of  the 
rectangle  contained  by  the  ordinate  and  the  abscissa.  This 
stated  analytically  gives  the  equation 

fydwm  -^  wyj     or  ydw  ss  —  (wdy  +  ydw). 
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The  integral  of  this  is 

When  n^8j  m«2,  this  gives  the  common  parabola,  as 
is  otherwise  obvious. 

(3)  Find  the  curve  in  which  the  perpendicular  from 
the  origin  on  the  tangent  is  equal  to  the  abscissa. 

The  differential  equation  is 

or     tr  ^  or  ^2wy  -—. 

aw 

This  is  a  homogeneous  equation,  and  on  being  integrated 
it  gives 

ff*  +  a?*  oi  cw^ 

the  equation  to  a  circle,  the  origin  being  in  the  circumference 
and  the  axis  of  w  being  a  diameter. 

(4)  Find  the  curve  in  which  the  distance  from  the  origin 
is  equal  to  the  part  of  the  tangent  intercepted  between  the 
point  of  contact  and  the  perpendicular  from  the  origin. 

The  differential  equation  is 

ydx  -  wdy  »  ydy  +  adco ; 

and  the  integral  is 

>°«^^— (9- 

which  is  the  equation  to  a  logarithmic   spiral,   the  constant 

angle  of  which  is  equal  to  —• 

4 


(5)  Find  the  nature  of  the  curve  BP  (fig.  5%)  such  that, 
if  from  the  origin  A  a  line  AQ  be  drawn  making  an  angle 
of  45^  with  the  axis  of  Wy  and  meeting  the  ordinate  at  any 
point  P  in  Q,  the  ordinate  PM  shall  bear  to  the  sub-tangent 
MT  the  same  ratio  which  the  difference  between  PM  and  MQ 
bears  to  a  constant  line  (a). 
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d  17 

The  sub-tangent  =  y  :;- ,  and  QM  «  JM  =  of ;  therefore 

ay 

or  (y  —  0?)  dd7  «8  ady,  is  the  equation. 

This,  when  put  under  the  form 

ody  —  ydof  +  a:daf  >=  0, 
is  a  linear  equation  of  the  first  order,  and  its  integral  is 

M 

y  ^w  +  a  -^  Ce*. 

Since  when  y  b  o,  the  curve  must  pass  through  the  origin , 
we  have  C ^  ^a^  and  therefore 

a 

y  ^w-^-  a^  «€*. 

This  curve  at  one  time  attracted  much  attention,  and  it 
appears  to  have  been  the  first  problem  involving  a  differential 
equation  which  was  solved.  It  was  proposed  to  Descartes* 
by  De  Beaune,  after  whom  the  curve  is  usually  called  <<Curva 
Beauniana.^^  The  solution  will  be  found  in  the  works  of  John 
Bernoulli,  Vol.  i.  p.  6Sy  and  p.  65. 

(6)  Find  the  curve  in  which  the  product  of  perpen- 
diculars from  two  fixed  points  on  the  tangent  is  constant. 

Let  Ay  B  (fig.  5Q)  be  the  fixed  points;  take  C  the 
middle  point  between  them  as  origin,  and  the  line  joining 
them  as  the  axis  of  w.  Then  x  and  y  being  the  co-ordinates 
of  the  point  of  contact  P,  the  perpendiculars  AY  and  BZ 
are,  if  CA^CB^c, 

Hence  making  their  product  constant  and  equal  to  b\ 
we  have 

•  Sec  his  Letters,  Tom.  iii.  No.  79. 
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Differentiatiog  this  we  get 

^-0,    and   {^-(6^  +  c»)}^  =  cry. 
dor  '  aw 

The  first  solution  gives  the  general  integral 

y  m,  aw  +  a  m 

dy 
Substituting  the  value  of  — -  derived  from  this  in  the 

given  equation^  we  have 

the  equation  to  two  straight  lines. 

dy    . 
The  second  solution  by  the  elimination  of  --—  gives  the 

dw 

singular  solution,  which  is 

y"         of" 


6»      6^  +  c* 

the  equation  to  an  ellipse,  the  minor  axis  of  which  is  equal 
to  b. 

Euler,  MSmoirea  de  Berlin,  1756. 

(7)    Find  the  curve  in  which  the  normal  bears  a  constant 
ratio  to  its  intercept  on  the  axis  of  w. 

The  length  of  the  normal  is  y  |l  +  (~)  |> 

dy 
that  of  the  intercept  is  ^  +  y  ^ , 

dw 

and  if  n  be  the  constant  ratio,  we  have 

dy 
Squaring,  and  solving  with  respect  to  y  -— ,  we  have 

ds 

(7i«  -  1)  y  ^  +  nrw  =  ±  {(w^  -  1)  y»  +  nV}*, 
dof 

whence  {(»«  -  1)  y*  +  nV}*  «  C  ±  a?. 
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or  (n«  -  1 )  (y«  +  a?*)  «  C*  ±  2  C«, 

which  is  the  equation  to  a  series  of  circles. 

When  n<l,   the  equation  to  the  locus  of  the  ultimate 
intersection  of  these  is 

(1  -  »*)ly  ±naT=sO, 
giving  two  straight  lines  which  obviously  satisfy  the  condition. 

(8)  Find  the  curve  in  which  the  area  is  equal  to  the 
cube  of  the  ordinate  divided  by  the  abscissa. 

The  condition  is 

w 
whence  we  have 

This  being  homogeneous  may  be  integrated  in  the  usual 
way— the  result  is 

(9)  Find  the  curve  in  which  the  normal  is  equal  to  the 
distance  from  the  origin. 

It  is  a  circle  or  an  equilateral  hyperbola  according  as  the 
two  lines  are  on  the  same  or  opposite  sides  of  the  curve. 

Trc^ectories. 

A  Trajectory  may  be  defined  to  be  a  line  which  cuts, 
according  to  a  given  law,  a  series  of  curves  expressed  by  one 
equation.  Problems  of  this  kind,  at  least  with  respect  to 
Trajectories  cutting  curves  at  a  constant  angle  were  first 
proposed  by  John  Bernoulli*,  but  they  were  also  considered 
by  several  other  writers,  as  James  Bernoullif,  and  Leibnitz, 
who  in  1715  proposed  it  as  a  challenge  to  English  Analysts, 
<*  ad  pulsum  Anglorum  Analystorum  nonnihil  tentandum  ;^ 
a  challenge  which  was  answered  by  Newton}  and  by  Taylor |. 

*  Com.  Epis.  Leib.  et  Bern,  Vol.  i.  p.  17,  and  Opera,  Var.  Loc 
t  Operay  Var.  Loc. 
\  Phil.  Trans,  1716. 
Id.  1717. 
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The  most  elaborate  discussion  however  of  the  problem  is  by 
Euler  in  three  memoirs  in  the  Novi  Commen.  Petrop.  Vol. 
XIV.  p.  46,  Vol.  XVII.  p.  205 ;  and  Nova  Acta  Petrop.  Vol.  i. 

p.  S. 

Let  F  (.V ,  ^,  a)  «  0  be  the  equation  to  a  series  of  curves 
which  are  to  be  cut  by  a  trajectory  at  a  constant  angle :  then 
it  f{ay)^0  be  the  equation  to  the  proposed  trajectory,  and 
c  be  the  tangent  of  the  angle  between  the  two  curves,  we 

have  the  condition 

dy__dy 

dw       doB 

1         n  e. 

dw   dco 

The  differential  equation  to  the  trajectory  is  found  by 
eliminating  a  between  the  equation  to  the  curves,  and  this 
last  equation,  where,  it  is  to  be  observed,  at  and  y  are  to  be 

substituted  for  w  and  y  in  the  value  of  -^^ .    If  the  trajectory 

dw 

is  to  be  rectangular,  since  in  that  case  c  »  oo,  the  condition 

becomes 

dy*  dy 

dof   dw 

The  elimination  of  a  may  be  more  or  less  easily  effected 
according  to  the  way  in  which  it  is  involved  in  the  given 
equation  to  the  series  of  curves:  if  that  can  be  put  under 
the  form 

0  (a?,  y)  =  a, 

the  elimination  is  readily  effected. 

(10)  To  find  the  curve  which  cuts  at  a  constant  angle 
a  series  of  straight  lines  drawn  from  one  point. 

That  point  being  taken  as  origin,  the  equation  to  the 
lines  i^ 

,       .       y' 

y  ^  aw    or  ~  s  a, 

w 

a  being  the  variable  parameter.     The  equation  of  condition 
becomes 
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dy  (  dy\ 

ax  \  d»l 


But  o  =  ?^,  =  ?^; 

therefore     wdy  -^ydw  m^ciydy  -^  wda). 
Dividing  both  sides  by  or*  +  y*» 

ady^ydw        ydy  -^  wdw 

^*  +  y*  ^*  +  y* 

Integrating, 

tan"^  -  =  c  log  (d?*  +  y*)l  +  a. 

If  we  make  -  »  tan  d,  or'  +  y^  «  r%  this  may  be  put  under 
the  form 

which  is  the  equation  to  the  logarithmic  spiral. 

(11)  Let  the  given  curves  be  all  the  circles  which  pass 
through  one  point  at  which  they  all  touch  one  straight  line. 
Taking  this  line  as  the  axis  of  y^  the  equation  to  the  circles  is 

'.   o   '    '*  ^'*  +  y'* 

y^mZax^at*    or   a  — > — . 

wim       dy  Cx^-y^)        ,   ,  .        ^        ,•  .      . 

Then  -^  «  -  -^^ ^—r^  ,  and  the  equation  of  condition  is 

dx'  %xif  ^ 

{c  (a?*  -  y^  +  %xy\  (iy  +  («•  -  y*  -  2cxy)  dx  «=  0. 

This  being  a  homogeneous  equation  may  be  integrated 
by  the  appropriate  method,  and  the  result  is 

a"  +  y"  ■=  6  (cy  -  a?), 

b  being  the  arbitrary' constant  introduced  in  the  integration. 
This  is  evidently  the  equation  to  a  circle. 

(12)  Find  the  orthogonal  trajectory  of  the  series  of 
parabolas  represented  by  the  equation 

y'*  =  ^ax\ 
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The  equation  of  condition  for  orthogonal  trajectories  is 

dy  dy 
dw  dw 

In  this  case  -r—,  =  — 7  =  — ;  therefore 

da      2tV      2<v 

2adaf  +  ydy:s  0, 

whence,  by  integration, 

b*  being  an  arbitrary  constant.     This  is  evidently  the  equa- 
tion to  an  ellipse. 

The  equation  to  the  kmniscate  of  Bernoulli  is 

That  to  the  orthogonal  trajectory  is 

which  is  the  equation   to  a  similar  lemniscate,  the  axis  of 
which  is  inclined  at  an  angle  of  45^  to  that  of  the  former. 

If  one  of  the  variables  be  given  as  a  function  of  the 
other  and  the  parameter,  as  if 

we  cannot  eliminate  a  so  readily.     But  let 

dy  ^  Pdx  •{-  Qda; 

dy 
then  for  one  curve  ---;  es  P,   and  the  equation  to  the  or- 

dw  ^ 

thogonal  trajectories  is 

dw  +  Pdy  «  0; 
and  as  dy  bb  Pdw  +  Qda,  this  becomes 

(1  +  P^)da  +  PQda  =  0. 

As  P  and  Q  contain  only  m  and  a,  this  is  an  equation 
between  two  variables  w  and  a,  and  to  integrate  it  appro- 
priate methods  must  be  employed. 
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(14)     Let  the  curves  be  a  series  of  ellipses  expressed 
bj  the  equation 

c 
a  being  the  variable  parameter.     Here 

^  -  aj/  (c*  -  of'*)^ 


c(c»-^'*)i'      ^  c 

and  the  equation  for  the  orthogonal  trajectory  is 

aw  (f?  ''a^)da^  {c*  +  (a*  -  c*)  a^]  dw. 

To  integrate  this  put  (c^  — ^)istt,  when  it  becomes 

(?tfdu 
au^da  +  a*udu  =  — r- . 

Integrating,  substituting  for  u  its  value,  and  eliminating 
a,  the  final  equation  is 

y*  =  6'  -  0?*  +  c*  logj;*, 

where  6'  is  the  arbitrary  constant. 

When  the  curves  to  be  intersected  are  given  by  a  diffe- 
rential equation,  the  trajectory  can  be  investigated  only  under 
particular  circumstances.  For  a  detail  of  these  the  reader 
is  referred  to  the  memoirs  of  Euler  quoted  above. 

Involutes  of  curves  may  be  considered  as  Orthogonal 
Trajectories,  since  they  cut  at  right  angles  all  the  tangents 
of  the  evolute. 

Let  »«/(«) 

be  the  equation  to  the  evolute.     The  equation  to  a  tangent 
at  any  point  is 

dv 
y  -  V  «  -—  (a?  -  t*),   or  y  =  aw  + 1>  -  uwj 
du 

dv 
if  we  put  w  «  — . 

du 

This,  then,  is  the  equation  to  a  series  of  lines  to  which 
we  wish  to  find  the  trajectory.     The  variable  parameter  may 
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be   considered   to  be  u,   of    which    v  and   to  are  functions. 
Differentiating  this  equation  we  have 

dy  ^  wdw  +  (d?  -  u)  dw : 

the  general  equation  to  the  orthogonal  trajectories  will  then  be 

(1  +  IT*)  dd?  +  (^  -  u)  wdw  «  0. 

Dividing  by  (1  -t-  w^)^  and  transposing,  this  gives 

wwdw        ^  , . ,         uwdw 

+  (1  +  «;*)■  dw 


(1  +  wO*  (I  +  «?')*  * 

Integrating  we  find 

af  (1  +  tr*)*  =  tt  (1  +  ti?*)i  -  /dtt  (1  +  w')i  +  C. 

If  the  integration  on  the  second  side  can  be  accomplished, 
w  is  known  in  terms  of  u,  and  then  y  may  also  be  expressed 
in  terms  of  the  same  quantity  by  means  of  the  equation  to 
the  tangent.  By  eliminating  u  between  these  equations  we 
can  find  the  equation  to  the  involute. 

(15)  Let  the  curve  be  the  semicubical  parabola,  the 
equation  to  which  is 

9,1  at^  s  4«r*. 

Hence     jdu  (I  +  tr*)*  =  jdu  ( 1  +  — )  «  2a  ( 1  +  — )  ; 

\       Sa)  \       3aJ 

1+  —  )    =ttl  +  — I    -2o(l+  —  l+C 
Sal  \        Sal  \       SaJ 

The  particular  involute  is  determined  by  the  constant  C. 
Let  ^a2a  when  u^O^  then  C^O,  and  therefore 

/        u\       u 

a7  =  tt  —  2o  ( 1  +  —I  « 2a, 

\        Sal       S 

4w" 
and     1/  « , 

whence,  eliminating  u  and  «  with  the  assistance  of  the  given 
equation,  we  find 

y«=  4a(.v  +  2a), 

the  equation  to  a  parabola. 
29 
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(16)  If  the  equation  to  the  evolute  be 

and  if  the  constant  be  determined  by  the  condition  that,  when 
u^Cf  r  a  ^  69  the  equation  to  the  involute  is 

shewing  that  it  is  an  equilateral  hyperbola. 

If  the  trajectory  is  to  cut  the  curves  according  to  any 
other  law  than  that  of  a  constant  angle  a  similar  method  is 
to  be  employed. 

(17)  Let,  for  example,  it  be  required  to  find  the  curve 
FPP'  (fig.  60)  which  cuts  a  series  of  parabolas  having  the 
same  axis  and  the  same  vertex  so  that  the  areas  JMP,  AM*Py 
&c.  are  constant.     The  equation  to  the  parabda  being 

the  area  APM  ->  j^'y  Aw  »  ^jo'(aa)i  dwmt^  suppose. 
Differentiate  considering  w  and  a  as  variables;  then 

Jq    a* 

do 
or     2  (aa)i  dx  +  —  j^{ax)i  da  «  0. 

a 

But  by  the  condition  of  the  area  being  constant 

jt'(a«)*  dof «  b\ 

so  that  the  equation  may  be  put  under  the  form 

,  6*  da 

24?»d4?+ r  "  0. 

2     O* 

Integrating,  we  have 

6*      C 

4^  —    -^  as    — , 

^  a*      2 

Eliminating  a  by  means  of  the  equation  to  the  parabola, 

y  4 
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or  y  = 


^  4 


To  determine  the  arbitrary  constant,  we  observe  that 
when  w  is  indefinitely  diminished,  y  must  be  indefinitely  in- 
creased in  order  that  the  area  may  remain  constant;  this 
makes  C  »  o.     Hence 

y«-— ,     or   Zwy^Slr, 

is  the  required  eqaation,  being  that  to  an  equilateral  hyper- 
bola. 

(18)  Find  the  curve  which  cuts  a  series  of  circles 
described  round  the  same  centre  in  such  a  way  that  the 
arcs  intercepted  between  the  intersections  and  the  axis  of  a 
shall  be  equal. 

If  a?*  +  y«  «  a» 

be  the  equation  to  the  circle,  and  b  be  the  constant  length 
of  the  arcs,  we  find,  as  in  the  previous  example, 

adw  —  ccda      bdu 

Dividing  by  a,  and  integrating 

\a/      a 

Eliminating  a,  we  find 

w            h 
tan""* i  =  C 

y    (^  +  »*)' 

By  the  consideration  that  when  o^  a  oo,  y  is  finite,  we 
determine  C  to  be  equal  to  ^  ir.  Hence  putting  -  s  -  tan  0, 
and  sf-^  y*^  r',  we  have  for  the  equation  to  the  trajectory, 

which  is  the  equation  to  the  hyperbolic  spiral. 
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Lagrange*  in  two  memoirs  has  considered  the  problem 
of  orthogonal  trajectories  to  curve  surfaces. 

The  equation  of  condition  in  this  case  is 

dz        dx 
d/v        dy 

where  p  «  3-7  and  q  a  ---  in  the  equation  to  the  surfaces. 
dw  dy 

By  eliminating  the  constant  parameter  between  this  equa- 
tion and  the  equation  to  the  surfaces,  we  obtain  a  partial 
differential  equation,  the  integral  of  which  gives  the  ortho- 
gonal trajectory -f. 

(19)  Let  the  problem  be,  to  find  the  surface  which  cuts 
at  right  angles  all  the  spheres  which  pass  through  a  given 
point,  and  have  their  centres  on  a  given  line. 

Taking  the  given  point  as  the  origin,  and  the  axis  of 
w  as  the  given  line,  the  equation  to  the  spheres  is 

y*  +  »'  —  ^  y 

Hence  p  ■■ ,     g  ■■ ; 

Stax  X 

and  the  equation  of  condition  becomes 

V*  +  «*  -  a?'-  diif      y  dx 

\  +  ^ r-  -  -  —  =  0. 

^ax        dx      X  dy 

To  integrate  this  we  have  the  two  equations. 


y  «*  +  «*  —  - 

-  d«r  -  dy  =  0, dx  +  ^wdm  -  0. 

X  X 

The  first  gives  y  s^axi 

the  second,  on  dividing  by  x^  gives 

—  dar  -  —  d«  +  (1  +  c?)  dx  «  0. 

X  9r 

•  Berlin  MsmoitM,  1779,  p.  162,  and  178A,  p.  176. 

t  There  is  a  Memoir  on  Uiis  subject  by  Euler  in  the  Petersburg  Metmoirtf 
Vol.  VII.,  the  date  of  which  is  178S,  but  it  was  not  published  tiU  1820. 
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Whence     -  +  (1  +  o»)  «  « /3  -  0  (a)  -  0  (-]  . 

Therefore  ^  +  y*  +  «•  -  «0  [?] 

is  the  equation  to  the  trajectory.  As  this  contains  an  arbi- 
trary function,  it  appears  that  there  is  a  whole  class  of 
surfaces  which  possess  the  required  property ;  if  we  wish 
to  limit  them  to  the  surfaces  of  the  second  order,  we  must 
assume 

in  which  case  the  equation  becomes 

representing  spheres  having  their  centres  in  the  plane  of  yx. 

(20)  Find   the  surface  which   cuts  at  right  angles  all 
the  ellipsoids  represented  by  the  equation 

^      f/"      x"    , 
€r      6*       cr 

The  differential  equation  is 

w  dx     y  dx      X 
cP  dx      V  dy     €^' 

Whence  we  find     ^  =  0  { ";?  1  > 
as  the  equation  to  the  trajectory. 

(21)  Find  the  curve  in  which  the  length  of  the  arc  bears 
a  constant  ratio  to  the  intercept  of  the  tangent  on  the  axis  of  w. 

If  the  ratio  be  that  of  m  to  n,  we  have 

da 
dy 

'dy\']*     m      dy  d^a 
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d*a  m  dy 

**     (da)*  +  dyO*  "  n    y  ' 

Integrating,     log  I "^ ^  j  -  -  log  cy ; 


therrfore  -.  +  J,  +  (^^)  J - 


«ry 


m  m 


From  this  we  get 
the  integral  of  which  is 


m  +  H  »-w* 


2cw  -^e  «»  I  — ^^ + • 

\f»  +  n       m-  n/ 


This  is  the  simplest  case  of  the  "  curves  of  pursuit,^  and 
the  problem  may  be  expressed  thus :  A  point  P  moves  along 
a  straight  line,  and  is  pursued  by  a  point  Q,  whose  velocity 
is  to  that  of  P  always  in  the  ratio  of  m  to  n,  find  the  path 
of  Q,  supposing  the  line  joining  the  points  at  the  beginning 
of   the   motion    not    to   coincide   with    the    direction    of   the 

motion  of  P. 

Bouguer,  Mimoires  de  VAcadhnie^  17S2. 

(22)     Find  the  curve  in  which  the  radius  of  curvature 
is  equal  to  the  normal. 


The  radius  of  curvature  is  1 


.  {■  ^  S)T 


dx" 


The  normal  is  »  |l  +  l^T")  f  • 


Now  the  radius  of  curvature  and  the  normal  may  lie  on 
the  same  or  on  different  sides  of  the  curve :  this  will  be 
indicated  by  taking  the  radius  of  curvature  with  a  negative 
or  a  positive  sign.     Hence  by  the  condition, 
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dx" 


{-(^r)r-^^ 


or  .        ■»  «F  -  • 

dy 
Multiplying  by  •—  and  integrating, 

dx 

The  first  gives  on  integration 

•  (^  -  y*)*  =  ^  +  o> 

or     a?*  4-  y*  -  2a/p  ^  (?  '^  a^^ 
the  equation  to  a  circle. 

The  latter  gives 

log  {y  +  (y*  -  O*}  *  ;  +  «^ 

or^as  we  may  write  it  for  convenience 

,     y  +  (y*  -  O*  ^  ^+^ 
^  c  c     * 

From  this  it  is  easy  to  see  that 

y-|(e'    +e     '  ), 
which  is  the  equation  to  the  catenary. 

(23)     Find   the  curve  which   has  an   evolute  similar  to 
itself. 


456  OBOMETRICAL   PROBLEMS. 

This  remarkable  problem  if  attempted  by  means  of  refer- 
ence to  rectilinear  co-ordinates  would  he  quite  impracticable. 
Euler*,  however,  has  by  a  most  ingenious  method  reduced 
the  problem  to  a  very  simple  shape.  Instead  of  using  recti- 
linear or  polar  co-ordinates  he  refers  the  curve  to  its  radius 
of  curvature,  and  the  angle  which  that  line  makes  with  a 
line  passing  through  the  first  point  of  the  curve  to  be  in- 
vestigated. There  is  thus  nothing  left  arbitrary  except  the 
first  point  in  the  curve. 

Let  p  be  the  radius  of  curvature,  0  the  angle  which  it 

makes  with  the  line  passing  through  the  first  poiift  of  the 

curve.     Then  if  a  be  the  arc  of  the  curve  measured  from 

the  same  point, 

dn  s  pd<f>. 

dy 
But  d)  =  tan"*p   if  p  =  — -; 

and    as     dtf*(l  -{-p^^da^  we  have 

w  s  fd<^  p cos 0,        y  ^  fd<p  ps\n(f>; 

and  07  and  y  are   thus  known  in  terms  of  the  co-ordinates 
which  we  are  to  employ. 

Now  let  AS  (fig.  6l)  be  the  curve,  A'S^  its  evolute  which 
is  to  be  similar  to  JSf  and  let  J"S"  be  the  evolute  of  A'S'y 
and  therefore  similar  to  it  and  to  AS:  let  PP^^  QQ'  be  the 
radii  of  curvature  at  the  successive  points  P,  Q.  Then  con- 
sidering the  small  arcs  PQ  and  P^Q'  as  coinciding  with  the 
arcs  of  the  circles  of  curvature,  we  see  that  the  elemental 
sectors  PQ'Q  and   Ftf'Q[  are  similar,  and  therefore 

PQ  :  PCa^PF  :   PP\ 

Putting     PQ  «  da,     P^Q'  -  da\     PP  -  p,     P'P"  -  p\ 

this  gives  pda^pda\ 

But  by  the  property  of  the  evolute  da'^dp;    therefore 

pda  OS  pdp. 

dp 
But  da  =*  pd(p  ;     therefore   d'=  — ^ . 

dfb 

•  Nova  Ada  Petrmp*  VoL  i.  p,  75. 
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In  order  that  the  evolute  may  be  similar  to  the  curve, 
we  must  have 

/>'-  op, 
a  being  the  coefScient  of  similarity. 

Hence  for  determining  the  curve  we  have  the  equation 

dp 

This  being  a  linear  equation  is  easily  integrated,  and  the 
result  is 

/o-Ce**. 

Substituting  this  value  of  p  in  the  expression  for  w  and  y, 
Of  -  Cfd^e""^  cos  0,     y  «  C  fdipe*"^  sin  (p. 

Whence 
^  +  ^  » r  (a  coso  H-  sin  0)  « Vvi  i 

V  +  -B  = r  (o  sm  0  -  cos  d>)  » -r-=- — --r . 

1  +  a*  ^  ^  ^^      1  +  a»  (1  +  p*)* 

From   which  we  have 

(y  +  iff)  (o  +  p)  =  (a?  +  -rf)  (op  -  1). 

Or  putting  w  and  y  for  of  +  ^  and  y  -¥  B^  which  does  not 

affect  p  =  -—  this  becomes 
dm 

a{wdy  —  ydw)  »  xdw  +  ydy, 

which  is  the  differential  equation  to  the  logarithmic  spiral. 
That  curve  therefore  is  the  only  one  which  has  an  evolute 
similar  to  itself. 

Euler  in  the  memoir  referred  to  above  has  considered  the 
question  much  more  generally,  for  he  investigates  the  nature 
of  the  curve  which  has  its  n^^  evolute  similar  to  itself,  as 
well  as  the  curve  which  has  an  evolute  similar  to  itself  but 
placed  in  an  inverse  position.  This  last  is  reduced  to  the 
previous  case,  for  if  the  evolute  be  similar  to  the  original 
curve  but  in  an  inverted   position,   the  second   evolute   will 
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also  be  similar  to  the  origiDal  curve  and  in  the  same  posi- 
tion, and  its  radii  of  curvature  will  diminish  while  those  of 
the  first  evolute  increase,  as  will  be  seen  in  (fig.  62).  It  is 
easy  to  see  that  this  condition  is  expressed  symbolically  by 
afiecting  the  coefficient  of  similarity  with  a  negative  sign. 
The  general  equation  for  a  curve  which  has  its  n^  evolute 
directly  similar  to  itself  is 

that  which  has  its  n^  evolute  inversely  similar  is 


d* 


£  +  ««V-o- 


dip 

(S4)  Let  us  investigate  a  particular  case  of  this  last 
problem  when  n  «  I  and  a*  s  i,  which  implies  that  the  evo- 
lute is  equal  to  the  curve  but  in  an  inverted  position. 

The  equation  then  becomes 

The  integral  of  which  is 

p  B  C  cos  0  +  Ci  sin  0  8  C  cos  ((p  +  a). 

Since  the  angle  a  depends  only  on  the  line  from  which 
<P  is  measured  we  may  make  it  equal  to  zero,  so  that 

p  ^  C  cos  0,  then 

C  C 

a^mC  fdfp cos*  0  =  —  /(l  -h  cos  20) d0  ss  —  («^  +  sin 20), 

making  ^  »  0  when  0  a  o. 

r  C 

Also    y  3s  C /d0  sin  (p  cos  0  « cos 20  4-  A. 

C 

If  y  a  0  when  0  =  0,  A  ^  —;   therefore 

c 

y  =  - (1  -cos 20). 
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Elimmating  ^  we  have 

^  «  —  vers  '  -^  +  \—^-tr\  9 

the  equation  to  a  cycloid  referred  to  its  vertex. 

If  a'<  1,  the  curve  is  an  epicycloid- 
If  a*  >  I9  the  curve  is  a  hypocycloid. 

(25)  In  speaking  of  the  cycloid  I  mentioned  a  property 
belonging  to  it  which  was  discovered  by  John  Bernoulli,  viz. 
that  if  BC  (fig.  21)  be  any  curve,  the  tangents  at  the 
extremities  of  which  are  at  right  angles  to  each  other,  and 
if  this  be  developed,  beginning  from  C,  and  if  the  involute 
CD  be  again  developed,  beginning  from  D,  and  so  on  in 
succession,  the  successive  involutes  approach  continually  nearer 
and  nearer  to  the  cycloid,  and  ultimately  do  not  differ  sensibly 
from  that  curve.  The  following  demonstration  of  this  re- 
markable proposition  is  taken  from  Legendre,  Ewerdcei  de 
Caleul  Integral,  Vol.  ii.  p.  541. 

Draw  the  successive  tangents  MP,  PN,  iVQ...  which 
will  be  alternately  perpendicular  and  parallel  to  the  first, 
from  the  nature  of  involutes.  Let  9  be  the  angle  which 
MP  makes  with  with  the  line  AB,  and  put 

arc  CM  «  /p,  arc  CB  =  o, 

arc  CP  «  »,  arc  CD  «  6, 

arc  jBJV  =  a/y  arc  ED  «  a\ 

arc  EQ  «  z\  arc  EF  -  b\ 

and  so  on  in  succession.      Then  if  we  were  to  draw  tangents, 
making  angles  s  d0  with  the  other  tangents,  we  should  have 

dz        da/       d« 

Wp^pn^qn^'^ 

But  from  the  nature  of  involutes, 
MP^CM^x,     PN^DP^h^z,     QN^EN^iV,  kc.    • 


ff 


_-             ,^      dz       dcs        dz        dw 
Hence     a©  =  —  =  ; =  — ^  «  -  - — ^ 

00  O  "  Z  X  0  "  z 
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From  the  Brst  we  have  z^Jmdd^  which  ought  to  vanish 

when  d  «  0,  and  to  become  equal  to  6  when  d  =  —  .     The 

second  equation  gives 

d^ «  bd9  -  «de  »  hdd  -  dd  fxdd, 
and  af^bd-  pde^w, 

which,  when  0  » 0,  ought  to  vanish,  and  when  0  »  ~  to  be 

equal  to  a .     The  third  equation  gives 

d«'«  a/de  =  6ed0  -  dOpde^w, 

and  *'  -  7^  -  P'^^^- 

Proceeding  in   this  way,   we  have 

.r<-»  .  6^-  »^  0  -  ^^ ^  +       ,    ,    ,    ,  -  &c.  ±  /*-d^^, 

1.2.8        1.2.3.4.5 

1.2  1  .  2 . S . 4 

Now  the  last  terms  in  both  of  these  expressions  continually 
diminish,  and  if  n  be  made  sufficiently  large  they  may  be 
neglected.     This  may  be  seen  by  considering  that  since 

a?<a,     j^dGTx  is  less  than  J*d9^a^  or  -— ; 

IT 

and  as  the  greatest  value  of  fl  is  - ,  the  denominator,  when  n 

is  great,  far  surpasses  the  numerator,  and  the  term  diminishes 
continually  as  n  increases.      Neglecting  then  the  last  term 

and  making  ©  =  -  =  a  in  tbe  second  series,  we  have 

feW  « +  &c. 

1.2  1.2.3.4 

From  this  it  appears  that  ^hen  n  is  large  the  series 
6  +  6'y  +  fe'V  +  &c.  +  6<«y  +  &c. 
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may  be  considered  as  a  recurring  series  formed  from  a  frac- 
tion of  which  the  numerator  is  a  polynomial  in  y  of  a  finite 
number  of  terms,  and  the  denominator  is 

1 + &c.  =  cos  (a^"). 

1.2        1.2.3. 4  ^   ^  ^ 

Now  cos  iayi)  -  cos  (^]  -  (i  .  y)  (i  -  1^1  (,  -  I) ...; 
and  if  f{y)  be  the  numerator,   we  may  assume 

/(y)         N,        N,         JV, 
cos  (oy*)      1  -  y  y  y 

by  the  theory  of  rational  fractions.     Now  the  coefficient  of 

«■  in  y^  is  supposed  to  be  6^"^  when  n  is  large;  and 

cos  (ay') 

on  the  other  side  the  coefficient  of  y"  is 

If  n  be  indefinitely  increased,  this  is  reduced  to  JVi, 
which  is  independent  of  n.  Therefore  b^*^  is  independent  of 
n  when  n  is  very  large:   hence 

and      z^^  «  6<->  (— ^ +  &c.)  =  6^->  (1  -  cos  6). 

Vl.2       1.2.8.4  / 

Similarly  .x<"^  -  6(->  sin  d. 

These  equations  belong  to  a  cycloid,  in  which  ^6^"^  is 
the  radius  of  the  generating  circle.  Thence  follows  the 
proposition. 

(26)  Find  the  surface,  such  that  the  intercept  of  the 
tangent  plane  on  the  axis  of  x  is  proportional  to  the  distance 
from  the  origin. 

The  intercept  of  the  tangent  plane  on  the  axis  of  x  is 

x-pw^qy; 
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hence  we  have 

«f  -  p^  -  9y  «  n  (^  +  y*  +  ar*)*. 
The  integral  of  this  equation  is 

(27)  Find  the  surface  in  which  the  co-ordinates  of  the 
point  where  the  normal  meets  the  plane  of  wy  are  propor- 
tional to  the  corresponding  co-ordinates  of  the  surface. 

The  equations  to  the  normal  being 

«»'-/»  +  p  («'-»)«  0,     y  -  y  +  ?  («  -  «f), 
we  have  when  z  =  0, 

therefore     w  ^-pz^  mai^     y  +  gar »  ny. 

Substituting  these  values  in 

dz  tmpda  ^qdy, 
and  integrating,  we  find 

«'«(iii-l)^  +  (n-l)y«  +  C, 
which  is  the  equation  to  a  surface  of  the  second  order. 

(28)  To  find  the  equation  to  the  surface  at  every  point 
of  which  the  radii  of  curvature  are  equal  and  of  the  same 
sign. 

The  conditions  that  this  should  be  the  case  are 

1  +p*      pq      1  +  g* 
r  «    "      ^     ' 

p      dp      I  dq  q      dq      I   dp 


or 


1  ■¥ p*  diV      q  dw^       I  Ji-  (f  dy     p  dy 


Integrating  these  as  ordinary  equations  and  replacing  the 
arbitrary  constants,  in  the  first  equation  by  an  arbitrary 
function  (F)  of  y,  in  the  second  by  an  arbitrary  function 
{X)  of  Wy  we  find 

i+p»-r9%    i  +  g«  =  jrp*. 
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From  these  we  find 


\XY 


But  p  and  q  ought  by  their  nature  to  satisfy  the  equation 

—  s  — ,  which  in  the  present  case  is 
dy      dw 

Now  whatever  be  the  form  of  the  functions  X  and  F, 
this  equation  is  of  the  form  0(<37)  =  ^(y)9  and  it  can  there- 
fore subsist  only  when  each  side  is  equal  to  a  constant.     Let 

this  constant  be  represented  by  -;  then 

whence  on  integration  we  obtain 

r  r 


(1  +  Jr)i  '     (1  +  Y)\ 

a  and  6  being  arbitrary  constants.  If  from  these  we  take 
the  values  of  JT  and  V  and  substitute  them  in  those  of  p 
and  q  we  have 

(g-^) fc-y 

Putting  these  values  into  the  formula 

dv  B  pdw  +  9dy» 
and  integrating,  we  have 

(a?-  «)•  +  (y  -  6y  +  («  -  cy^f^y 
which  is  the  equation  to  a  sphere. 

Monge,  Analyse  Appliquie. 


CHAPTER  XI. 


EVALUATION    OF    DBFINITE    INTEORALS. 


When  we  are  able  to  effect  the  integration  of  any  function, 
the  determination  of  its  valuQ  between  certain  limits  of  the 
independent  variable  offers  in  general  no  difficulty,  as  we 
have  merelv  to  subtract  its  value  at  one  limit  from  its  value 
at  another.  There  are  however  many  functions,  the  Definite 
Integrals  of  which  we  are  able  to  find,  although  the  in- 
definite integral  cannot  be  expressed  in  finite  terms.  The 
evaluation  of  these  integrals  has  become  one  of  the  most 
important  branches  of  the  Integral  Calculus,  in  consequence 
of  the  numerous  applications  which  are  made  of  them  both 
in  pure  mathematics  and  in  physics :  it  is  to  functions  of 
this  kind   that  the  examples  in  the  following  paper  refer. 

The  methods  for  evaluating  those  definite  integrals  whose 
general  values  cannot  be  found  are  very  various,  but  they 
can  generally  be  classed  under  the  following  heads. 

(1)  Expansion  of  the  function  into  series,  integration  of 
each  term  separately,  and  summation  of  the  result. 

(2)  Differentiation  and  integration  with  respect  to  some 
quantity  not  affected  by  the  original  sign  of  int^ation. 

(3)  Integration  by  parts  of  a  known  definite  integral,  so 
as  to  obtain  a  relation  between  it  and  an  unknown  one. 

(4)  Multiplication  of  several  definite  integrals  together, 
so  as  to  obtain  a  multiple  integral,  and,  by  a  change  of  the 
variables  in  this,  converting  it  into  another  multiple  integral, 
coinciding  with  the  first  at  the  limits,  and  admitting  of  in- 
tegration. By  this  means  a  relation  is  found  between  the 
definite  integrals  multiplied  together,  which  frequently  enables 
us  to  discover  their  values. 

(5)  Conversion  of  the  function  by  means  of  impossible 
quantities  into  a  form  admitting  of  integration. 
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These  di£Perent  methods  will  be  best  understood  by  their 
application  to  the  following  examples. 

We  shall  begin  with  the  function  known  as  the  Second 
£ulerian  Integral,  because,  though  its  exact  value  cannot  be 
found  generally,  its  properties  have  been  much  studied,  and 
to  it  a  number  of  other  integrals  are  reduced. 

1.     Second  Eulerian  Integral, 

The  definite  integral  j^  dx  e'^a^"^^  when  t*  is  a  whole 
number,  is  easily  seen  by  the  method  of  reduction  in  Ex.  (13), 
Chap.  II.  of  the  Integ.  Calc.  to  be 

(n  -  1)  ...  3.2.1. 

When,  however,  n  is  a,  fraction,  its  value  can  be  found 
only  in  certain  cases,  but  it  possesses  many  remarkable  pro* 
perties  which  render  it  of  the  greatest  importance  in  the 
Theory  of  Definite  Integrals.  It  was  first  studied  by  Euler, 
who  seems  at  an  early  period  to  have  seen  its  importance,  and 
has  devoted  several  memoirs  to  the  investigation  of  its  pro- 
perties ;  on  this  account  Legendre  has  named  it  after  him, 
at  once  for  the  purposes  of  characterizing  the  function  and 
honouring  that  great  mathematician.  To  distinguish  it  from 
another  integral  with  which  also  Euler  had  much  occupied 
himself,  and  of  which  we  shall  afterwards  treat,  it  is  usually 
called  the  **  Second  Eulerian  Integral,^  and  Legendre  has 
afiixed  to  it  the  characteristic  symbol  F,  applied  to  the  index, 
so  that  he  writes 

which  notation   we   shall  adopt.      Throughout  the  following 
investigations  n  is  supposed  to  be  greater  than  0. 

In  the  first  place  we  remark  that  by  a  change  of  the 
independent  variable  this  integral  may  be  put  under  other 
forms  which  are  sometimes  more  convenient  in  practice  than 
that  which  we  have  used. 

Thus  if  we  put  €''=y,  the  corresponding  limits  are 

ct?  =  0,     y  =  1 ;     0?  =  00 ,    y  =  0, 
30 


466  DBFimTB    DITBOEAUB. 

and  the  integral  takes  the  fonn 

(a)  r(n)-jfrf*(logi)'"'. 

This  is  the  shape  under  which  the  intq^  has  been 
usually  treated  both  bj  Euler  and  Lagrange,  but  it  ia 
scarcely  so  convenient  as  the  preceding. 

Again,  if  we  put  «" «  sr,  the  limits  remain  the  same  as 
before,  and  we  have 

(6)  r  in)  ^  I  J,"  dz  ,-K 

This  last  form  is  the  most  convenient  for  determining 
the  value  of  the  integral  in  one  remarkable  case  when  it 
can  be  found  in  finite  terms*     If  n  «  ^ 

Let  h^f^dxe'^i 

then  as  the  value  of  the  definite  integral  is  independent  of 
the  variable,  we  have  also 

and  therefore  multiplying  these  together, 

e-Jo'dze-'^.jir  dy  «-*•  -  JC-  jt-  dy  dz  ."  V**^ ; 
since  y  and  «  are  independent.     Now  assume 

«  B  r  cos  d,  y  ^  r  sin  6y  then 

«» +  y*  B  r*,         dydz^rdrdO. 
To  determine  the  limits  we  observe  that  y  and  z  never 

become  negative,  and  therefore  9  must  vary  from  0  to  — , 

while  r  varies  from  0  to  oo ,  so  that  we  have 
*'-/o*j(;*'drdflre-'*-i7r;  whence 
(c)  A-|,r*  and  r(i)-9r*. 

We  shall  now  demonstrate  the  more  important  properties 
of  the  function  r(»)  referring  the  reader  who  wishes,  for 
a  more  detailed  exposition  of  them  to  Legendre,  ExerdeeB 
de  Calcul  Intigral,  Tom.  i.  and  ii. 
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If  we  integrate  by  parts  the  expression  Jdm  e'^iV*  we  have 

The  integrated  part  vanishes  at  both  limits,  so  that 
(d)  r(n+ l)  =  nr(n). 

4 

This  may  be  looked  on  as  a  characteristic  property  of  the 
function  F*  and  is  of  the  greatest  importance,  as  by  means  of 
it  we  can  reduce  the  calculation  of  T  (n)  from  the  case  when 
n>  1  to  that  when  it  is  <  1,  and  we  have  therefore  to  occupy 
ourselves  only  with  the  values  of  n  which  lie  between  0  and  I. 

If  n  be  a  proper  fraction, 

r(n)-j(;*da7e-'/^-^  T  (l  -  n) -/o'dy  e'^y-; 

and  therefore 

r(n)  r(l  -n)-/o*d^e-'a;-7o"dy€-yy-" 

To  reduce  this,  we  shall  use  the  transformation  of  Jacobi, 
given  in  Chap.  iii.  Sec.  2,  Ex.  (7)  of  the  Diffi  Calc. 

Assume  w  •\-  y  ^  u^  y  ^  uv^  so  that  dwdy  ^  u  du  df) :  the 
limits  of  u  and  v  corresponding  to  those  of  w  and  y,  are  u  =  Oy 
U  ^  CO  y  osO,  D  —  1;  therefore 

r(n)r(l-n)  =  /o*/o'dwd«€-v-(l-tj)-^ 

or;  integrating  with  respect  to  u  between  its  limits, 

r  (n)  r  (1  -  n)  «  J,'dv  v-  (I  -  vY'K 

To  find  the  value  of  this  integral,  assume  v  s  (sin  0)'; 
then,  as  to  the  limits  »  «  0,  « »•  1,  correspond  0  «  0,  0  >=  ^tt, 
we  have 

r  (n)  r  (1  -  n)  «  2fo*'d0  (tan  0y''\ 

Now    tan0»(-)"9  zrZ)ij$y    ^^^   i*   i*    therefore 

obvious  that  (tan  0)^"'"  may  be  expanded  into  a  series  of 
the  form 

30—2 


468  DEFINITE    INTEGRALS. 

C-)*"^  Jl  +  ^.-<->*»*  +  ^,e-<-'***+ &C.  J 

■^"^      \- {-)i  (Ai  an  90 +  Jt  an  *e  + he.)}' 

i-tii  ^  _ 

Also    (-)  »    -  €08  (1  -  2«)  -  +  (-)*  sin  (1  -  an) 

n  sin  n  X  +  (-)*  cos  fiTr. 

Substituting  the  series  for  (tan  0)^"'%  multiplying  by 
sinnir+ (-)icosn7r,  and  equating  real  parts,  we  have 

sin  nir  r(n)  r(l  -n)  =  2 Ji'd0(l  +  -4,cos20  ^^JiCos^O  -h  fcc.) 

since  the  periodic  terms  vanish  at  both  limits.     Hence 
(e)  r(«)r(l-n).-j^». 

sin  flir 

It  is  easily  seen  that  the  value  of  r(^)  is  found  at  once 
from  this  equation,  by  putting  n  s  ^ ;  and  generally,  if  we 
know- the  value  of  r(n)  from  ft«l  to  »b^9  we  know  its 
value  from  0  to  t^. 

From  the  preceding  theorem  a  more  general  one  may  be 
derived.     Let  n  be  a  positive  integer,  then  will 

</)r(i)r(i)r(i)...r(--^).(M-.-.. 

1st.  Let  n  be  even :  Then  there  are  ^n^  1  pairs  of 
factors  of  the  form  r(r)  r(l  -  r),  and  a  middle  Ikctor  which 
"  r  (^)  «  TT*.  Therefore  by  the  preceding  theorem  the 
product  is  equal  to 


.     /«-\    .     /2x\    .     /Sir\         .    (n-2)v' 

sm  (— I  sin    —    sm  ( — )  ...sm-^ — 

\nL      \n  J        \f^J  2n 

*  This  demonstration  of  a  Theorem  discovered  by  Enler  is  given  by  Mr  Great- 
heed  in  the  Camb,  Math,  Joumaiy  Vol.  i.p.  17. 
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Now  by  a  known  theorem,  when  n  is  even,  we  have 
sin  nx 


2""*8inj arjsinf—  +»]... sin  (—-«]; 


smiir 
which,  when  z^O^  gives 

^g-(ii-.i)^  fsin-j    Ism  —  j  ...<8in^ ^—  >  : 

so  that  we  find 

•'(„-)rS)'-e)-r(^) -(..)-■»-.. 

2nd.  When  n  is  odd,  there  is  no  middle  factor,  and 
the  number  of  double  factors  is  ^  (^  —  l).  Also  in  this 
case  we  have 


sm  nx 


2*"*  sin  ( «jsin{-  +  «] ... 


siuiir 

sin 


and  by  making  ^  «  0,  we  have  as  before 

'©'•Q^e)-^(^)-<-)"-^'--'- 

A  still  jnore  general  theorem  is  the  following : 

(g)    r(a?)r(a?+M...r(^+^Ur(fi/r)(27r)^nJ-'; 

but  for  the  demonstration  the  reader  is  referred  to  Legendre^s 
work. 

To  this  definite  integral  r(n)  others  may  be  easily  re- 
duced. 

Thus  if  we  have  the  integral 

jo^djfo^-MlogH      , 
by  assuming  a^  a  x^  it  becomes 

he^'i'^i)"'- 
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80  that 


(A)  /o'  d*  »—  (log  ^)    «  ^  r(«). 

Again,  since  by  Ex.  (1,  c)  we  have 

^i  1 

on  differentiating  2n  times  with  respect  to  a  and  then  making 
o  B  I9  we  obtain 


(k)     /o"dd?^»6-'"*=- 


.«,•     1 .  S .  5  ...  (2n  -  1)  IT* 


«•  2 


(2)     The  first  Eulerian  integral  is 


(1  -  O  "         ^* 


according  to  the  notation  adopted  by  Euler,  and,  after  him 
by  Legendre;  the  value  of  the  integral  being  supposed  to 
change  in  consequence  of  the  variation  of  p  and  q^  n  remaining 
constant.  This  form  of  the  integral  however  is  not  the  most 
convenient  in  practice,  and  we  shall  use  another,  formed  from 
the  present  by  putting  nf^y,  when  it  becomes 

1  €-1  i-i 

-fo'dyy''   (i-yr    • 

Putting  —■■/,—«=  w,    we    shall   designate   the   definite 
n         n 

integral  by  a  symbol  of  functionality  applied  to  these  letters 

as  the  symbol  F  is  used  for  the  second  Eulerian  integral: 

the  letter  we  shall  use  is  the  digamma  F,  so  that  we  write 

(a)  fo'  d.v  w''^  (1  -  d?)*-*  -  F  (/,  m). 

The  most  important  properties  of  this  integral  are  those 
by  which  it  is  connected  with  the  second  Eulerian  integral 
founded  on  the  theorem 

(h\  P(i  n,^    r(or(m) 
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To  denionstrate  this  we  shall  proceed  as  In  Ex.  (1,  e), 
which  is  a  particular  case  of  this  theorem; 

r  (0 .  r  (m)  -  /o"  j(;*  dw  dy  t-^'+i^)  w'-^  jr-' ; 

and  on  transformation 

r  (0 .  r  (w)  -  jG*  dw  €-•  tt'+—^  X' '''^  <>''Hi  -  «)""*• 

Now 
Ji"  d«6-tt'+— *-  r(<  +  m)  and  /o* dt)D'-^(l -«)"->«  F(/,iw); 

,    ^      ^  „    .    r  (0  r  (m) 

therefore     F  (/,  m)  «  — ^^^ — V^ . 

r  (*  +  m) 

As  /  and  m  enter  symmetrically  into  the  second  side  of 
the  equation,  it  follows  that 

(c)  F  (^  «»)  «  F  (»»>  0- 

Also  since 

„   .    r(or(fii)      ,  .^,        ^    r(/  +  fw)r(w) 

F  (/,  m)  «  —1^-7 — ^^,   and  F  (/  +  m,  n)  «  — ~- ^    ^/  ; 

by  multiplying  these  together  we  have 

,,    X  c/i        X    r(or(m)r(n) 

J  ^*  +  w  +  n} 

and  as  the  second  side  is  a  symmetrical  function  of  /,  m,  n^ 
it  follows  that  these  letters  may  be  interchanged,  so  that 

(d)  F(/,iii).F(/+i»,f»)«:F(;,fj).F(Z+«,iii)=F(m,«).F(iii+n,?). 

a^-^  (1  -  wY'^ 
The  integral  _^*  da? — r^^^j^ —    may  be    reduced  to 

the  first  Eulerian  integral  by  assuming 

«f  y 

w  ^  a      1  +  a' 

when  it  becomes 

the  limits  of  y  being  the  same  as  those  of  w.      Hence 

(e)      nj^^-'0-^)''-'_  1  r(a)rO) 

'^^     "''  (.v  +  o)«+''         o^(l+a)«    r(a  +  i8)  * 

Abel,  (Euvres,  Vol.  i.  p.  95. 
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(3)  The  property  (fr)  of  the  first  Eulerian  iotegral  may 
be  extended  to  a  large  class  of  multiple  int^rals  by  the  fol- 
lowing theorem  due  to  M.  Lejeune  Dirichlet*. 

(a)     Let    V^fdaffdyfdz...ar''^y'"W'\.. 

in  which  the  limiting  values  of  Wy  y^  z..*  are  given  by  the 
condition 


(!)'^(|)'H^)'^-<- 


ay  hj  c.a,  /3,  y^..Pi  9>  r... being  positive  quantities; 


then  will      V 


pqr,..      _,       a      b      c        ^ 

r(l+- +-+-+...) 
p      q      r 


The  equation  of  the  limits  may  be  made  linear  by  putting 
w  for  (-|  ,  y  for  f  ^j  ,  ^  for  (  -  j  ,  &c.,  in  which  case  the 
integral  becomes 

V  «  ^^Im  fdw  fdy  /dsr...^-^  y— '«"-^.., 
pqr.,. 

with  the  condition 

iv  +  y  +  z  +...  <  1 ; 

a  b  c 

where  /«-,     mes-,     «  =  -,  &c. 

p  q  r 

Hence  if  we  know  the  integral 

U ^  fdw  fdy  fdz^.w'"^  y^"^  ar*-^.., 

with  the  previous  condition  for  determining  the  limits,  we 
can  find   F. 

When  the  variables  are  two  in  number,  it  is  easy  to  see 
that  the  integral  is  identical  with  that  called  the  first  Eulerian. 
Let  us  suppose  therefore  that  there  are  three  variables.     Then 

U  «  fo'  dw  w'-'  jj^idy  y^"  j,'idz  z--\ 
where  yi  ■»  l  -  ^>     sfi  a  1  -  a?  -  y. 

*  Liouville*!  Journal,  Vol.  iv.  p.  168. 
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Assume  «  ssvxi,  y  b  upi^  the  limits  of  u  and  v  are  then 
O  and  1,  and  U  takes  the  form 

U^j^dw  «^-^  J^  du  uT'^  yi"  ^^  de  v*"^  «^\ 

But  as  yi  =s  1  -  or,  and  «i  =  yi  -  uyi  "  (l  -  tv)  (l  -  w),  the 
integral  becomes 

U  =  /o*  d^  of''  (1  -  a^)"+».  /o^  du  M— »  (1  -  w)\/o^  dv  «-'. 

The  integrations  with  respect  to  the  different  variables  may 
now  be  effected  separately,  and  we  have 

rij      .  1         r(n)  rij       -  1/  X.      r(m)r(w  +  l) 

^  oorw     V       'p;  Yil  +  m  +  n  +  l)  ' 

«.  that  ^  r(or(n.)r(n) 

r(l  +  /  + w  +  n) 

In  like  manner  we  might  find  the  value  of  U  when  there 
are  four  vi^riables,  and  so  on  for  any  number;  and  hence, 
also,  the  value  of  F,  as  stated,  is  deduced. 

(6)  By  a  similar  process  M.  Liouville  has  proved  the 
still  more  general  theorem,  that  if 

where  the  limits  are  given  by  the  condition 


o'^(iy-(3'-^»= 


7 
then  will 

„_  a" p  •>*•••  r  (z)  r(w»)  r(w)...   -;.  _  ^r  \  ;u.«tj..  i 

pgr...        r(/  +  m  +  «  +  ...)    •'^       -^  ^  ^ 

^  Liouville's  Journal^  Vol.  iv.  p.  231. 

(c)     As  an  example  of  this  last  formula,  take 
W^JdxJdyfdx  ^ 


(l-^-y"-**)i' 
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the  limits  being  given  by  the  condition 
In  thiff  case  we  find 

*  r(|)    J,  n-v)i 

Now     r  (i )  -  »i,     r  (I)  -  j^  IT*,  and 

(1  -«'»*"*  /   TiZ 


therefore     IF  ■  — . 

8 

Generally  we  have,  the  number  of  variables  b^ng  n, 

dxdydg...  x*<"+'> 


///.-. 


(d)     Again,  if       ir-./d^/dy(;^^^y). 
the  limiting  values  being  given  by  the  condition 

It  will  be  easily  seen  that 

*    r(i)    •"     U  +  W 

whence  PT**  -  ( 1 )  . 

(4)  M.  Catalan*  has  shewn  how  to  evaluate  a  definite 
multiple  integral  which  depends  on  those  which  have  just 
been  considered.     It  is 

jr.  yy-...  _J — ! —fia^a^i  +  a,a?,  +  ...  +  a«d?.),      (1), 

in   which  w^  ^  i  -  o^x*  —  d?3,*  -  ...  —  ^n-u   and    the  limiting 

*  LiouTille*!  Journal,  Vol.  Ti.  p.  81.  The  reader  is  referred  to  a  paper  bj 
Mr  Boole  in  the  Cambridge  Mathematical  Journal,  Vol.  in.  p.  277»  entitled  *  Re* 
marks  on  a  Theorem  of  M.  Catalan,*  where  the  truth  of  the  Theorem  is  called  in 
question. 
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▼alues  of  the  n  —  1  independent  variables  are  given  by  'the 
condition 

Assume    ^i  »  pi ti|  +  9i t«s  +  •••  +  fi  m.  \ 


where  the  coefficients  of  Ui  are 


(2), 


''*"(a,»  +  a,«,..+a,>)»' 


«« 


and  the  other  coefficients  are  subject  to  the  conditions. 


&c. ; 


?!*  +  ?«■    +  •..  +     9»"«  1  ^ 


n*  +  V    +  ...  +     r,»-.l 
Pi9i  +  jP«?2  +  ...  +  P.?«  -  0 


)     (»)• 


Pi  ^i+Ps  »•,  +  ...  +p»r.«0 


?i^i +  ?«»•«  +  ...  +?«^««o  ^ 

The  number  of  constants  in  (2)  is  nin-  1),  the  num* 
ber  of  conditions  in  (3)  is  ^n(n+l)9  so  that  there  are 
^  91  (n  —  8)  arbitrary  coefficients* 

Adding  the  squares  of  (2)  we  have  by  the  conditions  (S) 

til*  +  W»*  +  ...   +  U^  -»  V  +  ^«'  +  •••  +  ^n    «  1- 

From  the  same  equations  we  find 

«i^i  +  <h^%  +  ...  +  «ii^»  -  Wi  (fli  +  ««'  +  ...  +  O*  ^  -^^ly 

suppose. 

Also  on  changing  the  differentials  by  the  method  given 
in  Chap.  iii.  Sect.  S  of  the  Diff.  Calc.  we  have 
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dofidx^  mm.  dWjt^i      duidufi  mmm  dUf^^j 

so  that  the  integral  becomes 

V      rr  duxdu^m.mdu^^^         Xf  J..\ 

If  now  we   integrate  with   respect   to  alL  the  variables 
except  t^i,  the  limits  being  given  by  the  condition 

we  have  by  (3,  c) 

..  dU.dU^.m.dU^^,  y*^"^'  .  -^f%»(.-8) 

Hence,  substituting  this  value  and  integrating  with  respect 
to  Ui  from  0  to  1,  we  have 

«    '^-«-rlI(^.)i^-"'"'<'--'>"-"-^<-'"'>- 

If  we  put  Uy  s  cos  0y  this  becomes 
If  n  »  3,  this  gives 

»  .  *  * 

--X^d6sina/(i<co8  0); 

or  if  ^iscost^,  /Tg  K  sin  t«  cos  t?,  ar,  b  sin  t«  sin  v,  and  if  we 
take  the  limits  from  u^s  o  to  u » ir^  and  from  v  ^0  to 
t)  SB  2  IT)  it  takes  the  form 

(d)    J'  Jq*'  dudv  sin  uf(ai  cos  f^  +  o^  sin  f«  cos  « + a,  sin  f«  sin  e) 

-  2  ir  Jt' d0  sin  0/( J  cos  0). 

The  formula  under  this  shape  was  first  given  by  Poisson 
in  the  Mhnoires  de  VInstituty  Tom.  iii.  p.  12$. 
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(5)     In  the  equation 

if  we  put  1  — « >-  w»,  the  corresponding  limits  are 

atimO,     «seo;  «  — 1,     «<sO; 

and  the  transformed  equation  is 

«"-»  r(a)r(r-a) 


(a)  jC-d* 


(1  +  zy  r(r) 


The  only  restriction  on  the  generality  of  this  result  is 
that  a  must  be  less  than  r.     If  r  b  i^  we  have 


1  +^      sinaTT 

This  last  integral  may  be  considered  as  being  made  up 
of  two  parts,  one  from  jy  »  0  to  ;?  «  1,  the  other  from  x^l 
to  jy  «i  00  .     This  second  part  may  be  reduced  to  the  same 

limits  as  the  first  by  assuming  %^  —^^  when  it  becomes 

■^         1  +  «f 
Hence,  adding  the  two  parts, 

(C)  Xd* -— =-; . 

1  +  z  sm  air 

In  the  formula  (6)  put  »  «  j^  and  b^2a,  when  we  find 


id)  j^'dyl. 


IT 


l+y"      2sin(^67r)' 


w 


(6)     The  integral  j&*d/r may  be  considered  as  made 

1  —  dr 

up  of  two  parts,  one  from  or  ■>  0  to  iv  »  1,  the  other  from  w  ^l 

to  J7  s  00  .     If  we  put  —  for  a?,  the  latter  part  becomes 

w 

I  —  d? 


sin  iy  s  jv 
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80  that 

Expanding  the  denominator  and  integrating  from  w^O 
to  w^lf  we  obtain  the  series 

11             1             1             1         . 
+ + fcc. 

a      1-a      1+a      S-a      S+a 
Now  by  a  known  theorem, 

{'-l){''-l){'-ii){''£} . 

Taking  the  logarithmic  differential  on  both  sides, 

1111  1 

cot  iv  « h h , 

X      7r-«      w  +  «      Sir-*      2ir  +  » 

and  putting  x  ^ira^  we  see  that 

(o)  jodw eTTCOtairejL   <** • 

If  we  put  ^  for  w,  and  -  for  a,  we  have 
'  n 

(6)  jt   dor- —--cot  — , 

(7)  The  value  of  the  integral 

a^-^-l 

J^dw— , 

log  at 

which  is  the  difference  of  two  infinite  quantities,   is  easily 
found.     We  have 

•^  n 

Integrrating  with  respect  to  n  and  determining  the  com 
stant  so  that  the  integral  shall  vanish  when  n^ly  there 
results 

(a)  Q  dw  -= «  log  n. 

^  ^  ^  logw  ^ 
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In  like  manner  we  find 


^*^     /o'd^'^'^^^^^ 


If  we  multiply 

1 


l-dr  +  ^-j?'+  &€• 


1     +!» 

by  — ; >  and  mtegrate  from  w^O  to  j?«»l,  we  find 

•^        logtf? 

n.     d?*"*-ar*-*       -      m     ,      m+1      ,      m  +  2      . 
Jo  »^  7 Ti ■■  1^^ log +  log &c. 

^  log  ^^^  "^  ^^^"^  +  g) (n  +  3).,,  ^ 
**     *»(m+  l)(»  +  2)(m  +  S)...* 
and  if  n  =  1  -  TO, 

^        0^"-*-^?-"  TO(2-w)(2  +  w)(4-m)(4+m),,« 

•'<>    ^(l+a?)loga?"  ^^  (l-m)(l+m)(3-TO)(3  +  fii)... 

Now  by  the  formulae  expressing  the  sine  and  cosine  of 
an  angle  in  products  of  factors,  we  have 


tan  jy 


(■-5('^?)('-i^)('^^)- 

(-"){-t)('-S)( 


2ilf\ 

1  +  ... 

Sir  J 


irvn 
tnis  putting  X  m 

theorem 


In  this  putting  x  m  — ,  and  observing  that  by  Wallis^s 


-  -  2 
2 


(?)■  (i)'  {!)'  (?)■ 


we  see  that 


(c)  Ddw .  ,         «  log  tan  (m  -  ) . 

'^        (1+^)  log  or         *         V     2/ 

Summer  in  Crelle^s  Journaly  Vol.  xvii.  p.  224. 
(8)     By  integration  by  parts  it  is  found  that 

Jaofe       cosray«  — 6        z z » 


a^-^-r 


480  DEFINITE    INTEGRAIii* 

,    /.,      .a,  .                     ,,o8inr«  +  rco8rdf 
and  jaw€       smrar^-c       = ; . 

Hence    taking  the  integrals   between  0  and   oo  we  have 

If  we  differentiate  these  expressions  (n  —  l)  times  with 

respect  to  a  we  have  by  Ex.  (20)  and  (21)  of  Chap,  ii* 

Sect.  1  of  the  ZHffi  Calc. 

^cB                                                               cosnd 
(c)     J^  dj?a?""^ €~*' cos rd?«  1.2.3 ...(n  —  1) 


fi» 


(d)     X*dd?flr»-'e""sinr4?=  1.2.3. ..(n-  1) 


sin  910 


n  9 


(«*  +  r*)* 


where  d  «  tan*^-  . 


In  these  expressions  n  must ^ be  a  positive  integer;  but 
if  it  be  a  positive  fraction,  the  only  difference  is  Ijiat  instead 
of  the  continued  product  1 . 2 .  3,..  (n  —  l)  we  must  substitute 
the  definite  integral  r(n). 

If  we  integrate  (a)  with  respect  to  r,  we  have 

(e)  r  —  e-"sin  rw  =  tan"^  f-)  , 

no  constant  being  added,  as  the  integral  vanishes  when  r  »  0. 
In  this  formula  if  we  make  a  s  o,  we  have 


sm  ro;  «  —  . 

'0        tv  2 


[  T 

If  we  make  a  s  o  in  the  formulas  (a)  and  (6)  we  have 
(S")         ^*  ^"^  cos  r.r  =  0,  (A)     Jj*  dj?  sin  rw^- . 

T 

From  the  integral  (/)  it  is  easy  to  see  that 


—  sino; 


•  dj?  .  7r 


cosrcV  «  — , 

2' 
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when  r  lies  between  —  1  and  +  1,  but  that  it  vanishes  for  all 
other  values  of  r. 

The  results  (g)  and  {h)  are  very  remarkable  as  giving  the 
real  values  of  what  are  apparently  indeterminate  quantities,  the 
sines  and  cosines  of  an  infinite  angle.     For  as 

^*  dw  cos  roB  ^  -  (sin  oo  -  sin  0)  »  0  by  (g)j 

T 

it  follows  that  sin  oo  ■>  0, 

and  as  jj*  dx  sin  ra;  =  —  (cos  oo  —  cos  0)  =  -  by  (A), 

T  T 

it  follows  that  cos  oo  =  0; 

so  that  both  the  sine  and  the  cosine  of  an  infinite  angle  are 
equal  to  zero. 

In  the  formulae  (c)  and  (d)  if  we  make  a  «  0,  we  find 
the  two  remarkable  integrals 

(0     Jq  daa^^cosrwa — i ^cosn-, 

T  2 

/    \       r^j    -I.-1    •               1.2...(w-l)  n 

(m)     j^  daaf"  ^  sin  rx  = ;;; sm  n  —  • 

If  the  index  n  lie  between  0  and  1  the  corresponding 
formulae  may  be  deduced  without  the  consideration  of  limits 
involved  in  making  a  «  0.     Since 

/o^daa-^-"  =  r(l  -  w)>-S 

on  multiplying  both  sides  of  this  equation  by  oo&rwdw  and 
integrating  from  0  to  oo  »  we  have 

jt*da?cosr«X*daa"'*e"*'  «  r(l  -  n)  j^  dwoT'^  co^rw. 

But 

f^dw cos  r(v ^da  a""  €  *'  =  X*^^  ^~"  jC*^^  ^""'  ^^  ^^ 

e  £*do  -= -J  . 

1  a*"* 

Hence     X*^'^ aT'^Qo^rwrn  ^  X*<*«  ^TjT^S • 

31 
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By  the  formula  (d)  in  Ex.  (5),  we  have 

Therefore 
r«.         ,  I  IT  r(«)        /    »\ 

•'**  r"r(l -n)  8in(^nir)         r*  V     2/ 

as     r(n)r(l-n) 


smnir 
In  like  manner  we  should  find 

J[i  il«jr»-*8inr»«-— —  sin  (n  -1  . 

Thus  if  fs  «  ^9  we  hare,  since  T  (^)  «  w^,  and 

8in:^ir«eo8^ir  =  2~*, 

To  these  integrals  may  be  reduced 

jj*da?»""*€"**8inr^  when  n<l. 

For^  on  integration  by  parts,  the  integrated  term  vanishes 
at  both  limits,  and  we  have 

Jt*d«  »"'•€""  sin  rue 

«  —— £*d»  «••*«"•' sin  r» C'dma^^^  e'"*  co»  rs. 

When  a «  0,  this  gives 
j[*da;  flf  "•  sin  r »  - -7-— -•  £*d^  »•"*  cos  r  #  « -— r --i-^  cos  «  —  . 

/•ID  dcV 

(p)     If  n  ■  •j^,     /    -|-  an  rj7  «  (srir)'. 


If  in  formulae  (J)  and  (m)  we  assume  «  «  »*,  they  become 
X"d» cos (f •)  -  ^--i2i cos  («f)» 

Jt  d«sin  (r**)  B  — -j^  sm  (n  -j  . 


J 
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Hence  if  n  a  ^, 

The  formulae  in  this  article  are  due  principally  to  Euler, 
Cak.  Integ.  Vol.  iv,  p.  837.  See  ^Iso  Mascheroni,  Adnota- 
tumesy  p.  5S.  Laplace,  Jour,  de  FEoole  Polyt.  Cah.  xt.  p.  S48, 
and  Plana,  Mhnoires  de  BruweUes^  Vol.  x. 

(9)     To  find  the  value  of  w  -  jfda?  T  ^^  *^^ 


DifPerentiatiog  with  regard  to  a  we  find 

du  r*^  -(•■+5) 


a 
Put  -  a  ar,  the  corresponding  limits  being 

mmO^     »«bOO;     07*800,     Z  mO. 

du 
Hence  -—  »  —  Sw; 

da 


this  is  a  linear  equation,  the  integral  of  which  is 

To  determine  the  arbitrary  constant,  Hiake  a  mO,  when 


(«)     Hence     jo''dwr^"'*^K'!^€-^\ 

This  integral  was  first  given  by  Laplace,  Mimaires  de 
flnetUuiy  1810. 

From  this  may  be  deduced  the  following  integrals : 
(fc)         /o*d«cos  ^«»  +  ^  «  ^  cos  (^  +  2aj 

m  ^  I -\  (cos  2a  —  sin  2a). 

31—2 
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-^l-j   (cos  2a  +  sin  2  a). 


•i 

2"  V  2. 


'^"  €-*«~'cos  (2a  sin  0  +  t)  . 


•sin  f  2asiDd  +  -J. 


^^-sacoe^   .      /  .     ^       U' 


2 

Cauchy,  Mimotres  des  Savans  Etrangers,  Vol.  i.  p.  €38. 

(10)     Find  the  value  of  X***^ «""*** co8  2rar. 

Calling  the  definite  integral  u»  and   difiTerentiating  with 
respect  to  r,  we  have 

-—  «  -  2jC*dj7d?€**^'*8in  2ra?. 
dr  •'* 

On  integrating  the  second  side  with  respect  to  a  by  parts, 

the  equation  becomes 

du        2r 

-—  « u, 

dr         a 

since  the  integrated  part  vanishes  at  both  limits,  and   the 

unintegrated  part  when  taken   between  the   limits  is  equal 

to  u.     This  equation  on  integration  gives 

ff 

To  determine  the  arbitrary  constant,  put  r  »  0, 

then  C  «  Tdoze— •*•  =  —  ;  so  that 

2a 

(a)        M  «  j[*dar€""'''cos2ra?  =  — c    "*. 
'^  -^  2a 

Laplace,  Mhnaires  de  T Institute  1810,  p.  290. 
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From  this  inaj  be  deduced  the  following  integrals: 
W      to' doD coAcfa^  cos2ra*  «  — cos  ( -) . 

(c)       (^ dw  sin  a^a?  cosSra?  =  —  sin  f r  |  . 

Fourier,  Traiti  de  la  ChaieuTy  p.  533. 

/*•      cos  ati7 
(11)     To  find  the  value  of  «  =/    d^ -j. 

Differentiating  twice  with  respect  to  a,  we  have 

d^u  /••      d^^cosao?  -«  , 

=  —  /    007 r-  =  —  /o  o^  cos  aa  +  «. 

da*         -/o  1  +  ar 

By  formula  (^)  of  Ex.  (8)  j^""  d^  cos  a^  «  0 ;   therefore 

d»tt 

—  U   B    0. 

da» 
The  integral  of  this  is 

To  determine  the  constants,  we  observe  that  u  cannot 
increase  continually  with  a,  and  therefore  the  term  involving 
€^  must  vanish,  or  C  =  0.  This  being  the  case  we  have,  when 
a  =  0, 

fCD      dOB  IT 

Jo  I  +  or"      2 


Therefore 


»daf  cos  OiV      TT 


^^^  -/o      1  +0?*     "  2  ^ 


^  sm  a^      TT 

=   —  6" 

2 


On  differentiating  this  with  respect  to  a,  there  results 

r^      X  sin  a^ 

Integrating  with  respect  to  a  and  determining  the  constant 
so  as  to  make  the  integrral  vanish  with  a,  we  find 

.  ^  r'^dw  sin  aw      w  .  ^. 

Laplace,  MSmoires  de  FAcadimiey  1782. 
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It  is  to  be  observed  that  the  formula  {a)  is  diaeoatfaiuoua, 
as  the  mtegral  is  equal  to  ^ire**  when  a  is  positive,  and  to 
^ire'  when  a  is  negative.  Libri*  has  accordingly  expressed 
the  value  of  the  integral  in  the  following  manner: 

Jo  I  +  «*       2  \1  +  0-*       1  +  (f/ 

By  a  similar  method  we  find 

Laplace,  Mimoires  de  TlnatUut^  1810,  p.  995. 

dw T-  see  Jour,  de  tEooie  Polyt. 

1  +  «*" 

Cah.  XVI.  p.  225  (Poisson),  and  for  that  of  j    dm- '^syH, 

see  Jau/r.  de  MathimaHquesy  Vol.  v.  p.  no  (Catalan). 

^    ^     r.«     ^    «    1         1         •  r**       da  cos  rm 

(12)     To  find  the  value  of  V    — ;,  a<l. 

•^0   1  -2a  cos ^  +  a* 

If  we  expand  the  denominator  we  have  the  series 
-5  (1  +  2a  cosij;  +  2a*  cos2«  +  &c.  +  2a''  cosr«  +  &c.) 

1  —  IT 

Multiply  by  dw  cos  rm  and  integrate :  every  term  vanishes 
at  both  limits  except 

2a'  Jj^dflf  (cos  raym  a*  J^*dw  (l  +  cos  2r «)  «  m-oT ;  therefore 

.  ^  r*      ddircosra?  wa^ 

la)  /    — I.   ■     ■  ^    ..  ■  . 

•^0  1  -2a  cos /p  +  a*      1  -a*' 

Euler,  Cole.  InUg.  Vol.  iv.  Sup.  5. 

For  the  general  expressions  for 

Jr»        d(o  cos  rm  ^    ^ 

jr — ; — rr-  and  i^ dm  cos  ro?  (1  -  2a  cos  «  -f  a*)", 
0  (1  -  2a  cos  d7  +  €cY  ^  ^  ^     /  > 

the  reader  may  consult  Legendre^  Emerdeee^  Vol.  i.  p.  S73. 

•  Crtf<fo*«  JouffMi/,  Vol.  X.  p.  a09. 
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By  a  similar  expansion  it  is  easily  seen  that 
W     i!'^^  log  (1  -  2a  cos  0?  +  a*)  a  0,     or  Stw  log  a» 
according  as  a  is  less  or  greater  than  1. 
Poisson,  Journal  de  FEcole  Polytechnique,  Cah.xvii.  p.  617. 

Also  in  like  manner  we  find 

(c)  (^dcB  cosr^lofffl  -  2aoo8«-i-a')  = o'  or a'^. 

TV 

according  as  a<  or  >l. 

Integrating  (6)  by  parts,  we  find 

(d)  /    r» -log(l  +  a)  or  » -logll +- )» 

^^^ol-2acosar  +  a«      a     ^^  '  oV       a) 

according  as  a  <  or  >  1. 

Integrating  (e)  by  parts,  we  find 
.  /*ir  d<vsin«  sinr^       tt  ^,  w      .... 

according  as  a<  or  >  1. 

/He  dw  1 

(IS)     To  find  the  value  of  /   -. =,  a<I. 

Expand  the  second  factor  as  before,  and  integrate  each 
term  separately  by  (11,  a);  then  on  summing  the  result,  we 
have 

r  V     /*•   ^^^  1  AT      I       1  +  ae"^ 

(a)      /      r  '       ,  as "  . 

^0  1+^1  -  2acosra?  +  a*      2  1  -  a*  1  -  ae"*' 
In  like  manner  we  find 
(*)    /    15  "og  (1  -  2a  cos  rj;  +  a*)  a  tt  log  (l  -  ac"'). 

•^  0    1  +  dr 

Also  it  is  easily  seen  that 
sin  rw 


1  -2a  co8r47  -»-  a* 


sin  r^v  -H  a  sin2r«  4-  a^  sin  Srw  -«-  &c. 
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Hence  multiplying  by  3  and  integrating  from  0  to  00 

by  (lit  6),   we  find 

/••  dof  Of  sin  re?  ir 

Jq  1 -^ar^  I  ^ia  cosra +  a^     ^ e^ -^  a' 

In  (6)  make  a  »  1,  then 

<*r.-^'^(--T)-f'°«(^> 

Changing  the  sign  of  a  and  then  making  a  »  1,  we  have 
Subtracting  the  second  of  these  from  the  first, 

(/)i:ri^>'«{-T)-X^)- 

In   (c)  make  a  s  1 ;   then 
••  d^  tV 


(g)    I    -cot — =   . 


Changing  the  sign  of  a  and  then  making  a  a  1,  we  have 

dof  iV 


(A)    /    '  tan  —  s . 


The  formulae  (a),  (6),  (c)  are  due  to  Legendre :  see  his 
EwerciceSj  Vol.  11.  p.  123. 

The  formulae  (d),  («),  (/),  (^),  (A)  were  first  given  by 
Georges  Bidone,  in  the  Mimoires  de  Turin^  Vol.  xx. 

(14)     To  find  the  value  of 

j^'^doi  log  (sin  07)  «  j^da  log  (cos  ^r). 

By  Cotes's  Theorem  we  have 

jy».    1  1  fl  —    1 

— a  (jJT*-  2»C08-  TT  +  l)...(i»*  -  2»  COS -JT  +  l). 

«^  —  1  W  « 
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Let  »  «s  1  ;   then  as  — = =  n   when  /r  =  1,  we  have 

n  =  2'^  "sm" ...  sm* . 

n   2  n      2 

Take   the   logarithms  on   both  sides,   and   divide  by  n; 
then 


log  »  — 2  (n  —  1)  log  2 


2n 


•-    log  sm  —  +  ...  -I-  loff  sin I  -  . 

Let  n  become  infinite  and  equal  to  — .     The  first  side 

^  d0 

logn  1 

becomes  -log2atlog^,  as  =  0  when  na-;    and  the 

second  side  is  transformed  into  the  definite  integral 

Jo  log  (sin  ^Gir^dO;   therefore 

/oUog(sin^07r)d0  =  logi. 

Putting    ^  =  ^  6w9  this  is  equivalent  to 

(o)  X^""  ^'^  log  (sin  ^)'^^fr  log  (^  ). 

This  demonstration  of  a  theorem  due  to  Euler*  is  given 
by  Mr  Leslie  Ellis  in  the  Cam.  Math.  Journal^  Vol.  ii.  p.  282. 

If  we  put  sin  d?  as  ^  in  (a),  it  becomes 

On  integrating  (a)  by  parts,  we  find 
(c)  ^i*"  dxwcoiw^^ir  log  2. 

On  integrating  (c)  by  parts,  we  find 

•/q      (sin  tV) 

if  we  put  ^  »  cof^  y. 

-    .      ,                    /•  dw  00  loff  *  -  , 

(15)     Integrate      /  — -— r-  by  parts;   then 

•  Acta  Pelrop.  Vol.  i.  p.  2. 
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On  taking  this  between  the  limits  0  and  1,  we  find  sinc^ 
{]  -  (l  -  ^)^}  log  Of  vanishes  at  both  limits. 

Also  on  integrating  by  parts,  we  have 

and  therefore  taking  it  between  the  limits  0  and  I, 

Euler,  Nov.  Com.  Peirop.  Vol.  xix.  p.  30. 

/^  dds  lost  w 
©_. 

Since         «1— /p  +  «*-tv'  +  a?*-  &c., 

and  /dj?  of  logo?  «  -^— ^^ (n  +  lY" 

which,  when  taken  between  the  limits  0  and  ],  is  reduced  to 

it  follows  that 

In  a  similar  way  we  may  find 
/,v  r*  d^ log 07  w-' 

r*  da7loi;a7  tt'  ^  ,^      /•*  do?  or  logo?         ir^ 

Euler,  76. 

(17)     This  integral    f^        dorCsmo;^  different 

^    ^  *       ^0    (1  -  2a  cosor  +  a*)"     '^ 

tiation  with  respect  to  a  leads  to  the  equation 

d^y      2n  +  1  dy 

— -  + ^  =  0. 

da^  a       da 


DBFINITB    INTEGRALS.  491 


From  which  we  find 
'»        da  (sin  d?)«"  («n  -  1)  (2»  -  S)  .•.  S .  1      w 


/,    (1 -SacoBd^-f  a")"      2n(2« -2)  (2n-4)...  4.2  2* 

when  a  <  1.     If  a  >1,  the  only  difierenoe  is  that  the  preceding 
result  is  to  be  multiplied  by  a~'". 

Poisson,  Journal  de  VEoole  Potytechnique,  Cah.  xvii.  p.6l4. 

(18)  To  find  the  value  of    / -. 

^      '  -/o      1+(C08.1?V 

« 

On  expanding  the  denominator,  we  have  a  series  consisting 

of  the  even  powers  of  cos  or.     Take  one  of  these  as  (cos^)**": 

then 

m  (cos  a?)*'"*'*           1 
\d» /» sin «  (cos aiy'' ^^ + /(cos /p^ +* dm^ 

by  integration  by  parts.     In  taking  the  limits  between  0  and  w 
f^  dm  (cos  aif'^'^^  vanishes  as  2r  +  1  is  odd ;    therefore 

tJ  dxwmka  (cos  a?)*' « , 

^  ^        '        2r  +  l 

tT  Sin  W  flr 

and     Jt'dd?  ; — p rj  «ir(l-J  +  ^-f  +  &c.)  «  — . 

^         1  +  (cos  wy         ^        a      tt       7  ^4 

Poisson,  lb.  p.  623. 

(19)  To  find  the  value  of  /     -r  -,——  . 

•/q     1  +  ^  sm  hof 


There  are  here  three  cases  to  be  considered— according 
as  o  is  less  than  6,  equal  to  b  or  some  multiple  of  6,  and 
greater  than  6,  not  being  a  multiple  of  it. 

Let  a  <  6,  and  let  -  ^  »  0 ;  then  if  -: — r—  be  decomposed 

♦  0  sm  ba  '^ 

into  quadratic  factors,  we  find 

sina^  /     sintf  2  sin  20  3  sin  30  \ 

We  have  therefore  to  integrate  a  series  of  functions  of 
the  form 

r*     d^  1 
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Now  if  we  decompose  -; ,.  .    ^ =,   into  quadratic 

'^        (1  +  ar)  {nr  -  ar) 

factors  and  integrate  from  0  to  oo  ,  observing  that  we  have 

Jr    —■; r  »  0,  there  results 
0     m*  -^  or 

0     (1  +  af)  (m*  -  cT^  °°  2  m*+  1  ' 
Hence  if  we  have  a  function  of  x  which  can  be  decomposed 

into  a  sum  of  partial  fractions  of  the  form  — - — -- ,  so  that 

m    ^  Or 

at  appears  that 


-  1  being  substituted  for  x\ 

In  the  case  under  consideration,  therefore,  we  have 
r*     dx      sin  ax      tt  e"  —  6"" 

If  a  be  greater   than  b  and   not   a  multiple  of  it,   let 
a  =  2r6  +  c  where  r  is  an  integer,  and  c<a.     Then  as 

sin(2r6+c)a?-sin  {2(r-l)6+cJa?«2sin6«cos{(2r-l)6+c}  .r,  • 

we  have 

sina^v      sin  J2(r  -  1)  6  +  cj  a? 

.    ,     = ^        .    , ^—  +  2C0S (a  -  6) cT. 

sm  od?  sin  bx 

Similarly, 

sin  J2(r- l)fe +  ci  ^      sin  {2(r -2)  6 -f  cJ  d? 

^    ^   ,      ' ^—  = / *-^—  +  2  cos  (o  "  36)^ 

sm  bx  sm  o«37 

sin  (26  +  c)      sin  co? 

;— 7 «    .    ,     +  2  COS  (6  +  c)  d7 : 

sm  bx  sm  ft<r 

so  that 

sin  ax      sin  ex 


sin  6ti7      sin  6j7 


+  2{cos(a-6),r+cos(o-36)i?+,,.+cos(ft+c)«}. 
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Now  by  what  has  preceded,  since  c  <by 

da     sin  cr      tt  €**  —  e"*' 


r 


'o    1  +  fl?*  sin  bw      2  6*  -  e"* ' 
also,  by  (11,  a),  we  have 


J/*      diXf 


cosfn^  ss  ~  e" 
2 


Applying   this   to   each    term    within    the   brackets   and 
summing  the  series,  we  find 

/••   dw    sin  aa     tt  e'^-g"^     TrCc^'^-e'*')     tt  c^-Hg-^-gg"^ 

where  aa2r6  +  c. 

If  a  be  a  multiple  of  6,  c«0  and   — — - —  is  reduced  to 

sm  bw 

the  finite  series  within  the  brackets,  so  that 

r'^    dw      sinao?  1  —  c"*" 

Jo     1  +/»•  sin  bw  "*  ^  6*  -  €"* ' 


In  the  same  way  it  will  be  found  that 
*   adw    cos  aw      w  €*  +  e"' 

0 


r      »oa?    cosa^  tt  €   +  e  . 

^0     1  +  or  sm  bw  2  e  —  6 

/••     *<^^      COSad?  TTC"* 

^•'  ^   /»     1  +  a?*  sm  6^  e^-e'^ 


0 

In  a  similar  manner  also  are  found  the  following  integrals; 
•  dw       1       sin  aw      ir  6"  -  e"* 

"o  dw      1       sin  a^ 


/••  dar       1       sin  aa?      ir  6"  -  e"* 
^^    V.    V  rr^  cosfc^**  2  TTP*'  ""^   ' 


Jr*  dw      1 
-7  77^ 


'Q        w      E  -r  w     COS&«l^ 


IT  e^+  e  ve 


—a 


^{^-i'y\^(-y^7Tr--7T^^'  -"^'•**''- 
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Also, 

•    dof     CM  am      »  «•+€"" 


Differentiating  the  last  of  these  equations  with  respect 
to  a  and  obseryiog  that  dc  s  da,  we  have 

J/-«   4Td/p    sin  a^  ire**  +  €'*^        yc"* 

Adding  this  to  (A),  we  find 

Jr^  da  sin  a/r      tt  ,        ,    v,i 

In  this  equation  there  is  implied  the  condition  that  a 
shall  not  be  an  odd  multiple  of  6.     If  a  «  (3r  -f- 1)  fr, 

/«  d^  sin  a«      ir 
— •  -; 
a    cos  607      S 

when  o  =  6,  we  have 

/•  dw  IT 

—  tanao;--. 

The  preceding  remarkable  integrals  were  first  given  by 
Cauchy  {MimoiTes  des  Savana  Etrangersj  Vol.  i.):  the 
demonstrations  are  taken  from  Legendre,  EaerciceSy  Vol.  ii. 

p.  174. 

(20)     To  find  the  value  of  J     ^^  ^   .^^  ■  sin  rar ; 

when  a<^. 

By  expanding  the  denominator,  we  have 


.-«•* 


^  ^-8»»  ^  g-6ir*  ^.  gjc. 


Hence  on  multiplying  by  (e«'  +  e"«*)  sin  r.p,  we  have  to 
integrate  two  series  of  terms  of  the  forms 

^-{(tli  +  l)ir-«}#|^Uy^^     and    €-V«t»  +  l)ir  +  aJ«giuy^. 
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the  values  of  which  are  by  (8,  a  and  6), 

r»  +  {(2»+l)v-a|''   *°      r*  +  |(2«  +  l)7r  +  a}«' 
Hence  we  have 

/     — :^ -— ^iinr^Br{         ■       ^-^ZTTZ ^i+fc^r 

^0        €*'--€"*^'  lr"+(ir-oy      ^^^(Sir-ay  j 

"*" "^ {1*+  (it  +  a)«  ■*■  t^+  (Sir  +  ay  "^  *'''r 

Now  if  we  decompose  €^+ 2  cosa  +  e'*"  into  its  quadratic 
factors,  we  have 


c'  +  2  cos  o  -I-  €' 


Taking  the  logarithmic  differential  of  this  with  respect 
to  r  we  have 

6'+2cosa  +  6"''"'       lr»+(w--a)*      r*+(S7r-a)*  J 

+  ^^  1:3—7 7t  +  r; — 72 ^  +  &c.  I ; 

ir*+(ir  +  a)»      r»+(Sir  +  ay  j 

therefore 

,v      r*  da?  (€«' +€-«•)    .  ,  e'-tf"'' 

(a)      /     — — -^  sin  r^  B  1 . 

^0         «"-€""  *  e''  +  2cosa  +  e-' 

In  like  manner  we  find 


•  da?  (e^'-e""*) sin  a 

— r 


0        j'^'-e"'**  €'^+2co8a  +  6 

In  (a)  make  a  «  0,  then 

<2/v  sinra;       ,  e*"-  1 

In  (6)  make  r  e  0,  then 

•d*(e?'-€'"')       ,         a 

~—z -——  «  A  tan  - 

e^-t"*'  *         2 


-  /••  <2/vsinra7       1  ^^^"^ 

In  (6)  make  r  e  0,  then 

(d)      /     — ^^ — -^  «  A  tan  - . 
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Differentiating  (c)  with  respect  to  r^ 
r""  dw  wco%rx*      .        e^ 

(21)  By  a  process  similar  to  that  in  (20)  we  find 

r^dwj^'^e'-') (c^-H-6->0co8J^fl 

(a)      /     cosTw^ = — . 

Ju  €'■'+€"*'  6*^+  6"'^+ 2  COS  a 

In  all  these  integrals  a  is  less  than  gr. 
If  a  -  0, 

/••  dj;cosr^       i    ^*'        i         ^ 

Multiply  both  sides  by  e'^^dr,  and  integrate  from  r  =  0 
to  r  B  00  :  then  as 

/o*  dr  e"""  cos  ra?  «  -^j — -  , 

^^^     -/o     (m'^  +  a^)(€"+6-*')  "  2m  ^6*^  +  6-*'' 
Putting  e'^^B^Xj  the  second  side  becomes 

2m  ^0       1  +  » 
Hence  when  m  ■=  ^, 

/*  do; 

when  m  ■  1, 

/••  do?  - 

(22)  Poisson*  has  demonstrated  the  following  formulae : 
If    t*  =  cos  w  +  (-)i  sin  J?,     V  B  cos  «  -  (-)*  sin  ^, 

so  that    «"  +  t?"  =  2  cos  war,     w"  -  «"  =  2  (-)J  sin  nx ; 

*  Journal  de  PEcole  Polyieohniquey  Cah.  Xiz.  p.  482. 
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then    /     ^ ^ ^  \F(a  +  ©)  +  F(a  +  u)} 


/ 


»{F(«  +  p) +/*(«)} (1), 


1  —  2|l  COB  iff  +  J^ 


IT 


~^^{F(a  +  p)-Fia)\ (2). 


These  expressions  may  be  easily  proved  by  developing 
the  functions  and  the  denominator  in  terms  of  cosines  and 
of  sines  of  multiples  of  or,  integrating  each  term  separately, 
and  observing  that 

fo^  dof  cos  mw  cos  nx  »  o,     fo^  dw  sin  ms  sin  nw  s  o, 

fo^  dw  (cos  n«)' «  - ,     Jo'^^  (sin  f^^Y  ■■  ""  • 

In  applying  these  formulae  it  is  to  be  observed,  (l)  that 
j>  must  be  less  than  1 ;  (2)  that  for  the  particular  value  assigned 
to  a  none  of  the  differential  coefficients  of  F(a)  become  in- 
finite ;  (3)  that  the  sum  and  difference  of  /"  (a  +  v)  and 
F(a  +  t^)  be  expanded  in  converging  series;  (4)  that  the  func- 
tion under  the  sign  of  integration  should  not  for  any  value 
of  w  between  0  and  ^  become  infinite,  while  the  corresponding 
series  remains  finite,  or  vice  versa. 

From  the  equation  (l)  may  be  readily  derived  the  fol- 
lowing : 

I      i.2pcos^+7 T^r^'^^'"^^^ ^'^- 

In  equation  (3)  put  F(a)  =  e^%  c  being  a  constant. 

Then 

F  (a  +  f?)  =  c*'*  6*^°"'  f  cos  (c  sin  w)  -  (-)*  sin  (c  sin  /p) } , 

Therefore 

/•''d/p  6*'*^*cos(csin«r)  tt        ^ 

•^0        1  -  2p  cos  iT  +  p*  1  -  p* 

32 
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In  the  same  way  from  (2)  we  have 

r''daf  €«"»*  sin  (c  sin  a?)  sin  a?  ^   ir   ,  cp  _  i\ 
^^     Jo  l-2pcosa7  +  p*  2p^ 

If  we  expand  both  sides  of  these  equations,  and  equate 
the  coeflScients  of  like  powers  of  jo,   we  have 

IT  (f 

(c)  f^^  dx  €**~'  cos  (c  sin  w)  cos  n.v  =  -  -— . 

IT  C 

(d)  /o'  do?  e^~"  sin  (c  sin  a)  sin  ^^  =  -  \.^...n  ' 

Differentiating  (a)  and  (6)  r  times  with  respect  to  c, 
•*  do?  e**^'  cos  (c  sin  a?  +  rw)        irp[ 


2p  cos  a?  +  p*  1  -  p* 


e*^ 


<*>  X — rr 

r'^dare'^^^'sin  {c8ina?  +  ra?)  sina?      ^    r-i  c« 
^•'  ^    J^  1  -  2p  cos  a?  H-  p*  2 

In  equation  (3)  make  F  (a)  =  a%  a  being  positive,  and 
then  make  a  «  1 ;  this  gives 

F{l  +  cosj?  +  (-)J8ina?}  =  {l  +cos.i7  +  (-)isina7}* 

«2«^cos^]    jcos  «%(-)*  sin  ^|, 

since     1  +  cos .«  =  2  cos*  - ,     and    sm  a?  «  2  sm  -  cos  -  . 

2  2         2 

Hence,   putting  w  (or   ^w  and    therefore  ^tt   for   tt   at 
the  limit, 

Jr^''  da^  (cob  ay  COS  aw  ir  /I  -f  pX" 

0      r^2pcos2d?  +  p«  *  2  (1  -  pO  V     2     / 

In  this  make  p  ■=  0 ;   then 


TT     1 

(A)     jJJ*  dar  (cos  a?)"  cos  O'V  =  -  —  • 


2   2' 


Developing  both  sides  of  (g)  and  equating  the  coeflicients 
of  like  powers  of  p,  we  find 

iro(o-l)...(«-^+l)  1 
(*)  Jji^do?  (cos/r)"cosfla7Cos2r.r= ^ — ^: ^- 
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DiiFerentiating  (g)   with   respect  to  a  and  then  making 
a  =  0,   we  have 

ri^     d^  log  (cos  or)  ^        logf^^y^ 

Jo    1  -2p  cos2a?+p'      2(l-p*)     ®V    2    /' 

Expanding  this  last,  and  equating  the  coefficients  of  like 
powers  of  p, 

(m)     f^da  log  (cos  w)  cos  2 r  a?  ■=  ( -)*""*  -  - . 

4  r 

(23)     Swanberg*  has  proved  the  following  theorems  more 
general  than  those  of  Poisson.     If 

2j|f«/(o+ot«N  6  +  )3t^...)+/(o  +  ar\  6+/3t>^,..), 
2(-)JAr«/(a+att\  6  +  /3w\..)-/(«  +  «t?\  6  +  )3«^...)> 
f^  and  V  having  the  same  signification  as  before ;   then 

•/q   1  —  2 ji  cos  ti?  +  p"      2r  2r 

Let  /(a,  6...)  =  a' 6"..., 

a  »a  »  6  e  /3 ...  B  1. 

Then,  changing  dv  into  207,  and  therefore  the  limit  tt  into 
^TT^  we  obtain  from  the  first  of  these  expressions 

•Jird^  (C0SX4yy(C08fAfl7)'"...C0S  {l\  +  lUfX  +.,,)w 


r 


1  -  2p  COS 2^  +p* 


""  2  1  -p»  V      2      /    V      2      / 


(24)     The  same  writer  (p.  233)  has  proved  the  following 
theorems.     If 

(-)J  Q  =/(a  +  aw%  6  +  jSw'*...)  -/(a  +  at>\  6  +  (iv^...\ 
where  u  and  o  have  the  same  signification  as  before, 

*  Natfa  Acta  Reg,  Soe.  ITptaiiensis,  Vol.  x.  p.  271. 

32—2 
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'   TT-^  -  T/(«+oe-**,  6+/3e-'^...)-ir/(o,  *...)• 

0      A    +  .IT 


These  expressions  are  easily  proved  by  expansion,  with  the 
assistance  of  the  formula  in  Ex.  (11)  :  they  are  evidently  sub^ 
jeet  to  the  same  cases  of  exception  as  the  formulae  of  Poisson. 

Let  /(a,  6...)  =  a'.  6" 

and  a>ia»fc»/3«>l;    then  changing  \  into  2X9  /ul  into  2^, 
be,  we  have 

••  dw  (cOSX^y  (C0SM*)"«.-C08  (/X  +  fW/tt  +•••)  * 


(a)    / 


%A  V    2    M    2  ~  / 

d«T 0?  (cos  X'V)' (cos /u «)"... sin  (/X  +  m/u  +...)^ 


*2v    2    jv    2    /"""2 €'+"+•••" 

If  in  (a)  fit,  be.  be  made  equal  to  zero,  the  expression 
becomes 

r^dw  (cos  Xd?y  cos  IXW  TT    / 1  +  €"*^*\  ' 

<">  h  — A^rr^s iA  l~i — J  • 

Let  /(a,  6)  «  d  •e^^^  considering  two  terms  only,  and 
a«aB/3el,  6»0.  Then  as  before,  changing  X  into  2X, 
we  find  by  formula  (1), 

••  duo  (cos  X^y .  e**^**'  cos  (/X«  +  m  sin ikw) 


('')/o 


0  A«  +  a?* 


■f»(^^)-""- 


In  this  expression  put  X  »  0,  then 

r*  d.r  €*•"*■'*' cos  (m  sin /[4.r)       tt     ^^-*** 
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The  Student  may  exercise^  himself  in  deducing  other  in- 
tegrals from  the  general  formulae  by  assuming  other  forms 
for  the  functions,  and  other  values  for  the  constants  a,  &... 
a  J  p  •••  • 

(25)  Jacobi*  has  proved  the  following  remarkable  trans- 
formation of  a  definite  integral : 

j^*'dar/*''*(co8i»)(sin»)*''=1.8.5.7...(2r-I)  jr«"da;/(cos/p)cosra?; 

where  /^'^  («)  «  (—1  /(«),  and  all  the  differential  coeffi- 
cients up  to  the  (r  —  1)^  inclusive  remain  continuous  from 
X  ^1  to  jipa-1,  or  from  a^O  to  a  ^ir.  To  demonstrate 
this  formula  we  must  premise  the  following. 

It    X  ^  cos  Ofy 


•r-i 


d'""*  Cl  —  «*)   •                                                         sin  rw 
^- -^ =  (-y-M.3.5.7...  (2r-l) . 

This  is  easily  proved  by  the  formula  (A)  p.  l6,  for  writing 

2r  -  I 
in  it  r  -  1  for  r  and  for  «,  and  making  a  «  1,  6  =  0, 

2 

c  =  —  I,  it  becomes 

d'-»(l-««)"^^ 


dx^ 


r-l 


(-y-'  3.5...  (2r  -  1)  f  (1  -  ««)*  «'-' 


Or,  putting  cos  47  for  x  and  sin<v  for  (l  -i^)^, 

Sr-l 

,^,i   =  (-)'"'  3.5...  («r  -  1)  {(cos  wY'^  sin^r 


dx' 

(r>l)(r>2) 

1.2.3 


(cos  /r)'**  (sin  a;)' 


.  (r-l)(r-2)(r.-3)(r-4), 

+ ^    g   g   ^ (cosj?)'-*  (sm  Off  -  &c.{  ; 


•  Crelie't  Journal,  Vol.  xv.  p.  I. 
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and  therefore  by  a  known  trigonometrical  formula 

^\  Z (-r'3.5...(«r-i)-— . 

Now  if  tf  be  ff  function  which,  with  its  differentials  up  to 
the  (r  -  1)*"*,  vanishes  at  the  limits,  we  have,  on  integrating 
T  times  by  parts  between  the  limits, 

fd-u  —  ^i^yjdzv  —  , 

8r  — 1 


Put  a  -  (1  -  ««)   *   ,  v^f{x),  then 


ar-i 


2r-l 


/.Vdi^(l-^)"    fH^)-i-yL\'dzf(z) 


d'il-z')   « 


^  d'  (1  -  »»/*^      d^     d      d-»    .       ^^-^ 

and  as  ,  / =  7-  •  T"  •  :JZ^i  (^  "  *^ 

d«r'  d«     d.r    dw'  * 

d«r 
=  (-Y'^  —  S.5  ...  (2r-  l)cosrJ7; 
dx 

we  have,  putting  jv  a  cos  a?  and  dx  —  —  ^naidw^ 

/^^d^/^'''(cos^).(sinar)*''=i.S.5...(2r-l)ji''da?/(coScr).co8rj?. 

(26)  I  shall  conclude  this  Chapter  on  Definite  Integrals 
with  some  examples  of  their  application  to  the  solution  of 
partial  differential  equations.  This  mode  of  expressing  the 
integrals  of  such  equations  was  introduced  by  Laplace*,  and 
has  been  much  employed  by  later  writers,  particularly  Pois- 
son|,  Fourier;^,  Cauchy,  and  Brisson||. 

It  is  particularly  applicable  to  linear  equations  of  orders 
higher  than  the  first  with  constant  coefficients,  and  it  is  useful 
because  the  solutions  are  put  into  a  shape  which  facilitates  the 
determination  of  the  arbitrary  functions.  The  principle  of 
the  method  is  to  transform  an  explicit  function  not  expressible 
in   finite  terms  into  an   ordinary  function   involved   under  a 

•  MtmoireM  de  rAcadimie,  1779. 

t  Mtmoires  de  I'ltistitui,  1818,  and  Journal  Polyteth,  Cab.  xii. 

\  Jourtuil  Polytech.  Cah.  xii.  and  xiv. 

I)  Theorie  de  la  Chaleur, 
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definite  integral;  but  the  mode  of  transforofiation  must  be 
determined  in  each  particular  case  by  the  nature  of  the 
function  to  be  transformed,  as  will  be  seen  in  the  following 
examples. 

(«)     The  integral  of 

(see  Chap.  vi.   Sect.  1.  Ex.  4.  of  the  Integ.  Calc.)^  and  our 

object  is  to  transform  the  operative  function  into  one  involving 

d 
only  the  first  power  of  — - .      Now 

d^ 

/J«*  dwe'^  =  Tpi,     and  /A*  dwe'^'^''^  =  tt*. 

Therefore,   putting  a  ■—  ti  for  6,    and   multiplying   the 

dof 

two  sides  of  the  integral  by  the  two  sides  of  this  equation, 

therefore        »*«  -  /_+,"  dwe-'fix  +  2a>a<J). 

This  transformation  is  due  to  Laplace,  Jour.  Poly  tech. 
Cah.  XV. 

(6)     The  integral  of 

d*v       ,  /d'v      d^      d^\ 

d«        d'        d' 
is,  if  we  put     —+—+^-2^, 

V  =  «<""/' (af,  y,  «)  +  €-""/{'>',  y,  x) ; 
which  may  also  be  put  under  the  form 

2«  =  (e"'*  -  e-"'")  <^(«,  y,  «)  +  («"'"  +  «""")  ^  (*'  »'  *>' 
if  <p  +  ->\f  =  F,   <f>  -  ■^  =/• 
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Now     e-'''-€-*'*-aZ>^//dd8ind€''"-*; 

but  as  the  function  0  is  arbitrary,  we  may  write  <p  instead 
of  aD^j  so  that 

(^..D  _  ^..*D)  ^  (^^  y^  ^)  ^  1^^  ^Q  3i„  ^  ^.iDo-a  ^  ^  (^^  y^  ^)^ 

Now  by  Ex.  (4,  d) 
2^  f^'^dO  Bind  ^'''^' 

therefore 

zs  J^  f*' duivunu,t.^{x-^at^UMinv^  y  +  <M  tin u  cot o,   «  +  a<cotii). 

Also  as  «•'"  +  e-""  -  (aD)'  |-  (e"'"  -  e"'*"),  we  find 

at 

4^1)=:  j^*j^*'</ tidv  tin  v./.^fjr  +  al  sin  tt  tin  V,    y  +  al  tinu  eotv,   s  +  afootn) 
+  Tij^Jo     dudv  aUnu.t^yff^x-^' at  umu  tin v^    jf+aiiinuootv,    jv  +  a'cotuX 

This   transformation   is  given   by  Poisson,   MSmoires  de 
VInstUuty  1818. 

(c)     The  equation  for  determining  the  vibratory  motion 
of  a  thin  elastic  lamina  is 

d^«  d'z  _ 

dt*^      d^  "  ^' 

the  integral  of  which  is 

Now      P^  dy  €-"««'  cos  y»  =  tt*  cos  (o»  +  ~ )  ♦ 

and  therefore     /j^.*  dy  e"*"^  cos  |  -  -  y*  |  «  ir*  cos  a*. 

d*  . 

Hence  putting    6^  -—;  for  a\ 
^  do?* 
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COS 


Also     sin  (6^----|  »  6----/d^cos  (ftZ-r-r). 
\     daf^J         dx"'  \     dar) 

Therefore  as  F{w)  is  an  arbitrary  function,  and  as  we 

d» 
may  write  F(jb)  for  b'—TF{w)y  we  have 

»i  «  -  fdy  cos  {^-t/^f{ce-  iy  (60*} 

+  fdt  fdy  coaf^-jA  F{a>  -  2^(60*}- 

Foisson,  lb. 


CHAPTER   XII. 


COMPARISON    OF    TRANSCENDENTS. 


The  integration  of  differential  expressions  frequently 
leads  to  forms  which  are  not  expressible  by  any  finite  com- 
bination of  algebraic,  circular,  and  logarithmic  functions. 
Such  integrals  are  called  transcendents,  and  the  study  of 
their  properties  becomes  of  importance  as  aiFording  the  means 
of  classifying  and  arranging  them  so  as  to  reduce  them  to 
the  smallest  number  of  independent  functions. 

The  class  of  transcendents  which  has  been  most  studied 
consists  of  those  called  elliptic^  from  their  being  in  certain 
cases  capable  of  representation  by  elliptic  arcs.  They  thus 
appear  to  be  functions  little  more  complicated  than  those 
which  are  represented  by  circular  arcs,  and  to  be  naturally 
pointed  out  as  the  next  subject  of  investigation.  The  pro- 
perties of  these  functions  which  have  been  discovered,  relating 
chiefly  to  sums  and  differences  of  connected  transcendents  are 
very  numerous;  but  in  the  following  pages  I  shall  confine 
myself  to  elementary  illustrations  of  some  of  the  principal 
theorems,  making  use  chiefly  of  those  examples  which  admit 
of  a  geometrical  interpretation. 

Fagnani  has  availed  himself  of  the  relation  which  sub- 
sists between  the  integrals 

fyda^   and   fofdy^ 

to    compare    certain    transcendents    of    considerable    interest. 
Since 

fjpdy  +  fyda  =  ^y  +  const., 

if  a  symmetrical  equatioi)  subsist  between  w  and  y,  so  that 
<t*  is  the  same  function  of  y  that  y  is  of  .r,  or  that  when 
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it  follows  that 

f(p(jx!)  dw  +  f(p (y)  dy^swy-k-  const. 

This  is  true  whatever  be  the  nature  of  <py  independently 
of  the  integrability  of  the  functions. 

(7)  Thus  if  «r  be  the  abscissa  of  a  hyperbola,  the  major 
axis  of  which  is  unity,  the  corresponding  arc  is  represented  by 

(e  being  the  excentricity). 

If  y  be  another  abscissa  connected  with  the  former  by 
the  equation 

or  e*  a?*  y*  -  e*(a?*  +  y*)  +  1  a  0, 

which  is  symmetrical  with  respect  to  of  and  y,  it  follows  that 

"-my- 

Therefore 

Mr  Fox  Talbot*  has  extended  to  any  number  of  variables 
the  principle  made  use  of  by  Fagnani  in  the  case  of  two,  and 
he  has  arrived  at  the  following  Theorem. 

If  there  be  n  variables  a?,  y,  jv,  &c.  connected  by  (n  - 1) 
symmetrical  equations,  so  that  they  are  all  similar  functions 
of  each  other,  then  if 

^- —  =  0(0?),     -^ -0(y).  &c. 

if 

we  shall  have 
f<l>(<x)d.v  +  f(p(y)dy  +  j<p{z)dx  +  &c.  —  wyz  &c.  +  const. 

*  PhU,  Trans.  1836  and  1837. 
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The  same  theorem  in  a  somewhat  difFereot  form  had  beea' 
previously  given  by  Hill  in  CreUe^s  Journal^  xi.  p.  195. 
It  is  only  a  case  of  the  more  general  one  in  which  the  con- 
tinued product  wyzy  &c.  is  replaced  by  any  symmetrical 
function  of  those  quantities. 

Let  the  variables  be  three  in  number,  and  let  the  sym- 
metrical conditions  be 

a-k-y-^-Z'^ay  +  yK'^'KW'^S 

ayx  +  1  s  0. 

Then  since 

(y+«)  d<r  +  (jir  4-  w)  dy^{w-\-y)dz^d  {ay  +  yx  +  xx)y 

and  since  by  the  conditions  just  given 

we  shall  have 

J    <v(af-i)  J  y(y-i)  J    z(z^i) 

'^  ay  -^  yz  +  z*v  +  C 
a  result  easily  verified. 

If  the  two  conditions   be 

«v  +  y  +  «  =  0, 

we  shall  find  that 

1  +j?»-.  a7*\i 


z 


y* 


Hence  by  the  theorem 

■^''•(-t:^)  ^^^[-^)  ^H-^  ■="^'-^^' 

since  ^  +  y  +  «  =  0  by  the  first  condition. 

(2)     The  principle  of  symmetry,  of  which  these  examples 
afford  an  illustration,  is  of  the  greatest  importance  in  the 
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theory  of  the  comparison  of  transcendents.  The  following  ex- 
amples, taken  from  the  interesting  papers  of  Mr  Talbot,  already 
noticed,  will  tend  to  explain  the  manner  in  which  this  principle 
is  applied.     The  solutions  are  not  quite  the  same  as  his. 

/•/I  +  a^\^ 
Take  the  integral   / 1 j  dx,  and  transform  it  by  as- 

1  +  ^ 
suming  that  «  a,  o  being  a  new  variable,  we  have  thus 

0^  -  aa?  +  1  «  0. 
Hence  dof  « da^ 

and      ( 1   dw  SB da; 

or  is  a  root  of  ti^  -  att  +  1  »  0.  But  this  equation  being  a 
quadratic  must  have  another  root,  which  we  shall  call  y,  and 
therefore,  of  and  y  being  symmetrically  related  to  a, 

\     a?    /  \    y      f  l2ar-a      2y  -  a) 

the  quantity  within  the  brackets  is  equal  to 

4flyy  -  g  (g?  -f  y) 
4a?y  -  2a  (^  +  y)  +  a^ ' 

which,  as   by   the  theory   of  equations  /r  +  y  «  o,  becomes 

4-a^ 

?*  1- 

4-a'^ 

Hence     /'(^)*d«  +  f'{^)*du  =  f  «t  +  C, 
where  «y  «  1.    Taking  the  integrals  between  limits,  we  have 


I 
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The  equation 

might  be  obtained  at  once  from  the  general  theorem  that  if 
Fu  «  0  be  an  equation  of  the  n^  degree  whose  roots  are  xy 

&c.,  and  F'u  =  -—  Fti,  then 

du 

+  ~7-  +  &c.  =  0  or  1, 


as  k  is  less  than  or  equal  to  n  -  1.     For  in  the  present  case 
F'u  ^2u  -  ay  n  =  2,  and  *  =  1  =  n  -  1. 

This  theorem  is  so  essential  in  the  subject  we  are  illustra- 
ting, that  we  shall  give  a  simple  demonstration  of  it,  which  is 
perhaps  new. 

Let  tT  be  a  root  of  the  equation  Fu'^u*  -  PiW"""'  -  &c. «  0, 
and  consider  it  as  a  function  of  p^-k ;   ^^us  we  have 


and  therefore 


da  «  ]r;r"dp«-k> 


w 
d  .  2 J?  ■  dpx  "  2  -=7 — •  dpa^j.* 

F  X 


But  px  And  p..^  may  be  supposed  independent  of  each  other, 
therefore  pi  does  not  vary  for  a  variation  of  p^-j^*     Hence 

if  k  is   less  than  n  -  1 ;    if  Ap  «  n  -  1,  pi  e  p..^^,   and  dp^ 
B  dp^.^.     Hence  in  this  case 

as  was  to  be  proved. 

(S)     Let   the  integral  be    (- — -r. 

•/  ( 1  —  ^)« 

Assume — r  «»  — ,  where  a  is  as  before,  a  new  variable. 

(I  -  a^)i      apo 
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Thus  X  is  a  root  of  the  equation 

u*  +  a'w*  -1=0,     or  Fu  =  0, 

and  dw  =  —  _.  -  ada» 

F  w 


Hence 


(l-.ar')J  F'w 

by  the  theorem  just  proved.      Consequently 

r»%      du  ry%     du  rzt       du 

where  A^i^tiVi,  ^aj^s^s  ^^  ^^^  corresponding  roots  of  Fi«  =  0 
for  two  values  aiOg  of  a. 

The  ambiguity  of  sign  of  the  radical  must  always  be 
borne  in  mind  in  considering  equations  similar  to  the  last. 
For   the  fact  that  y  for  instance  is  a  root  of  Fu  »  0  does 

not   necessarily  imply  that ^-j  =  —  is  true,  if  we  give 

a  determinate  sign  to  the  radical.  Thus  we  must  either  leave 
the  sign  of  the  radical  undetermined,  or  if  we  determine  it, 
i.e.  if  we  assume  that  it  shall  be  always  taken  positively  or 
negatively,  we  must  look  on  the  integrals  themselves  as  liable 
to  be  taken  with  a  negative  sign. 

(4)  In  these  examples  we  have  considered  ^  as  a  func- 
tion of  a  new  variable  a.  But  we  might  have  considered  it 
as  a  function  of  two  new  variables,  a  and  /3,  or  more  generally 
of  any  number  of  variables  a»  j3)  7,  &c.  It  is  true  that  we 
cannot  conversely  determine  a,  /3,  &c.  in  terms  of  ^,  but  this 
circumstance  is  for  our  purpose  unimportant. 

In  the  last  example,  suppose  we  were  to  assume 


Then  .r  is  a  root  of  the  equation 

u^  +  {au  +  /3)*  -  1  =  0. 
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Hence  ^dx^9.'=r~  (atV  +  /3)da  +  ^^-  (a«  + /3)  d)3, 

Jt  w  r  on 

dx  m  1        ^ 

Consequently,  just  as  before 

Jr**      du  r^^      du  r^      du 

„    (l-«')i"^J,.   (l-«»)i'^4    (TTJ^JJ"**- 

The  difference  between  this  and  the  previous  result  is 
that  here  x^  x^^  yi,  y^  are  quantities  to  which  we  may  assign 
any  values  we  please,  while  in  the  former  case  when  the  value 
of  X  was  assigned  that  of  a  became  known,  and  hence  those  of 
y  and  9f  were  both  determined.  This  restriction  is  wholly 
unnecessary*  We  may,  if  we  please,  suppose  that  the  inferior 
limits  47,  y  are  zero :  in  order  to  this  we  have  merely  to  make 
a  «  0  and  )3  »  1,  when  Fu  «  0  be6omes  u'a  0.  Thus  all  its 
roots  are  zero,  or  «i  is  equal  to  zero  if  Xi  and  yi  are  so.  Hence 
the  last  equation  may  be  replaced  by 

J/»'      du  r^      du  r*      du 

0   (1  -  «»)*  "^  i    (TT^O*  "^  -^o   (1  -  «»)»  "  **' 
where  x  and  y  are  arbitrary. 

(5)    The  integral  which  we  have  been  considering  is  a  case 
of  the  following  general  integral 


/ 


dXf 


(a-^  fix  +  yx*  +  5a^  +  €X*)^ 

where  a,  /3,  8ec.  are  real  constants,  and  jB  is  a  rational  func- 
tion of  X.  All  such  integrals  may,  by  suitable  transformations, 
be  reduced  to  three  standard  or  canonical  forms,  which  are 
called  elliptic  integrals. 

The  reason  of  this  designation  is  that  an  elliptic  arc  may 
be  represented  by  an  integral  included  in  the  general  form 
above  written :  for  if  «  be  the  arc  corresponding  to  the  abscissa 
X  in  an  ellipse  whose  semi-major  axis  is  unity  and  eccentricity 
c,  we  have 
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d»-  { -}  dip, 

where,  as  we  see,  the  denominator  is  the  square  root  of  a 
rational  and  integral  function  of  a  of  the  fourth  order. 

Legendre  was  the  first  writer  by  whom  elliptic  integrals 
were  treated  in  a  systematic  manner,  but  since  his  time  the 
subject  has  assumed  a  new  form  in  consequence  of  the  re- 
searches of  Abel,  Jacobi,  and  others. 

We  shall  here  merely  prove  the  fundamental  property  of 
elliptic  arcs. 

Let  1(1  -«*)(!  -c^^*)}i«  Adf. 

Let  us  assume 

/3A«  +  aw  +  a^  '^  0*, 

where  as  heretofore  a  and  /3  are  two  new  variables.      Then 
«  is  a  root  of  the  equation 

u*(u*  -I-  a)»  -  j3»(l  -  «•)  (1  -  c*tt*)  «  0    or   Fti  =  0. 
Hence     dw^-=-  |  A7|"/3d/3  -  ^^(aj' +  a)  da}, 

^^"^  ^    {A^i3d/3  +  i3/i^da}, 


Then  our  integral  is    /  — dm. 


aw  •¥  afi  F'w 

and    Q  -  - -~  d*  -  4-  {(a*i?  +  ^)  d/3  -  fiwda\  (l  -  c'^^. 

a«P  +  ^  f^w 

If  we  take  the  sum  of  this  for  all  the  six  roots  of  Fu 
every  term   will   disappear  except   that    whose   coefficient   is 

2 ,  which  as  we  know   is  unity.     Now  as  Fu  involves 

F'w 

only  even  powers  of  t*,  it  must  have  three  pairs  of  roots,  the 
roots  of  each  pair  being  equal  and  of  opposite  signs.     Take 

*  Another  aisumption  might  also  bo  made;  ▼.  Legendre,  Thkoris  det  Fonet. 
EUipL  III.  p.  192. 

33 
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one  root  of  each  pair,  and  call  the  three  roots  thus  taken 
w^  y^  %:  the  other  roots  are  therefore  -  j?,  —  y,  —  «.  There- 
fore 

nl-«"^j        ^l-e'y",        /il-«'«*j 
aw  +  ar  ay  +  y  ax  +  nr 

+^ ^      .-d(-«)+/3 1  I'  d{-y)+p ^^d(-«) 

-aw—ar  — ay— jr  — a*— » 

Now  the  first  three  terms  of  this  equation  are  equal  to 
the  second  three  terms,  and  — ~ — -  «  -  — —  ,  &c.a&c.   Hence 

da;  + ay  +  — dz  =  c'  ofl...  (a). 

Ad?  Ay  A« 

The  values  of  <r  and  y  are  arbitrary ;  when  they  are 
given,  a*  /3,  and  z  may  be  determined.     We  have 

)3A^  +  ao?  +  a;'«=  0,       /3Ay  +  ay  +  y' =  0. 

Hence  P'^ofy  -— -— , 

yAd?-a;Ay 

and  by   the  theory  of  equations  a^y^z^ «  /3*. 

Hence  »  =  ±  — . 

ivy 

It  is  immaterial  which  sign  we  ascribe  to  z.  Let  us  take 
the  upper  sign,  then 

y' -  a?*  yAiV+af£^y 

yAof  -  x^y        1— c*ijr*y* 

since     y«A^*  -  ot^ Ay|' «  (y'  -  a/^)  (i  -  e*^y*). 

In  accordance  with  what  has  been  already  said,  the  term 
in  dz  of  equation  (a)  will  be  to  be  taken  negatively  if  the 
value  we  have  assigned  to  z  does  tiot  make 

fiAz  -^az  +  «^«0, 
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but  on   the  contrary  makes 

Ax  being  supposed  always  positive.  Now  if  we  actually 
express  ax  +  ss^  in  terms  of  w  and  y,  we  shall  find  that  it 
is  always  positive  for  values  of  a?  and  y,  which  do  not  trans- 
gress certain  limits.  Hence  the  second  of  the  last  written 
equations  must  be  taken,  and  therefore,  if  EtV  denote 


I 


0        ^w 
we  have,  as  ^,  y,  z  are  zero  together, 

Ew  -\-  Ey  -  Ex  ^  €l^  xyx, (6). 

A  little  consideration  will  shew  that  as  Ex  ^  •'E(-x) 
the  final  result  would  be  in  effect  the  same  if  we  had  taken 
the  lower  sign  in  the  equation 

.vy 

Equation  (6)  is  the  fundamental  equation  for  the  com- 
parison of  elliptic  arcs.  Let  ^  «  1 :  the  corresponding  values 
of  Of  and  y  lie  (e  being  less  than  unity)  within  the  limits 
already  mentioned.  Now  Ea^  represents  generally  an  arc 
measured  from  the  end  of  the  minor  axis,  Ex  will  therefore 
be,  when  x^l^  equal  to  the  quadrantal  arc  of  the  ellipse, 
and  consequently  E  (l)  -  Ey  will  be  an  arc  measured  from 
the  end  of  the  major  axis  to  the  point  whose  abscissa  is  y, 
(y  is  of  course  not  the  ordinate  corresponding  to  w).  If  the 
first  arc  is  called  8  and  the  second  s 

8  '-  s'  ^  e^xy^ 

or  the  difference  between  two  elliptic  arcs  is  expressed  as  an 
algebraical  function  of  the  corresponding  abscissae.  This  re- 
markable theorem   was  discovered  by  Fagnani*. 

As  we  have  made  jv=1,  we  shall  have  the  following 
relation  between  w  and  y, 

yAo?  +  xAy  =  l  -  e^a^^y\ 

*  ProduxUmi  MatemaHciy  Tom.  ii. 

33 — 2 
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This  relation  admits  of  a  simpler  form,  viz. 

1  -  J?*  -  y*  +  i^a^j^  «  0. 

(6)  The  result  at  which  we  have  just  arrived  admits 
of  a  simple  independent  proof,  which  is  worth  noticing,  be- 
cause it  is  easily  remembered,  and  because  it  is,  in  effect, 
Fagnani*s  own  demonstration  of  his  theorem.     As  we  know 


8 


Hence     d«  -  d«  -  y^_^  j    dw  +  [^_^  )   dy. 
Also     l-a^^yMl-^"^)   or    {\^^ 


y 

1  -«*y*\*      1 


and  so  likewise        ^      «  -  . 

Thus  da  —  as  = = . 

But  in  virtue  of  the  relation  in  x  and  y, 

Hence  d«  -  ds  -  e^d{aty)% 

and  as  when  a?  «  0,     «  =  «'  =  o, 

«  -  /  B  e*a?y  ..,as  before. 

In  fig.  (63),  let  BMNA  be  a  quadrant  of  the  ellipse  AC^ 
the  major  axis  being  unity.  Then  if  CP  be  w  and  CQ^  y,  we 
shall  have 

BM  -^AN^e^ay. 

This  may  be  put  in  a  different  form.  Draw  CY  perpen- 
dicular to  JIf  F,  the  tangent  at  M  and  CZ  perpendicular  to 
ATZ,  the  tangent  at  Ni  then  we  can  shew  that  MY  and  NZ 
are  equal,  and  that  either  is  equal  to  the  difference  of  the  arcs 
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BM  and  AN.     For  MY  being  the  polar  subtangent,  is  equal 

tdt 
to  — ;— .      Now  the  equation  of  the  curve  is 
as 

y* 
•**  +  — ^ — r  —  1,    or   r  =s  I  -  c*  +  c*  a?^ 
1  -  «r 

Hence  rdr  »  e*  wdw^  and,  as  we  know, 

d«  =  I --I   rfo?. 


/I  -rar\ 
"  \  1  -  ^M 


and  therefore  BM  -  ^JNT  «  ifF, 

which  is  the  form  in  which  Fagnani's  theorem  is  generally 
presented.  That  MY  is  equal  to  NZ  is  now  evident,  since  the 
expression  e^ ay  is  symmetrical  in  a  and  y. 

Almost  all  the  preceding  results  are  included  in  AbePs 
theorem.  This  very  remarkable  theorem  appeared  in  the 
third  volume  of  Crelle''s  Journal;  and  though  it  is  only  a 
particular  case  of  the  general  results  which  Abel  communicated 
to  the  Institute  in  1826,  and  which  were  published  in  the 
MStnoires  dea  Savans  Etrangern  in  1841,  yet  in  itself  it  is 
enough  to  place  him  in  the  first  rank  of  analysts. 

The  following  demonstration  of  it  is  essentially  the  same  as 
AbePs,  but  it  is  somewhat  differently  arranged.  Taken  in 
connection  with  the  examples  already  given,  it  will  not,  we 
hope,  be  found  difficult  to  follow. 

Lemma  I. 

Let  or  be  a  root  of  the  equation  Fu  «  0,  then,  as  we  know, 


Fu"^ 

1 

1 

X   U  -  X 

1 
u 

2 

1        1 

'F'a'^u^ 

2 

w                   la?' 

Thus 

Ui 

Fu 

1            0?* 

•  ..  +  -  2  -zr—  +  &C. 

u      Fw 

+  &c. 
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Consequently,  if  II^^m  denote  the  term  in  -  in  the  ex- 
pansion of  ^u  in  a  series  of  descending  powers  of  Uy 

F^x  Fu 

This  is    true  whatever  integral  value  we   assign    to   ^ ; 
and  therefore,  if  fm  be  an  integral  function  of  w^ 

Lemma  II. 


Now   consider    the  expression   2 


(«r  -  a)  F'of 


f/B  —  fa 

is  necessarily  an  integral  function  of  or,  call  it 

fl?  —  a 

Dfw.     Then 

/a?  «  Or  -  a)  Dfw  +  /a, 

"*(«!?-  a)  jF'a?  i^o;-  (a?  -  a)  F'a; ' 

By  Lemma  I.,     2^  =  n^-^" 


and,  as  we  know,     2 


Fx  Fu  ' 

1  ] 


Fx  (x  -  a)  -Fa 


Hence         ^ —If-— ^  n  I^f^f^  -  i''  . 

(x  -  a)  Fx  (u  -  a)  -Ftt      Fu 

^"^      n  /    "^"Ir^ — /«  n  7 — W  =  ^' 

(tt-a)-rtt  (tt-a)-rw 

1    .  1 

as  the  lowest  power  of  —  in  the  developement  of .  — 

^  u  '^  (tt  -  a)  Fu 

is  the  (n  +  l)*\  if  n  be  the  degree  of  Fu^  or  there  is  no  term 

in  -  in  the  developement. 
u 


Consequently, 


(x  -  a)  /"if  (?/  -  a)  jP?/       Fa 

which   was   to  be  shewn. 
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Ex.      Let  Fu  =  w*  -  1.     The  roots  of  Fu  =  0  are  i  1, 
then  if  fu  «  w*, 

2        ^''         =        ^'        .      (-  0^      ^  1  /_!_  .  _1\ 
(w^a)F'w      2(1  -a)       2(-l-a)      *\l--a       1  +  a/ 

1 


Also 


1-a* 


(tt  -  a)  Fw       (u  -  a)  (t*-  -  1 )      u 


H)H^ 


fu 

Hence      fl "^ =  1. 


Lastly 


(u  -  a)  Fw 

fa  ^      d' 
Fa  ""  a^  -  1  ' 


,        _         /w  /a  a^  1  ,    - 

and       11 -— ~-  =  1 = as  before. 

(u-a)Fu       Fa  a*  -  1       1  -  a* 

Having  premised  these  lemmas,  we  proceed  to  the  theorem 
itself. 


Consider  the  integral 


/*■ 


— - —    d.v 


\/0 

where  fw  is  an  integral  function  of  a?,  and  0J7  »  01^;.  0^,i7; 
^t'^  and  <l>2^  being  also  integral  functions. 

Assume 


V  00?  =  ^lO; 


Co  +  CiO?  +...Cga?'*  ' 


(co  &c.,  and  c^  &c.  being  as  heretofore  new  variables)  we  shall 
therefore  also  have 

V  00?  =  0itV . 

^  ^      a^-k-  UiiV  ■{■... a^iV"^ 

Thus  X  is  a  root  of  the  equation 
ip2U  (Cq  +  ...c„tt")'  -  0iW  (ffo  +  ...a^?^)^  =  0,     or  Fu  =  0, 
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m 

2 
and     rfiF  =  —7-  {(f>i*v(aQ  +...a..i^)(da^  +...+  af^daj) 
if  so 

-  <f>iaf{cQ  +...c,j:*)(dCo +...  +  . r"dc,)}. 
Hence 
dof  2 

-  (a^  +...a^*t?")  (dc^  +...a?"dc,)}, 

(w  —  a)  \/  ihx  t  X  no  ^a 

-  (a„  +  &c.)(dc, +  &c.){ 
The  coefficient  of  each  of  the  differentials  da^  be,  dc^  &c. 

is x~£^~  multiplied  by  an  integral  function  of  a?. 

On  taking  the  sum  therefore  for  all  the  roots  of  Fu  ^  0, 
we  see  from  Lemma  1 1. 9  that 

^  f^  „        fu  , 


and 


(^  -  a)  y/i^w  (w  -  a)  Fu 

(da^  +  ...  tt"da.)  -  (o^  +  ...  a^tt«)  (dc^  +  _.  wMc.)} 

/«   c 
-  2  —  {(c^  +  ...  c^a^Xda^  +  ...  oTda^) 

-  (a^  +  ...  a,o")  (d6-^  -f  ...  ardc,)\. 

Let  us,  for  the  sake  of  conciseness,  put 

a^+  ...  a^w^^J^ 

c^  +  ...  c^ef"  ^  C,. 
Then 

Fw  -  0aW  C.«  -  0itt  A^\  Fa  =  0.a  .  C/  -  0.a  .  J.% 

and  the  last  written  equation  will  become 


2 

'm 


{x  -  a)  v/0J?  tt  -  a  ^8«  C.'  -  01  ti  -4 
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Now  ay  /a,  ^la,  <f)iai  Uy  fuy  <piUy  (f^^u  are  all  constant, 
since  they  do  not  involve  a  or  c,  and  a  little  attention  shews 
that 

/nx(tt«)  dxmU  /x(««)  d«, 

that  is,  that  we  can  differentiate  or  integrate  under  the 
symbol  11. 

It  is  easily  seen  that 

02 .  C'  -  0, .  A*     s/<p         v/0,. .  C  -  v/0, .  ^  ' 

and  consequently  integrating  the  last  equation,  and  restoring 
the  values  of  the  different  quantities  which  it  involves,  we 
shall  have 

(«-a)v^0tt        (c^+  ...c.u")\/0,w-(aj,+-.,.a«w")\/^iw 

v/0a         (c^  +  ...c«a")V05^- (a^  +  ...a«a")\/0ia 
which  is  AbePs  theorem. 

In  consequence  of  the  ambiguity  already  more  than  once 
noticed,  the  signs  of  the  transcendent  functions  y^ftv^y  y^fX^y  &c. 
must  be  considered  as  hitherto  undetermined,  though  not  in 
reality  indeterminate. 

If  d?-a  18  a  factor  of  fxy  so  that  /^  =  (a?  -  a) /lO?, 
where  /,«  is  an  integral  function,  we  shall  have 

n     ]r :  log  —2 7^= ' 7^^-^  +  Cy 

y/^u        (c^  +  ...  c.tt")  \/0«w  -  (flo  +  ...  a.iW'")  V  0i« 

for  in  this  case  fa  =  o- 
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Again,  if  the  index  of  the  highest  power  of  u  in  fu  be  less 
than  half  the  corresponding  index  in  0u,  the  term  affected  by 
the  symbol  n  will  disappear.  And  therefore  in  this  case  the 
general  theorem  will  become 


\/0a        (Co  +  .•.  c„a")  \/^8a  -  (a^  +  ...  a.a*)  \/(f>ia 

The  number  of  functions  >^<ri,  ^^39  8ec.  under  the 
symbol  2  is  of  course  that  of  the  roots  of  Fu  ^  0.  Of  their 
arguments  a^i^  a?,,  &c.  a  certain  number  may  be  considered 
independent  variables,  namely,  as  many  as  there  are  disposable 
quantities  a  and  e,  or  m  +  n  +  2.  When  a  and  c  have  been 
suitably  determined  in  terms  of  the  independent  arguments, 
the  other  arguments  will  be  given  as  the  roots  of  an  equation 
whose  degree  is  less  than  that  of  Fu  =  0  by  m  +  n  +  2. 

It  will  assist  the  student  in  forming  a  distinct  conception 
of  AbePs  theorem,  to  consider  it  as  a  result  of  the  same  cha- 
racter as  the  simple  examples  with  which  we  set  out.  It 
differs  from  them  merely  because  the  assumption  made  is  much 
more  general. 

Full  developements  of  the  theory  of  elliptic  functions  will 
be  found  in  Legendre,  ThSorie  dea  foncHons  elliptiques^  in 
Jacobi,  **  Nova  Fundamenta,  &c.^,  and  in  the  works  of  Abel. 
The  work  of  Professor  Verhulst,  published  at  Brussels  in  1841, 
contains,  in  a  condensed  form,  the  principal  discoveries  of 
Legendre  and  Jacobi,  and  will  probably  be  found  useful.  It 
contains  also  some  original  matter,  which  is  not  without 
interest.  There  are  also  many  memoirs  in  Crelle'^s  Journal, 
both  on  elliptic  functions,  and  on  those  which  are  called  hyper- 
elliptic  or  Abelian.  We  may  refer  also  to  a  paper  by  Ivory 
in  the  Phil.  Trans,  for  1831. 

Spence,  in  his  Mathematical  Essays^  has  given  the  name 
of  Logarithmic  Transcendents  to  functions  of  which  the 
general  form  is 
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a^      ofi      .v*      af 

^x ± ± &c. 

2"       S"       4"       5" 

which  he  denotes  by  the  characteristic  symbol 

L.  (1  =t  d7). 

It  is  easily  seen  that  when  n  s  1  the  series  is  that  of  the 
logarithm  of  \^  sc^  according  as  the  upper  or  lower  sign 
IS  taken,  so  that 

i,  (I  ±a?)«log(l  ±c»). 

All  these  transcendents,  including  the  logarithm,  may  be 
expressed  by  means  of  integrals  which  have  a  mutual  de- 
pendence on  each  other.     Thus 

L,(l±*)  =  log(l±*)=  fi^, 

/diX  V 

—  Li(l  ±»t?), 
X 

Uiy  =»-^)=  f— LgO  iof), 

•/      X 


/dw 
—  Z._,(l  A<r). 
X 

From  these  integrals  various  properties  of  the  tran- 
scendents may  be  deduced  by  analytical  transformations, 
some  of  which  are  here  given. 

(7)  Omitting  L^  (1  ±  a?),  as  it  is  a  transcendent  the 
properties  of  which  are  well  known,  let  us  take 

doo 


/%JkX 
—  log  (1  i  x). 
X 


Using  the  lower  sign,    and   changing  1  -  tP  into  .r,  and 
,1?  into   1  -  el?,   we  have 

/—  dx 
- — -  log  (»). 
1    "~    w 
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Adding  this  to  the  equation 

La(l-.i7)«    /  — log(l  -d?), 
we  have 

I        X  I  —  ^  j 

=  log(^)  .  log  (1  -  a?)  +  C- 

To  determine  the  constant,  make  ^  aO,  when  as  log(l)  s  0 
and  L2(l)  -  0,  we  have 

C  =  Zr8(0)  =  -  —  by  a  known  theorem.      Hence 


ir» 


LaC^iP)  +  ^2(1  -  a?)  =  log  (a?)  .  log  (1  -  0?) . 

This  property  of  the  transcendent  L^  is  only  true  so  long 
as  X  IS  less  than  unity,  as  when  any  greater  value  is  assigned 
to  it  log  (1-/17)  becomes  impossible. 

Euler,  Commen.  Peirop.  1738. 

(8)  Again  in  the  equation 

L,(l  -ar)«  f—\og(\  -0?), 
we  have  by  changing  x  into  a?*, 

i:,(l-a;»)=  2 /—log  (!-*■=') 

/dso ,  f*dw 

—  log(l  + J?)  +2  / — log(i  ^ai). 

Hence     L^Cl  -  ot^  =  2  L^(i  +  a?)  +  2L,(l  -  d?). 

(9)  If  we  take  the  upper  sign,  and  in 

L^{\  +  a?)  =  /  —  log  (1  +  w) 
change  x  into  - ,  it  becomes 
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—  log  ^  -  ^  (log  aty  ; 

w 

therefore,  integrating, 

U  {^^)  +  L,(l  +  ^)  -  i(log  wy  +  c. 

By  putting  af«l   we  find   C-2Z,2(2). 
But  in  the  equation 

iji(l  -a?*)  =  2Z.,0  +^')  +2Lj(l  -w), 
if  we  put  ^  B  1   we  find 

2L,(2)=  -L,(o)--; 

therefore     L,  f '-]  +  i,(l  +  a?)  =  i  (logcv)*  +  —  • 

Analogous  properties  may  by  the  same  method  be  demon- 
strated of 

/dw 
Of 


and 


dof 


aiid  so  on  in  succession.     Generally,  the  student  will  have 
no  difficulty  in  demonstrating  the  following  propositions: 

-^j  -  2L,.(2)  +  8L,...(2)  ^^f-^  +  &c. 

,         Cog*)*' 
1.2.3.  4...2n* 

i..-i(»  +  »)  -  A«-i  (-7-)  -  2/^,_,(2)log« 

.  xOog*)'      .  (loga;)'-' 


1.2.3  1  .2.S.4....(2n-l) 
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Spence  has  extended  this  analysis  to  the  investigation  of 
the  properties  of  transcendents  defined  by  the  general  law 

— -0.-i(«); 

OP 

the  final  function  or  <J>q{^)  being  such   that  it  remains  un- 
changed when  —  is  substituted  for  w^  or 


0o(^)=0o(^). 


But  for  this  investigation  and  others  connected  with  it 
the  reader  is  referred  to  the  work  before  quoted. 

The  transcendents  which  we  have  been  considering  are 
all  such  that  they  may  be  derived  by  direct  integration  from 
known  functions,  but  there  are  many  other  transcendents 
which  are  given  only  by  means  of  differential  equations.  As 
these  are  frequently  functions  of  great  utility  in  physical 
researches,  the  study  of  their  properties  without  integrating 
the  equations  in  which  they  are  involved  becomes  of  great 
importance.  Two  examples  of  such  investigations  are  sub- 
joined. 

(10)  Let  F  be  a  function  of  x  and  r  given  by  the 
differential  equation  of  the  second  order 

in  which  g^  k^  and  /  are  functions  of  ^,  and  r  is  a  variable 
parameter;    and  if   V  also  satisfy  the  conditions 

dV 

A,  F=0  when  a?  =  a?, (2) 

da? 

dV 

-— +  A2F=o  when  a?  *=  a?}^,.. (3) 

dw 

then  will 

V^   and    F,   being   values  of  V  corresponding    to  the  values 
r.  and  r,  of  r. 
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From   the  given  equation   (1)  we  easily  obtain 

therefore  integrating  with  respect  to  w^ 

But  from  the  condition  (2)  we  find  on  taking  the  limit 
j7  s  a?i  9  that 

d'V  dw 

Similarly  we  find  from  (S)  that  at  the  limit  .Vi  —  w^  the 
same  relation  holds ;    hence 

As  r^  and  r„  are  supposed  not  to  be  the  same,  it  follows 
that 

!;,'dwgv^v,^o. 

Since  we  have 

k       /       dF.  dVJ\ 

^  r^-r^\       dw  dx  I 

it  appears  that   when   m » n, 

the  real  value  is 

f:,'dmg  rj'  -  -  F.^  (i^"  +  A,  F,)  when  w  =  *., 

as  may  be  deduced  by  the  usual  method  for  evaluating  in- 
determinate functions. 

It  is  to  be  observed  that  the  equation  (d)  involves  an 
equation  to  determine  r,  which  equation  may  be  written  as 

F(r)  =  0. 

Poisson*  has  shewn  that  this  equation  has  an  infinite 
number  of  real  and  unequal  roots,  for  the  demonstration 
of  which  proposition  I  must  refer  to  the  works  cited  below. 

*  Bulletin  de  la  Societe  Philomatigue,  1828.     Theorie  de  la  Chaleur^  p.  178. 
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The  function  V  is  of  great  importance  in  the  theory  of 
heat,  and  the  investigation  of  its  properties  has  formed  the 
subject  of  several  elaborate  memoirs  by  MM.  Sturm  and 
Liouville.  See  Journal  de  MaihfmatiqtieSy  Tome  i.  pages 
106,  253,  2G9y  373,  and  Tome  ii.  p.   l6. 

(11)  Let  y^  and  Z.  be  integral  and  rational  functions 
of /A9  (I'/^O^)  cosai  and  sinw  determined  by  the  equations 

—  ( 1  -  M*)  -j-  +  ' i     -  f  +  m  (m  +  1 )  r.  -  0, 

djUL  o/i        1  -  fir    aw* 

d  ^    dZ^  1       d*Z. 

J-  ( 1  -  M*)  -7-"  + ;  -^-  +  «  (n  +  1 )  Z.  -  0, 

dfi  dfx       I  -  jii    dw^ 

then  will 

/.Vd^X«'d«r.z.-o, 

so  long  as  m  and  n  are  different. 

Multiply  both  equations  by   (1  -  fi%  and  assume 

n^fi^)  —  =  —  ,  when  they  become 
dfA      dt 

^  +  ^  +  «.(m+l)(l-M*)F.-0...(l), 
dv        dar 

^  +  ^  +  «(n+l)(l-M*)Z.  =  0...(8). 
at  aw 

Multiply  (1)  by  Z^dtdw  and  (2)  by  Y^dtdw^  subtract 
(2)  from  (1)  and  integrate  with  respect  to  i  and  w.  Then 
transposing,  and  observing  that  (1  -  /a')^^  «  d/uy  we  have 

[fH  (fit  +  1)  -  n  («  +  1)}  fdufdwY^Z^ 

Now  if  we  effect  the  integration  of  the  first  term  of  the 
right  hand  side  with  respect  to  t,  it  becomes 

^.^   (^  dz,    _  drj  /    dz,       dFj 
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In  taking  the  limits  from  ^=s-ooto^=  +  oo,or  from 
M  =  -  1  to  /u  B  +  1,  the  part  under  the  sign  of  integration 
vanishes,  in  consequence  of  the  factor  1  -  /i* ;  hence  on  in- 
tegrating with  respect  to  w  from  0  to  Stt  we  find  that  the 
first  term  of  the  right  hand  side  of  the  equation  is  equal 
to  zero.  In  the  same  way,  on  effecting  the  integration  with 
respect  to  cd  of  the  second  term  of  the  right  hand  side  of 
the  equation,  we  find  it  to  become 


[         aw  aw ] 


which  vanishes  on  taking  it  between  the  limits  co  =  0  and 
w^Stt,  because  Km  and  Z„  are  supposed  to  be  rational  and 
integral  functions  of  sin  w  and  cos  o).  Hence  on  integrating 
with  respect  to  t  and  taking  it  between  the  limits  /«=  -oo 
and  ^=  +  00,  or  /u«-l  and  /u  «  +  1 ,  the  second  term  of 
the  right  hand  side  also  vanishes ;   therefore 

{w(m  +  1)  -  n(«  +  l){  f.Vd^l'-dwV^Z,  =  0. 

So  long  as  m  is  different  from  n  this  involves  the  con- 
dition that 

fSy'd^l^'dwY^Z^^o, 

The  functions  F„  and  Z^  are  known  by  the  name  of 
Laplace'^s  Functions,  that  mathematician  having  been  the 
first  who  studied  their  properties  and  pointed  out  their  utility 
in  the  calculation  of  attractions.  For  the  investigation  of 
other  remarkable  theorems  relating  to  these  functions  the 
reader  is  referred  to  the  Micanique  CSleste^  Liv.  iii.,  or 
to  0"*Brien's  Mathematical  Tracts.  Mr  Murphy  has  ap- 
plied to  the  treatment  of  these  functions  a  new  and  very 
remarkable  analysis,  which  will  be  found  in  the  introduction 
to  his  Elementary  Principles  of  the  Theory  of  Electricity. 


THE    END. 
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